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O N NEARLY PARACOMPACT SPACES 

N . ERGUN 

In this study a new type of weak paracompactness has been defined and 
some of its certain topological properties were established. 

0. Introduction. The purpose o f this article is to introduce a new type o f 
paracompactness called nearly paracompactness, weaker than the usual para
compactness and to determine its basic topological properties. I t has been shown 
that these two types of paracompactness are equivalent on semi-regular spaces. 
By using certain characterizations of Ernest Micheal, which could be found in 
P ] , some necessary and sufficient conditions for the nearly paracompactness of 
almost regular and almost normal spaces have been obtained. Furthermore 
some relations between nearly paracompact spaces and new type of some covering 
spaces such as nearly Lindelof, nearly compact and nearly o-compact have also 
been investigated. Certain sufficient conditions on the nearly paracompactness 
o f subspaces and product topologies are obtained. Finally some invariancy 
•conditions of nearly paracompactness under certain functions are also obtained. 
No seperation axioms such as being Frechet, i.e. Tt or Hausdorff are assumed 
unless otherwise stated. 

3. Preliminaries. This section is devoted to some basic topological facts 

which have been used frequently. Let X be a topological space and A, A, Q A 

denote the interior, the closure and the complement of A respectively. Then for 
any subset A following equalities hold : 

From (2) i t can be easily deduced that for any A 

Furthermore i f A is open, then for any subset B 



66 N . ERGUN 

A n B ^ A n B. (4) 

Consequently i f B is disjoint with open A then 

AC\B = 4>, (5) 

A subset is called regularly open {regularly closed) i f i t is the interior of a closed 
(the closure of an open) set. By using (1) i t can be easily proved that for any subset 
A, the necessary and sufficient condition for being regularly open (regularly 

closed) is A = A {A = A). The complement of a regularly open (regularly 
closed) set is regularly closed (regularly open) since (3) holds. Every regularly 
open (regularly closed) set is trivially open (closed). I n the topological space on R 
with the basic neighborhoods Gx (e) — ] x — E , <*>) for x where E > 0, the set 

K= ( — oo, 0] is closed but not regularly closed since K = <f) ~ K. In the same 
topological space for any real x and positive e, the basic neighborhood Gx (e) 

is open but not regularly open since Gx(s) = Gx(ej = R. The necessary and 
sufficient condition for an open set A (closed set K) to be regularly open (regu
larly closed) is dA = dA (dK c K). For an open set A (closed set K), the mini
mal regularly open set (maximal regularly closed set) contains A (contained in K) 

is A (K). A (K) is called the regularly open envelope (regularly closed content) of 
A (K). A simple consequence of (5) says that the regularly open envelopes of dis
joint open sets are also disjoint and by using (3) i t can be proved that the union 
of the regularly closed contents of two closed sets, whose union is the whole 
space, is also equal the whole space. The intersection (union) of a finite number 
of regularly open (regularly closed) sets is also regularly open (regularly closed). 
I n the one dimensional Euclidian topology on R for any real x and positive e, 
the intervals Gx = ] x — E , x [ and Gx — ] x, x -f- E [ are regularly open, but 
their union is not since 

Gx
l<oGx

2 = ] x — e , x + e [ . 

I t follows that the union (intersection) of regularly open (regularly closed) sets 
is not necessarily regularly open (regularly closed). I n the same topological space 
for any real x 

CO 

W = f) ]
 x

 - E« >
 x

 + eH [ (sfl I 0+), 

i.e. the intersection (union) of a countable number of regularly open (regularly 
closed) sets is not necessarily regularly open (regularly closed). A topological 
space is called semi-regular i f the whole regularly open neighborhoods of any 
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point constitute the basic neighborhoods for that point [ 2 ] , For any topological 
space X, the family of all open sets which can be written as the union of an ar
bitrary number of regularly open sets of X is a topology on X, weaker then the 
initial topology on X and denoted by Xs. I f is and c3 denote the interior and 
closure operations in Xs, then for any open set A of X i t is straightforward to 
see that 

A = c,(A) > ( 6 ) 

and consequently by using the first equality of ( 2 ) one gets 

C ^ - C - C ) - , ( C < ) ( 7 ) 

Particularly for open set Q A of X, ( 6 ) and ( 7 ) yield 

Since the second equation of ( 3 ) can be written as 

C C * ° ' * ( C A} = i,°c&{A) 
in Xs, one can easily deduce for any open set A of X that 

^ = C C J = C c ° ° ; * ( C A ) = * ' ° c M ) • ( 8 ) 

This result and the first equation of ( 3 ) give for any closed set K of X 

°K=C C K = C f * ° C s ( C K ) = c * ° i A K ) • ( 9 ) 

Four basic Lemma's can be deduced from equations (8) and (9) : 

Lemma 1. The regularly open envelope (regularly closed content) of any 
open (closed) set of X is regularly open (regularly closed) in Xs . 

Lemma 2. I f X is any topological space, Xs i.e. the whole family of open 
sets of X which can be written as the arbitrary union of regularly open sets of 
X, is a semi-regular topology. 

Lemma 3. The topologies X and Xs are equivalent i f f X is semi-regular. 

