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A P P L I C A T I O N O F A V E R A G I N G F U N C T I O N A L C O R R E C T I O N S 
M E T H O D T O N O N L I N E A R S I N G U L A R I N T E G R A L E Q U A T I O N S 

S. M. A M E R 

The sufficient conditions for the convergence of the averaging functional 
corrections method for the solution of a class of nonlinear singular integral 
equations with Hilbert kernel are discussed. 

Nonl inea r singular integral equations w i t h Cauchy and Hi lbe r t kernel have 

t>een considered for l ong t ime. W e refer to some we l l -known works o f Guseinov 

A . I . and M u k h t a r o v e K h . Sh. f j , Musaev B X f j , Pogorzelski W . [ 6 ] and 

Wol fe r sdor f L . V . f i 

ll? the present paper the fo l l owing nonlinear singular integral equation ; 

2 TC 

(p(0 = X G ^ , ^ - j g[t,cy,<i>{u)]cot~lduj+f(i) (1) 

0 

i s investigated by means o f the method o f averaging funct ional corrections 
[ 1 , 4 , 5 ] i n the real space L2[0, 2 i t ] , where f(t) e L 2 [0, 2 i t ] and X is numerical 
parameter. 

The idea o f this method as applied to equat ion (1) is that , we take arbi trary 
element (p0 (t) e L 2 [0, 2 n], as an in i t i a l approx imat ion and the next approxi
mations are calculated f r o m the relat ion : 

<Pn(r) = XG — J g[t,G, ^ ( o O j c o t daj +Xaa(t) +f(t) (2) 

o 
where 

r 

an(t) = c^SPfCO and {^¿(0} * s a n o r thonorma l system of linearly 

.1=1 

independent functions belonging to L 2 [0, 2TC]. The coefficients c,H are determined 

f r o m the system : 
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2 « 

(3) 

where 

5„(0 = G f, 
2TC 

S" 9 „ ] cot ^——• -

2 » (4) 

W e shall prove the convergence o f the i tera t ion process (2), the existence o f 
the so lu t ion o f equat ion (1) and the solvabil i ty o f system (3). 

Let the funct ion G(t, u) be defined for 0 < Í < 2 T T , — < * • < « < <*> and 
satisfy the condi ton : 

I G (t, H j ) — G (t, u2) I < MI M | — u 2 I , (5) 

G{t, 0 ) e Z 2 [ 0 , 2 7 u ] , 

bu t the funct ion g [t, cr, q> (a) ] be defined for 0 < t, c < 2%, ~ oo < 'q> < oo and 
satisfy the condit ions : 

I s or, (p(a)J ~ g [ a , a, iv(C T ) ] | < A | <p — w | , (6) 

I a, q>(o)3 - ^ [ í , a, w ( o ) ] | < a ) | <p - w | , (7) 

where 

F[t, a, 9 (a)J = g [t, u, (p ( G ) ] — g [<? , G , (p (o).] and, CT) is a nonnegative 
func t ion such that : 

2 J 2 IT 

cot G — í ¿/o- dt = p\ < oo ; (8) 

0 0 

M> A, Pj are constants. 

Le t A„ (t) — <p* (0 — (p„ ( f ) , where (p* (t) and <p„ (?) are the exact and the 
approximate solutions o f equation (1) respectively. 

F r o m (1) and (2) we ob ta in : 

2 i T 

M O I < 
X I M 

2n 
g [t, o-, <p* (a)] - g- [t, G , (p„ (a ) ] cot 

G — Í 
'C7 + 

+ I M | 5 a ( i ) - a B ( 0 
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using condi t ions (6), (7) and (8) and applying Holder ' s inequali ty and Riesz's 
theorem [ * , 3 ] . F ina l ly , we ob ta in 

li A n ( f ) || < I X \ M(Pl + AS) | | A ( i ) || + | X | | | 8 f l(0 - an(t)\\, f r o m w h i c h 

