
O N T H E SUBCLASSES U I N M A H L E R ' S C L A S S I F I C A T I O N OF T H E 
T R A N S C E N D E N T A L N U M B E R S * } 

K Â M Î L A L N I A Ç I K 

I n this paper integral and rational combinations with algebraic coefficients 
of a strong Liouville number are studied and shown that they belong to 
the Mahler subclass Um, where m is the degree of the algebraic number field 
determined by these coefficients. Thus a new proof is obtained for the fact 
which was first proved by L E V E Q U E in 1953, that no Mahler subclass 
Um(jii = 2,...) is empty. I n the case of integral combinations an ana­

logous result for Ilenscl's field of p - adic numbers is given. 

C H A P T E R I 

Mahler ' s c lassi f icat ion. "We shal l be concerned w i t h po lynomia ls 

P(x) = an xn -J- an_1 xn~l -\- . . . -f" a 0 , a 0 # 0, w i t h r a t i o n a l integer coeff i ­

c ients . The he ight H ( P ) o f P i s de f ined b y H(P) = m a x ( | an |, | o n _ 1 j | a 0 1 ) . 

G iven an a r b i t r a r y complex n u m b e r for a n y real number H ^ 1 

a n d a n a t u r a l n u m b e r n Mah ler p u t s 

deg P ^ re 
H(P) < H 
P(Ç) # 0 

As H ^ 1 , one m a y t a k e P(x) = 1 , and hence we have 0 < wn(H, ^ 1 . 

I f e i ther n or H increases, wn(H, £) w i l l n o t increase. N e s t , MAULER puts 

*) This paper is an English translation of the substance of a doctoral dissertation 
accepted by the Faculty of Science of the University of Istanbul in September 1978. I am 
grateful to Prof. Dr . Orhan Ç. ÎÇEN for his valuable help and encouragement in a]] stages 
of this work. 

[39] 
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= l i r n sup ( — l o g wn{H, 5 ) / l o g H) 

; (ç) = lım sup  

B y w h a t we have said above, w„(£) as a f u n c t i o n o f n is nondecreasing. 

One has a lways 0 ^ W„{Q ^ + °o a n ( i 0 ^ w(%) ^ + oo. 

I f wn{£) — ~\~ co f o r some integer n, l e t he t h e smallest such 
in teger ; i f wn(Ç) < -|- co for every n , p u t = co. 

M A H L E R calls t h e n u m b e r £ a n 

A - n u m b e r i f iv(Ç) = 0 , fi(Ç) co, 

S - n u m b e r i f 0 < w(£) < co, /i(^) = oo, 

T - n u m b e r i f W(Q — 0 0 » = c0? 

U - n u m b e r i f w(Q = co, < co 

{See M A H L E R [ 8 ] ) . A - numbers are i dent i ca l w i t h algebraic numbers , 
whereas t h e t ranscendenta l numbers are d i s t r i b u t e d i n t o t h e three classes 
S, T, U. L e t Ç be a U - n u m b e r such t h a t = m and l e t JJm denote 
t h e set o f a l l such numbers . I t is obvious t h a t for every n a t u r a l m , t h e class 

CO 

Um is a subclass o f U a n d JJ — \J Um. Moreover wc have Um n Un = <j> 
m = l ' " 

i f m # n. ( F o r t h e subclasses Um see LEVEQUE [ 6 ] ) . 

W e sha l l n o w collect some lemmas w h i c h w i l l be used i n chapters I and I I . 
Those w h i c h are t a k e n f r o m elsewhere w i l l be g iven w i t h o u t proof , b u t w i t h 
reference to t h e i r sources. 

L e m m a 1 . Let a be an algebraic number of degree s and let P(x) be 

an arbitrary polynomial of degree n with integral coefficients. If P(a) # 0, 
then the relation 

1 
P{a) I ^ 

[ ( » + l j f f ] ' - 1 [ ( * + ! ) 
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holds, where H is the height of P(x) and h is the height of the minimal 

polynomial of the algebraic number a, respectively. ( R . GÜTING [ 3 ] , T h . 5) . 