Lemma 4. The necessary and sufficient conditions for being regularly 
open (regularly closed) in Xs is being regularly open (regularly closed) in X. 

• The topological • space Xs is called the semi-regidarizaiion of X [ 2 ] , The 
topological space with the basic neighborhoods Cv(e) — ] x — E , 0 0 ) on R has an 
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indiscrete semi-regularization since all the proper open subsets are dense. 
Similarly the topological space on R with topology T ^ d , generated by the whole 
subsets of R containing some fixed real number x0, has an indiscrete semire-
gularization for the same reasons. 

2. Nearly paracompactness and some characterizations on nearly 
paracompactness of certain spaces. 

Definition i . I n a topological space a family of sets @ is called locally 
finite i f every point has at least one neighborhood which intersects at most a 
finite number of 10 [ 4 ] , A family of sets W is called a refinement of °U- i f for every 
Ge g? there exists a Ue such that G £ *7 [ 4 ] . Trie family ^ = { ( ? a : a e / } is 
called the precise refinement of ati = {Ua: p e / * } i f / = / * and for every ael 
there exists a p e / * such that Ga ^ U& [4], A family of sets is called open (regularly 
open) i f all its members are open (regularly open). A topological space is called 
paracompact i f every open covering admits a locally finite, open refinement. A 
refinement of a cover ^ always means a cover which refines %. 

Definition 2. A topological space is called nearly paracompact i f every 
regularly open covering admits a locally finite open refinement. A subset is called 
nearly paracompact i f the relative topology defined on it is nearly paracompact. 

Theorem 1. A topological space is nearly paracompact i f f every regularly 
open covering admits a locally finite, regularly open refinement. 

Proof. Let ^ be a locally finite refinement of the open covering <@ in any 

nearly paracompact space. Then = \ u : Ue , i.e. the family of regularly 
open envelopes of members of tfi is trivially a cover and is locally finite by (4). 
I t is also a refinement of ^ since for any Ue & there exists a superset G(U) e & 

which contains U and consequently U c G(U) holds. Sufficiency is straightfor
ward (q.e.d.). 

Remark 1. Every paracompact space is evidently nearly paracompact. Let 
X be a set with infinite points and let T denote a topology on X such that the 
whole proper open subsets are dense, then the topological space determined by T 
is nearly paracompact but not paracompact, since the only non empty regularly 
open set is X and i t is impossible to define a locally finite open refinement o f 
the covering with basic neighborhoods. The topological space with basic neigh
borhoods Gx(e) = — oo) on R, the topological space determined by the 
topology *r*0 i.e. the topology all of whose open subsets of R contains a fixed 
real number x0, cofinite and cocountable topologies on R f i t the above descrip
tion. 
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Theorem 2. A topological space is nearly paracompact iff its semi-regu-
larization is paracompact. 

Proof. Let X be a nearly paracompact space and let rS = { G a : a e 1} be 
an open cover for its semi-regularization space Xs . Since for every G a there 
exists an index set / „ such that 

where W& is regularly open in X for any ji e Ja_. Let % = {Uy : y e / * } be a 
regularly open and locally finite refinement of 

{ l ^ : P e y a , a G / } . 

Since for any ye J * there exists an ay e / such that 

and since the regularly open envelope of any neighborhood disjoint with almost 
all Uy has also this property, the family <W can be accepted as the locally finite 
refinement of ^ in the space Xs, i.e. Xs is paracompact. Conversely let Xs be a 
paracompact and consequently a nearly paracompact space and let ^ * be a 
regularly open cover of X. Since ^ * is also a regularly open cover for Xs by 
Lemma 4, i t has a regularly open, locally finite refinement by Theorem 1. 
Consequently is a regularly open, locally finite refinement of ^ * in X by 
Lemma 4. So X verify the necessary and sufficient conditions for being nearly 
paracompact stated in Theorem 1 (q.e.d.). 

Corollary. Nearly paracompactness and paracompactness are equivalent 
on serniregular spaces. 

Theorem 3. A nearly paracompact Hausdorff space is paracompact i f f i t 
is serniregular. 

Proof. Sufficiency is a direct consequence of Lemma 3 and Theorem 2. 
Since in any topological space, for any open set G 

O . . 

G = G = G = G 

i.e. closures of G and its regularly open envelope are the same by (1), necessity 
follows from the regularity of paracompact Hausdorff spaces (q.e.d.). 
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Definition 3. A topological space is called almost'regular i f any point and 
regularly closed set not containing it are contained in disjoint open sets p ] . 
A topological space X is called almost completely regular i f for any point x and 
regularly closed subset K not containing x,- there exists a continuous function 
/ : X - » [ 0 , 1 ] such that fix) = 1,/fX) = 0 [ " ] . A topological space is called 
almost normal i f any two disjoint closed sets, one of whom is regularly closed, 
are contained in disjoint open sets [ 1 0J. A topological space is called mildly 
normal i f any two disjoint regularly closed sets are contained i n disjoint open 
sets [ 6 ] . 

Remark 3. (i) Almost normality (Almost regularity) is strictly weaker than 
normality (regularity). 

(ii) Every almost normal space is not necessarily almost regular. 