¡ 1 ^ ( 0 1 1 ^ ^ ^ 7 - 1 1 ^ ( 0 - ^ ( 0 1 1 , (9) 

where p? = M ( p 2 + ^ # ) and -5 is the n o r m o f linear singular integral operator 
i n L2[0,2n]. F r o m (4), we have 

|| 5 „ ( 0 i | < P 2 | K | | , (10) 

since, 

<P„ (0 - <P„-i (0 = [ V i (0 - (0 + ^ 

then, 

li 8„ (o ii < m p 2 H V i (o - <v, (o + a n (o ii, ( i D 

i t is easy t o see that : 

II 8 n(0 - «„(0 + «M(0 ||2 = || 5 f l (f) - o.(0 ||2 + || a„(01|2. (12) 

F r o m (10) and (11) we have 

II 8.(0 - oM(01|2 + II a„(0 ||2 < (I XI p 2 ) 2 E|| 5 ^ (0 - a ^ C O ||2 + || a n (0 || 2]. 

I f we choose X such t h a t : 

\X\p.<l, (13) 

then, 

li 8.(0 - a„(0 || < (I M P^)""1 II 5 i (0 - a, (0 | | . (14) 

F r o m (9) and (14) we ob ta in 

ll A„(Oli < 'V^'f — il 8 i W - I I - ( I 5) 
i - I k I p 2 

F r o m here fol lows the convergence i n n o r m i n L z [0, 2 n] o f the successive 
approximat ions (2) to the solut ion o f equation (1). T o prove the existence o f the 
solut ion o f equation (1) we rewri te this equation i n the operator f o r m : 

q> = Scp, (16) 

where 

S<? = XG^t,-~- J g[t,v,<p (<?)] cot ~ - <i o j +/(0. 

0 
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L e t conditions (5) - (8) be satisfied and apply Holder 's integral inequal i ty 
and Riez's theorem, then, f ina l ly we obta in 

Il s < P i - £ < p 2 | i P 2 ) H <PÎ - < P 2 [I-

Thus by condi t ion (13) i t fo l lows that the operator S is contract ion m a p p i n g 
i n L 2 [ 0 , 2 jr.], f r o m which i t fo l lows the existence and uniqueness o f the 
so lu t ion o f equat ion (1) i n L 2 [0, 2 it]. 

N o w , we show the solvabi l i ty o f the system (3). Subst i tut ing f r o m (4) i n (3) 
we have 

2JC 

c„t = J I G [ U 

o 

1 
2n 

[t, o", 6 ( a ) ] c o t - - da\ -
2n J 2 

o 
2rc 

G {t, ~ j g [t, a, ( p^ j (a ) ] cot d aj %<t)dt, 

where 
2K 

1 (a) = X G f o, y * g- [a, T , ( p ^ (T)] cot ^ - y ^ rft I + 

0 

(17) 
+ X, > c „ ( ¥ , ( a ) + / ( < ! ) . 

7 = 1 

Thus 
2rc 2rc 

0 0 

(18> 
G ( — L - f g [x, a, (p,,^ (rj)] cot da 

2 i t J 2 
dx, 

where 

Hr(t,x)=^%(t)%(x). 

W e wr i te (18) i n the operator f o r m : 

(19) 

where Pk is an or thogonal pro jec t ion operator o f the space L 2 [0, 2 %] onto> 
its subspace and ¡1 Pk IS = 1, b u t 
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2 * 

o 
2n 

- G ^ -~- J g [t, a, <pH_1 (a ) ] cot 5 — ? d a j . 

o 

Similar to evaluat ion o f || Syx — S<p2 | | , we obta in : 

H PkEan ~ P k E a n \ \ < ( \ X \ p 2) || a„ - a„ ||, 

f r o m here i f cond i t ion (13) is satisfied, i t fol lows that Pk E is contract ion mapping , 
consequently the corrections a n ( / ) can be chosen uniquely. 

T o determine the successive approximations to the solut ion o f equation (1) 
we can s t i l l consider such an a lgor i thm o f the method o f averaging funct ional 
corrections : 

%(t)eLz[0,2nl 
2TZ 

where 

r 
an (t) = cnj (Q and the coefficients c„( are defined f r o m the set o f 

cot — d <s I — 

= 1 

equations : 

In 2rt to, = 31 

0 0 ~ i = l 

2 i c (21) 
%(t)dt. 