Proof. Let the basic neigborhoods of any x e ] 0 , l ] be the same as the 
basic neighborhoods of x in the relative topology on [0,1] determined by R 1 , 
and let the basic neighborhood system of x ~ 0 be 

{[0, e [ - A : e > 0, A = {2-" : n e N } } . 

The topology on [0,1] with this set of basic neighborhoods determines an almost 
regular but not regular space. The cofinite and cocountable topologies on R 
determine almost normal but not normal spaces. The topology 

{<k,X>-Nl,N2,{2}} 

on the set of first three positive integers X = N 3 determines an almost normal 
but not almost regular space since there are no disjoint open sets one of whom 
containing x = 1 and the other containing N 3 — N A , see p ] and [ 1 0 ] . 

Lemma 5. A topological space is almost regular i f f its semi-regularization 
is regular. 

Proof. Let X be an almost regular space, G be an open set in Xs and 
x e G. By the definition of semi-regularization spaces, almost regularity of X 
and equation (6) yields the existence of two regularly open neighborhoods Ux 

and Wx of x i n X such that 

cjUx) =Ux=Ux^Wxc=G 

i.e. Xs is regular. A similar proof can be given for sufficiency (q.e.d.). 

Theorem 4. Every nearly paracompact Hausdorff space is almost regular, 
even almost completely" regular and mildly normal. 
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Proof. Every nearly paracompact Hausdorff space has regular and even 
normal Hausdorff semi-regularization space by Theorem 2, since every para
compact Hausdorff space has this property [ 4 ] (q.e.d.). 

The almost normality of nearly paracompact Hausdorff spaces remains as 
an open question. 

Lemma 6. • I n any topological space the union of a locally finite, regularly 
closed family is regularly closed. 

Proof. Let J f be a locally finite, regularly closed family. Then 

since the union of a locally finite, closed family is closed. The reverse relation 
is a consequence of 

K Y K (KeJf) 

since is a regularly closed family (q.e.d.). 

Lemma 7. Let ^ = {Ga : a e 1} be any family and JT = {K& : p e / } a 
locally finite regularly closed covering of a topological space X. I f every K& 

intersects at most a finite number of G a then for every ae I there exists a regularly 
open U(Ga) such that G K £ U(Ga) and the family ^ = {U(Ga) : ae 1} is locally 
finite. 

Proof. Since 

G* n[jK& = <f> 

where / a = { P e / : i s n G a = then 

i7(G a) is regularly open by Lemma 6. For every point xe X there exists a 
positive integer n(x) and a basic neighborhood Gx of x such that 

since is a locally finite covering. The hypothesis and the equivalency of 
Kp\JGa = <f> with i : s n C / ( G a ) = 0 yields the locally finiteness of % (q.e.d.). 
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Lemma 8. In any topological space i f a regularly open covering <&- has a 
locally finite, regularly open refinement, then has a locally finite regularly 
open precise refinement. 

Proof. Let ^ = {U$ : p e / } be a locally finite, regularly open refinement 
of {Ga:ael}. By using the axiom of choice i t is possible to choose a 
unique a = a (P) e I for any p e J such that 11$ £ (?„. Define a map / : 7—> I 
as /(p) = a (P). The family of open sets 

J F ^ I J e / S ( a e i ) 
/(e) =« 

is locally finite since a basic neighborhood intersecting only C/ P l, USl,..., U^n 

intersects only W^), ''f'/Xf),) > • • • > ^ p „ ) • The family of regularly open covers 
of #Vs is a covering and locally finite by (4) (q.e.d.). 

Theorem 5. A n almost regular space is nearly paracompact i ff every regu
larly open covering admits a locally finite, regularly closed refinement. 

Proof. Let X be a nearly paracompact, almost regular space, ^ its regu
larly open covering, Gx the member of & which contains x and Wx the regularly 
open neigborhood of x such that Wx £ Gx, the existence of which is a consequ
ence of the necessary and sufficient condition for almost regularity of the space 
p ] . I f {Ux: xeX} is a locally finite and regularly open precise refinement 

of {Wx : xe X} then {Ux : xe X} is a locally finite, regularly closed refinement 
of @. Conversely let ^ * be a regularly open covering of X, $T its locally 
finite, regularly closed refinement and WK a basic neighborhood of a point 

x disjoint wi th almost all KeJf. Since Wxr\K= (j) for any such KeJf, i t 

follows that Wxf> K = WXC\K = <f> and there exists a locally finite, regularly 

closed refinement of j JF,: JC e . Lemma 7 yields the existence of regularly 
open family ^ * = {U(K): U(K) 3 K e J f } and since there exists a G*(K)e &* 
such that G*(K) ¡2 K, the regularly open covering 

= {G*(K)n U(K): Ke X) 

is locally finite and a refinement of ^ * i.e. the necessary and sufficient condition 
of Theorem 1 is established (q.e.d.). 

Theorem 6. A n almost regular space is nearly paracompact i f f every regu
larly open covering admits a refinement that can be a union of countable 
locally finite, regularly open families. 

Proof. Let Xbe a topological space satisfying the hypothesis of sufficiency. 
Then its semi-regularization space is paracompact, since every open covering of 
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Xs has a refinement that can be union of a countable locally finite open 
families [ 4 ] , Necessity is trivial (q.e.d.). 

Theorem 7 . A n almost normal space is nearly paracompact i f f every regu
larly open covering admits a locally finite, regularly closed refinement. 

Proof. Let X be a nearly paracompact, almost normal space, i ^ = { G a : a e / } 
its locally finite, regularly open covering. Let < denote the well ordering defined 
i n / and let a 0 be the first element of / according to < . Without loss of generality 

we can assume that there exists a point xe X contained i n Gao n |J QG a 

«o#ce 

(Otherwise every point of Gat) contained in another GK (a 4 s a 0) i.e. Gao would be 
an unnecessary member of covering and could be removed from The 
necessary and sufficient condition for almost normality [ 1 0 ] and the inclusion 
relation 

L K - C U G « S C -

yields the existence of a non empty regularly open set such that 

.subsequently 

Let ae I and assume 

GK c Waa c Wao c Gao 

O L 0 < « 

ei 0 <a 

and for all a < a let all sets W& (fi < a) be chosen so that 

\ 

a < r V (B) 

4> * fF p £ (?p ( P < a ) . 

I t is easy to prove that 

x = \ k e u | | G Y . ( C ) 
"t 

ß < « « S Y 

I n fact i f Gai, G « 2 , . . . , Ga„ are the only members of the locally fiirite family 
containing the point x, and i f 



74 N . ERGUN 

sup ak = a (x) < a 

then 

since the first equation of (B) was true for a = a (x). 

Since (A) and (B) give 

almost normality of X and (C) yield the existence of a non empty regularly open 
Wa such that 

Transfinite induction assures the existence of for all a e I such that condition 

(D) is satisfied. {W a : ae / } is a locally finite refinement of 0 since 3? is 
locally finite and (D) is true. Sufficiency is easily achieved along the lines of the 
sufficiency proof of Theorem 5 (q.e.d.). 

Lemma 9. I n any topological space i f a cover rS has a refinement such 
that the arbitrary union of members of the refinement are regularly closed, then 
CS has a precise refinement with the same property. 

Proof. Similar to that of Lemma 8 (q.e.d.). 

Theorem 8. A n almost normal Tj space is nearly paracompact i f f every 
regularly open covering has a refinement such that the arbitrary union o f 
members of the refinement is regularly closed. 

Proof. Necessity is a direct consequence of Theorem 7 and Lemma 6. Con
versely let X be a space with the sufficiency hypothesis and let ^ = {Ga : a e / } 
be its regularly open covering and < denote the well ordering defined i n / . 
Subsequently every subset of / contains its first element. Let us prove first for 
every positive integer n that there exists a precise refinement of 

such that 

K M n Kx,„ ^4> (« < P) (*) 
and the arbitrary unions of members of Ctn are regularly closed. I n fact the 
sufficiency hypothesis and Lemma 9 assure the existence of the family JTl. 
Now suppose all families Jf / £ (k < n) have been defined. Then all the sets 
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Waill+1 = Ganfc [ J ^ . n (a el) 

are regularly open since 

a<a(jc) 

where a(.v) = min {a el: G a } , the family {Waill+1 : a e / } is a covering of 
X. Again the sufficiency hypothesis and Lemma 9 yield the precise refinement 
^ « 4 - 1 ' s u c n t n a t t n e arbitrary unions of members of , J + 1 are regularly 
closed. Furthermore the definition of W&iJl + 1 gives 

when a < p. The induction process is over. Now let us define 

^ • " ^ C L K " ( a , n ) e / X N 

we get 

^ ^ , „ ^ o ( a f « ) e / x N 

since is a cover. I f a„(x) denotes the first element of {ae I : xe Kaill] then 
XG Ua k + ] where ak = rnina n (x), since J:^J?p t f t + 1 when a /c < (3 by (*) and 

x$Kpik+1 when P < aft by the definition of ak. This means that {U^n :(a,n) 
e / x N } is a regularly open refinement of CS. Let J f* be the precise refinement 
of this cover such that the arbitrary unions of members of J f* are regularly 
closed and let 

Aa = {xeX:3 Vxe ^ x ,1 axe I ; Vx n\jca. = </>} 
a=[=a 

x 
where Jfx is the filter of the neighborhoods of x. Then An is open and 

y ^ ^ y ^ e ^ ( « e N ) 
a a 

where = {B^n : ( o , « ) e / x N } . The necessary and sufficient condition for 
almost normality [ I 0 J yields the existence of a regularly open Gn such that 

\\Ba>n <= G* SkG*^An ( n e N ) . 
a. 

The definition of An and the inclusion relation Gn* s assures the local f ini-
teness of the regularly open family 
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Since the countable union 

Q^** = {G* n : (a , »)e / x N } 

is a refinement of @ and since every almost normal 7\ space is almost regular^ 
sufficiency follows from Theorem 6 (q.e.d.). 

Theorem 9. A Hausdorff space with normal semi-regularization is nearly 
paracompact i f f every regularly open covering has a refinement such that the 
arbitrary unions of members of the refinement are regularly closed. 