I } 
0 

y [ g I T y * [**a'cp""1
 ( c r ) + 2 c n i % ( a ) 

0 0 i = l 

The sequence {q>n ( f )} converges i n n o r m i n L 2 [0, 2 TI] to the solut ion o f equat ion 
(1) i f ) X \ p2 < 1, that is as above we have 

II M O || ^ ' ^ ' M ^ II » i « - « i (0II- <22> 
i - I X | p 2 

Thus the fo l lowing theorem is proved : 

i . Le t the func t ion G(t, u) be defined at 0 < Î < 2 T T , — ° o < « < °° 
and satisfy the condi t ion (5), b u t the func t ion g [t, a, <p] be defined at 0 < t, a < 2JU, 
— o» < q> < oo and satisfy the condit ions ( 6 ) - ( 8 ) , X satisfy the condi t ion (13). 
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Then equat ion (1) has unique solut ion i n L 2 [0, 2 iz] to wh ich the successive 
approx ima t ion (2) or (20) converges, moroever the inequali ty (15) or (22) is val id . 

The a lgo r i thm (2) converges under the same conditions as the method o f 
successive approximations, b u t the in t roduc ing o f funct ional corrections accel
erates the convergence. 

Consider the two special cases o f equation (1), that is the equations o f the 
f o r m : 

2iz 

< P (0 = — f S \*> <P (<*)] cot ̂ 1 da + / ( / ) (23) 
2n J 2 

o 
and 

2TT 

p ( i ) = / ^ [ a ) < p ( a ) ] C 0 t — ~ d a - \ - f ( t ) 
2% J 2 

(24) 

o 

i n the real space Lz[0, 2n]. Take the i n i t i a l approx imat ion and an arbi t rary 
element <p0 (t) e L 2 [0, 2 TC], bu t the next approximations defined by the relations: 

<P„(0 = v - f £[' ,<*,<P«-i(<*)] c o l ^ Î da+ \an+f(t), (25) 
2TU J 2 

o 

and 

<P„ (0 = - T — / S" l>> <P»-i c o t ™ — ' da+<p a„ + / ( * ) , (26) 
2 i t J 2 

o 

respectively. 

Corol lary 1. Le t the func t ion g [t, a, <pn_ t (a)] be defined at 0 < i , c<27c , 
— < tp < oo and satisfy the condit ions (a) and (7), and the parameter X 
satisfy the cond i t i on l ^ | ( P j -\-AB)< 1. Then the equat ion (23) has unique 
so lu t ion i n L2[Q, 2n] to w h i c h the successive approximations (25) converge, 
moreover the f o l l o w i n g inequal i ty is va l id : 

11A„(0I1< 1 l i 5 , ( 0 - ^ ( 0 i l , 
l 

where 

ii H M (Pi + A B ) -

ry 2 . Le t the funct ion g [a , (p(cr)] be defined at 0 < < T < 2 T C , 
— oo < ç < <x> and satisfy the cond i t i on 
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1 g [o\ <pj - g to <p2] I ^ M I *Pi - <P2 I . 

g[<r, 0 ] e X 2 [ 0 , 2 T r ] 

and the parameter X satisfy the condi t ion | X | MB < 1. Then the equat ion 
(24) has unique so lu t ion i n L 2 [0, 2 JC] to w h i c h successive approx ima t ion (26) 
converges, moreover the f o l l o w i n g inequal i ty is va l id : 

I X 1 1 " " 1 

I I M O I I * x _ ^ P i C O - M O H , 

where 

£ = | k | M B < 1. 
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Ö Z E T 

Bu çalışmada, Hilbert çekirdekli ve lineer olmayan bir tür singüler in¬
tegral denklemin çözümü ile ilgili fonksiyonel düzeltmeler metodunun yakın
saklığı için yeter koşullar verilmektedir. 