Proof. The necessary and sufficient condition for paracompactness of a 
normal Hausdorff space is the existence of a refinement of a given open covering, 
such that the arbitrary unions of members of the refinement are closed. This 
can be shown just as in Theorem 8. This proves the sufficiency. Necessity follows 
from Lemma 6 and Theorem 5 since a Hausdorff space with normal semi-regula-
rization is almost regular (q.e.d.). 

Definition 4. In any topological space the intersection of arbitrary numbers 
of regularly closed sets is called star-closed [ 5 j . 

Theorem 10. A Hausdorff space with disjoint open sets which contains 
disjoint star-closed sets is nearly paracompact i f f every regularly open covering 
has a refinement such that, arbitrary unions of members of the refinement are 
regularly closed. 

Proof. Direct consequence of Theorem 9 since this space has a normal 
semi-regularization (q.e.d.). 

3. Nearly paracompactness of subspaces and product spaces. 

Definition 5, I n a topological space a subset is called N-closed i f every 
covering of A with the regularly open subsets of the space has a finite sub-co
vering [ 3 ] . A topological space X is called nearly compact i f X is N-closed [7]. 
A topological space X is called locally nearly compact i f every point has a 
neighborhood with A^-closed closure [ 3 ] . 

Remark 4. i t is Icnown that a topological space is nearly compact (locally 
nearly compact) i f f its semi-regularization is compact (locally compact), see 
Theorem 4.1 and Thorem 4.5 of [ 3 ] . 
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Remark 5. The product space of two nearly paracornpact spaces isn't 
necessarily nearly paracornpact. I n fact R ( / i.e. the upper limit topology on R 
is paracornpact consequently nearly paracornpact but the product R,,1 X R„' is 
not [ 4J. X R,,1 is not nearly paracornpact by Corollary of Theorem 2 since 
R ( / and consequently R„ ] x R,/ is regular and therefore semiregular. 

Theorem 11. The product of a nearly paracornpact and a nearly compact 
space is nearly paracornpact. 

Proof. I f X is nearly paracornpact and Y is nearly compact then Xs x Ys is 
paracornpact [ 4J. The equality 

o o  

WxxUy=Wxx Vy 

says that 
XsxYs={Xx Y\ 

i.e. the semi-regularization space of X x Y is nearly paracornpact, where Wx 

and Uy are any basic neighborhoods of x and y in the spaces X and Y res
pectively (q.e.d.). 

Theorem 12. In a nearly paracornpact Hausdorff space an open subset 
which can be written as a countable union of regularly closed sets is nearly pa
racornpact. 

Proof. Let A be an open set in a topological space X and let i and c 
denote the interior and closure operations in the relative topology defined on 
A. Then for any B £ A 

i o c (B) = i (B n A) = i (B n A) n A = B n A =~B n A 

is satisfied. I f X is nearly paracornpact and Hausdorff and A is written as the 
union of a countable number of regularly closed ^„ ' s , then for any regularly 
open covering {i ° c (Ga) : a e / } of the relat've topology on A by 

and subsequently for any positive integer n, the regularly open covering 

of X has a locally finite, regularly open refinement {W$itt : pSe/J. A l l families 
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are locally finite in the relative topology on A and furthermore they are regularly 
open since 

i ° c (W^ nA) = W?iH nAnA = WttanA<zi°c( WfiiH n A). 

For any regularly open set / ° c (GJ = Gxn A of A which contains x e A, the 
closure of i ° c (A n Wx) on A satisfies 

c(i°c(An = c(A n n ^) = ^ n Wxc\ A n v4 

o 

where Wx is the neighborhood of x in X such that Wx £ GA.. Thus the 

relative topology on A is almost regular and since jj is the refinement of 

{i ° c (Ga) : a G / } , A is nearly paracompact by Theorem 6 (q.e.d.). 

Corollary. A clopen set of a nearly paracompact Hausdorff space is 
nearly paracompact. 

4. Invariancy of nearly paracompactness under certain functions and parti
tion of unity. 

Definition 6. A function / : X - > Y is called almost continuous i f the inverse 
images of regularly open sets of Y are open in X [ 8 ] , A function is called almost 
open (almost closed) i f the images of regularly open (regularly closed) sets are 
open (closed) [ 8J. A n almost continuous and almost closed function / : X—» Y 
is called almost proper i f for all ye Y, the fiber f~l (y) is TY-closed. 

Theorem 13. A n almost continuous, almost open and almost closed image 
of a nearly paracompact Hausdorff space is nearly paracompact. 

Proof. Let X be a nearly paracompact and Hausdorff and let f:X->Y 
be an almost continuous, almost open and almost closed surjection. Since the 
image of a regularly closed set under almost open and almost closed function is 
regularly closed [ 5 ] , f:Xs^> Ys is a closed surjection. Furthermore / : Xs-* Ys 

is continuous since the inverse image of a regularly open set under almost 
continuous, almost open and almost closed function is regularly open [ 5 ] . 
Hence Ys~f(XJ is paracompact (q.e.d.). 

TJiorem 14. I f X is almost regular, Y is'nearly paracompact and / : X~^ Y 
is an almost proper and almost open surjection, then X is nearly paracompact. 
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Proof. Let 5? = { G K : a e / } be any regularly open covering of X. For 
arbitrary ye Y, JV-closedness yields the existence of a positive integer n(y) 
such that 

f-Kyy^ljo^^Giy). 

Since X is almost regular, for any xef~\y) there exists a regularly open 
neighborhood Wx = Wx(akix)) such that 

Wx(a/c(x)) £ WMM) £ G « W x ) ( 7 ) £ GO;) 

subsequently for a suitable positive integer m(y) 

r\y)^\JrVx^[}wx.^G(y). 

Let = {Vy :ye Y) be the locally finite regularly open, precise refinement of 

Since 
o 

/''(Vy) £ [ J iF , . £ GOO 

the regularly open cover 

= { / - ^ F J n G a i O ) : /c < n(y), yeY) 

is a refinement of G. Since T̂ " is locally finite in Y i t is easy to see that ^ * is 
locally finite in X(q.e.d.). 

Theorem IS. A n almost proper and almost open injection into a nearly 
paracompact Hausdorff space can only be defined from a nearly paracompact 
Hausdorff space. 

Proof. Since the range of an almost open an almost closed function is an 
open-closed and subsequently nearly paracompact by the Corollary of Theorem 
12, the claim follows from Theorem 14 (q.e.d.). 

Theorem 16. Every reguraly open covering ^ of a nearly paracompact 
Hausdorff space has a partition of unity subordinated to rS. 

Proof. By Theorem 4, Theorem 5 and Lemma 9 the regularly open cove
ring ^ = {Ga : a € / } of the nearly paracompact Hausdorff space X has a locally 
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finite, regularly open refinement ^ = { ( 7 « :ael} such that Ua £ G a for all 
a G I and similarly % has a refinement = {W a : a e 1} with the same 

property so Wa c E/a for all a e / . Since IF a and Q£/ a are regularly closed 
in X and since X 4 is normal and Hausdorff and a continuous function on the 
semi-regularization space Xs is also continuous on X, there exists a continuous 

* : Z - » [ 0 , 1 ] such that # a 0 F a ) = l and ( Q 17. ) = 0 (Take ^ - 0 i f Uu=4>). 
{xeX:ga(x) * 0} = gr"1 ( ] 0,1]) £ GK (ae 7) 

since ( ] 0 , l ] ) n Q*7a = <f> for all aeT, so the support of ga is contained in 

GK for each a. Local finiteness of SB guaranties that for any xeX at least one 

and at most a finite number of g a are not zero. Therefore is a well defined 
a. 

continuous real valued function and the family 

A = - ^ — (ae/) 

a 

is the required partition of unity (q.e.d.). 

5. Nearly paracompaciness and some relations with certain weak covering 
spaces. 

Definition 7. A topological space is called nearly Lindelof if every regularly 
open covering admits a countable subcovering. A topological space is called 
nearly countably compact i f every countable regularly open covering admits a 
finite subcovering. 

Remark 6. The topology on R defined in Remark 1 is nearly Lindelof 
but not Lindelof. Similarly for a fixed integer kQ the topology on Z, the set 
of all integers is nearly countably compact but not countably compact. 

Theorem 17. A topological space is nearly Lindelof (nearly countably 
compact) i f f its semi-regularization is Lindelof (countably compact). 

Proof. Similar to proof of Theorem 2 (q.e.d.). 

Theorem 18. Almost regularity and nearly paracompactness are equivalent 
on nearly Lindelof Hausdorff, spaces. 

Proof. Sufficiency follows from Theorem 4, necessity obtained from Theorem 
6 and Definition 7 (q.e.d.). 
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Theorem 19. A seperable nearly paracompact space is nearly Lindeldf. 

Proof. Any locally finite open family ^ in a seperable space has at most 
a countable number of members, otherwise at least one point of the countable 
dense set of the space would be contained in an infinite number of members o f 
0 (q.e.d.). 

Lemma 10. A locally nearly compact Hausdorff space is almost regular. 

Proof. The semi-regularization of a locally nearly compact Hausdorff 
space is locally compact and Hausdorff so regular (q.e.d.). 

Theorem 21. A nearly Lindeldf, locally nearly compact Hausdorff space 
is nearly paracompact. 

Proof. A simple consequence of Theorem 18 and Lemma 10 (q.e.d.). 

Definition 8. A topological space is called lightly compact i f every locally 
finite open family has at most a finite number of members [ ' ] . A topological 
space is called Micheal i f every open covering has a refinement which can 
be written as the union of a countable number of locally finite open families 
A topological space is called nearly Micheal i f every regularly open covering has 
a refinement which can be written as the union of a countable number of 
locally finite open families. 

Remark 7. The topological space determined by -r on R defined in Re
mark 1 is nearly Micheal but not Micheal. 

Theorem 22. I n a topological space every locally finite regularly open 
family has at most a finite number of members i f f every countable regularly 
open covering has a finite, dense subfamily. 

Proof. I n any topological space X satisfying the necessity conditions, at 
least one of the members o f any regularly open covering contains an infinite 
number of points of any subset with infinite points. In fact i f GnnA were finite 
for all positive integers, where ^ = {Gn : neN] is any regularly open covering 

and A any infinite set, then by choosing a point xBl e An and a covering 

member Gnt which contains xni> Ul = GnL C\ Q Gx would be a non empty regularly 

open set. Having chosen the positive integers nl < n2< ... < nk and the points 

x„. e G„t n A and constructed Ui=Gn. n QG ; (i < k), there would be a point 
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X»k+l
 G

 A

 0 C U G / ("* < WFC+L) 

and if Gu is the member of $ which contains then 

is regularly open and this procedure never stops in any finite steps. Sinse IS is a 
covering, there exists a positive integer n(x) for any XE X such that xe GN(X)E @ 

so for nk > Gn(x) n t / f c + 1 = 0 holds i.e. {£/, : n e N } is locally finite and 
bas a infinite number of members since for k < p,nk < np_x and so 

That would be a contradiction to the necessity conditions. Consequently i f , i n 
any topological space X which satisfying the necessity conditions, countable 
regularly open covering has no finite dense sub-family then by choosing, an 
infinite number of 

one reaches easily the following contradiction to the above conclusion : for any 

positive integer «, xi
(a)^Gn i f i > n. Conversely let ^ * = { G f l * : / î e N } be a 

locally finite, countable regularly open family. Then the family of 

I P * * ( " e N ) 

is regularly open by Lemma 6 and furthermore is a covering since ^ * is locally 
finite. Since Wn e Wn+l and Gk*n Wn = <f> (n < k) consequently Gk*nWH = <j> 
(n < /c) for any positive integer n, the family Wn's has no finite dense sub-family 
(q.e.d.). 

Theorem 23. I n a topological space X every locally finite regularly open 
family has at most a finite number of members i f f X i s lightly compact. 

Proof. Sufficiency is clear. Let X be a topological space with the necessity 
hypothesis and let ( G N : n G N[ be any countable open covering of X. Then 

the regularly open covering \dn : «GN ( has a finite dense sub-family as 
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k^N 

by Theorem 22. But this means that 

since all G n f t (k < N) are open. This is the necessary and sufficient condition 

for being lightly compact for X [l] (q.e.d.). 

Theorem 24. A topological space is nearly compact i f f i t is lightly compact 
and nearly paracompact. 

Proof. A nearly compact space is lightly compact by Theorem 22 and 
Theorem 23 and clearly is nearly paracompact. Sufficiency is straightforward 
(q.e.d.). 

Theorem 6'. Nearly paracompactness and nearly Michealness are equi
valent on almost regular spaces. 

Proof. See Theorem 6 and Definition 8 (q.e.d.). 

Theorem 25. Nearly Lindeldfness and nearly Michealness are equivalent 
on lightly compact spaces. 

Proof. Sufficiency is a direct consequence of the definition of nearly 
Michealness and Theorem 23. The converse is clear since every nearly Lindelof 
space is nearly Micheal (q.e.d.). 

Theorem 26. A topological space is nearly compact i f f i t is nearly coun-
tably compact and nearly Lindelof (nearly Micheal). 

Proof. Every nearly countably compact space is lightly compact by Theorem 
22 and Theorem 23. The remainder statements are clear (q.e.d.). 

Theorem 27. A n almost regular space is nearly compact iff i t is lightly 
compact and nearly Lindelof (nearly Micheal). 

Proof. Sufficiency follows from Theorem 25, Theorem 6' and Theorem 24. 
The necessity is clear (q.e.d.). 

Theorem 28. Nearly paracompactness and nearly Lindeldfness are equi
valent on locally nearly compact, lightly compact Hausdorff spaces. 
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Proof. Necessity follows from Lemma 10, Theorem 6' and Theorem 25. 
Sufficiency is a consequence of Theorem 21 (q.e.d.). 

Lemma 11. A nearly countabley compact and 1° countable Hausdorff 
space is almost regular. 

Proof. Let X be a nearly countably compact, 1° countable Hausdorff 
space, x any point of X, Gx a regularly open neighborhood of x and 
0 x = {Wx(n) : n e N } be the local base at x with monotonically decreasing 

members. Since {x} = Q Wxin) and X is nearly countably compact 

k^-n 

or equivalently 

^ - C U C^* ( k ) =[)w*(® = WM = WM 

satisfied by a suitable positive integer n, i.e. X is almost regular (q.e.d.). 

Theorem 29. Nearly paracompactness and nearly Lindelofness are equi
valent on nearly countably compact, 1° countable Hausdorff spaces. 

Proof. Since every nearly countably space is lightly compact by Theorem 
22 and Theorem 23 and since any topological space with the necessary condition 
is almost regular by Lemma 11, necessity follows from Theorem 6' and 
Theorem 25. Sufficiency can be proved similarly (q.e.d.). 

After Lemma 10 and Lemma 11, Theorem 28 and Theorem 29 are the 
special cases of the following Theorem : 

Theorem 30. Nearly compactness, nearly paracompactness, nearly L in
delofness and nearly Michealness are equivalent on almost regular, lightly 
compact spaces. 

Proof. I f X is almost regular, lightly compact and nearly paracompact 
then i t is nearly compact by Theorem 24, consequently i t is nearly Lindelof by 
Theorem 26, so i t is nearly Micheal by Theorem 25 and finally i t is nearly 
paracompact by Theorem 6' (q.e.d.). 

Definition 9. A topological space X is called a-compact i f X is the union, 
of countable number of its compact subsets [ 4 ] . X is called nearly a-compact 
i f X is the union of countable number of its A'-closed subsets. 
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Remark 8. The topological space on R determined by T ^ 0 defined in 
Remark 1 clearly is nearly cr-compact but it is not a-compact since a subset is 
compact in tXo i f f i t is finite. 

Theorem 31. Nearly a-compactness and nearly Lindeldfness are equivalent 
on locally nearly compact spaces. 

Proof. Since the necessary and sufficient condition for TV-closedness of 
A&X in X is the compactness of the relative topology on A determined by the 
Xs, a topological space is nearly a-compact i f f its semi-regularization space is 
©--compact. So the Theorem follows from Theorem 17 since a-conipactness and 
Lindeldfness are equivalent on locally compact spaces (q.e.d,). 

Theorem 32. Nearly paracompactness and nearly a-compactness are equi
valent on locally compact, 2° countable Hausdorff spaces. 

Proof. Lemma 10, Theorem 31 and Theorem 18 prove the sufficiency, 
Theorem 19 and Theorem 31 prove the necessity since 2° countable spaces are 
seperable (q.e.d.). 

Definition 10. Let the topological spaces Xa (a e I ) be pairwise disjoint 
(Otherwise take the topological equivalent Xa' ~ { a } x X a of X a ) . The weak 

topology on X = |Jxa determined by the canonical mappings in : X a - > X is 
a 

called the free union of the family X a (ae 7) and denoted by X =^Xa f 4]. A 
a. 

subset A £ X a is open i f f A n Xa is open in X a for all ae I [ 4J. 

Lemma 12. I n a free union space X = ^ T x k a subset A £ X is regularly 
a, 

open i f f A n Xa is regularly open in Xa for all ae I . 

Proof. Since any Xa satisfies the necessary and sufficient condition for 
being open in X, all of the X a ' s are open-closed subsequently regularly open 
and regularly closed. I f ia and c a denote the interior and closure operations 

respectively on Xa, i.e. on the relative topology at X a determined by X =^> Xa 

a 
then for any A £ X 

Q O 

4 ° c*(A n X J = iJ4 r\XanXJ = AnXr,nXa = AnXa. 

So i f A £ X is regularly open then for any ae I 

ia ° cA\A nXJ = AnXa = AnXK, 
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i.e. all A n X a are regularly open in Xa. Conversely i f for any ae I , A n X K 

o 

is regularly open in Xa then A is open in X and A £ A. Furthermore for any 

X E A there exists a p e / with xeX&, so by using (4) in Section 1 one gets 
o o 

x e A rt X 0 £ A n X & = / 0 ° ^ ( / f n l ? ) = ^ n l 9 , 

and this means xeA^A, i.e. 4̂ is regularly open in X (q.e.d.). 

Theorem 33. A locally nearly compact Hausdorff space is nearly para-
compact i f f i t is the free union of nearly a-compact spaces. 

Proof. Since every locally compact, nearly a-compact space is nearly L in -
delof any locally nearly compact Hausdorff space wil l be nearly paracompact 
i f i t is nearly o-compact by Lemma 10 and Theorem 18. Now let ^={G&: pe J] 
be any regularly open covering of the free union of the nearly paracompact 
spaces Xa (ae / ) , and let ^ * be the regularly open refinement of {Xar\G&: p e J} 

in Xa . Since |J <3* constitute a regularly open refinement for 2?, the free 
a. 

union space ^Xa of nearly paracompact spaces X a is nearly paracompact. 
a. 

So a locally nearly compact Hausdorff space X is nearly paracompact i f X is 
the free union of nearly a-compact spaces Xa (a e because any X a is locally 
nearly compact and Hausdorff since it is regularly closed in locally nearly compact 

X = " Conversely let X be a locally nearly compact and nearly paracompact 
a 

space and let <?/ = { Ux ; x e X } be the precise, locally finite open refinement of 
the covering determined by the regularly open neighborhoods with TV-closed 
closures. Clearly every Ux has a non empty intersection with at at most a finite 
number Uy(yeX). Let x0ty i f f xeUXl,ye UXn and UXk n Ux/c+i 4= <j> for all 
positive integers k < n — 1. ffl is an equivalence relation on X, I f 0t [x] denotes 
the equivalence class which contains x then 

X = [J m [x] 

is a separation and ffl [x] is open for any x. By taking any ffi [x] define 

Kt - UX0 c m [x] and Kn^\\\{Uy: Uy r\ Kn_, #= . Every Kn is iV-closed since 

Kn contains at most a finite number of Uy. The definition of & yields 

11=1 

and consequently 
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since °¿¿ is an open covering, so every á? [x] is nearly a-cornpact (q.e.d.). 
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İSTANBUL ÜNİVERSİTESİ 
FEN FAKÜLTESİ 
MATEMATİK BÖLÜMÜ 
VEZNECİLER-İSTANBUL 

Ö Z E T 

Bu çalışmada yeni bir tür zayıf parakompaktlık tanımlanmakta ve bu türün 
bazı belirli topolojik özellikleri belirlenmektedir. 