L e m m a 2, Let 2 t , z% be two complex numbers and P(x) be a poly­

nomial with arbitrary complex coefficients. Then there is a complex number n 

with 0 ^ [ i / { ^ 1 and a complex number a on the segment zi z2 such that 

P(zi) —- P(z2) = n{z{ — z2) P'(a), where P'{x) denotes the derivative of P(x). 

(See B I E B E R B A C H [ ' ] , p . 116). 

L e m m a 3. Let a l a k ( k > 1) be algebraic numbers ivhich belong to 

an algebraic number field K of degree g, and lei F(y, xk) be a polynomial 

with rational integral coefficients and with degree at least one in y. If n is an 

algebraic number such that F(n, o t j , . „ , ak) = 0, then the degree of n ^ dg> and 

3 s * + C i + - + ' * ) * . H ' . A ^ - n y , 

where h^ is the height of r\, H is the maximum of the absolute values of the 

coefficients of F, l^i = 1 , . . . , ft) is the degree of F in x^i = 1 , . . . , k), d is the 

degree of F in y, and ha is the height of a{{i = 1 , . . . , k). (See O. Ş. İÇEN [ 4 ] ) . 
i 

L e m m a 4. Let <xl, ot2 be two algebraic numbers with different minimal 

polynomials. Then we have 

1 
I a ı ~ a 2 1 > - 2 m B x( .T, , n a > - ı - j J r t ı + [(n2 + l ) / i 2 r i ' 

where nl, n2 are the degrees and hx, h2 the heights of cf ( , a 2 respectively. 

(See GÜTING ft, T h . 7 ) . 

L e m m a 5. Let aQ ock ; fi0 f},(k ^ 0, I ^ 0, m a x (fo, /) > 0, 

ak # 0, /?, — 1) be algebraic numbers ıvith [ Ç ( a 0 , . . . , a / c , /? 0,..., f$}) : Q] — m. 0 

Here Q denotes as usual the field of rational numbers. 
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If the polynomials C(x) = a0 -f- . . . + ak x'% D(x) — fi0 - f . . . -|- fitxl are 
C(x) 

relatively prime, then for x e Q the algebraic number 8 = is a primi-
D(x) 

tive element of the field Q{a0,..., 0Lk, / ? 0 , . . . , except for only finitely many 

values of x. 

Proof . L e t fiW (v = l v . . , m) be the f i e l d conjugates o f at, fi} res­
pec t ive ly . T a k e as usua l ct^ = oti, ftp = jij (i = 0, . . . , k ; j = 0 ? . . . , I) and 
p u t K = Q(&0 <xk , /? 0,..., F r o m the outset we exclude the values o f # 
w h i c h satisfy C(x) = 0 or = 0, i f a n y , w h i c h cons t i tu te a f i n i t e set. 

N o w w e have t w o cases according as m = 1 or m > 1 : 

a) L e t m = 1 . T h e n the algebraic numbers a ; ( i = 0, . . . , /n), / ^ ( j — 0, . . . , I) 

are r a t i o n a l numbers and t h e l e m m a is obvious. 

b ) L e t m > 1 . I f 8X is n o t a p r i m i t i v e element o f t h e f i e l d K, t h e n there 

is a f i e l d conjugate 8^ w i t h v 0 # 1 , f o r w h i c h t h e r e l a t i o n 

(1) 8 , . = 

holds . 

F r o m (1) we o b t a i n 

(•• ) (v ) 

(2) C(# 0 ) D 0 ( x n ) = C ° (# 0 ) -D(a; 0), where we have p u t 

c<?\x) = 4*> + . . . + ai") * \ = + . . . + 

I f (1) and consequently (2) were t r u e f or i n f i n i t e l y m a n y values xQ o f x, 

we w o u l d have i d e n t i c a l l y 

(3) C(x) D(V°\X) = C < , - o ) (*) D ( « ) . 

As C(x) is r e l a t i v e l y p r i m e t o D(x), i t m u s t d iv ide C^ a\x). B u t as C ^ ( « ) 

is o f the same degree as C{x), there m u s t exist a complex constant X =fi 0 

such t h a t &°\x) = X C(x). T h i s w i t h (3) w o u l d give D(v°\x) = X D(x). 



O N T H E SUBCLASSES Um I N M A H L E R ' S CLASSIFICATION 43 

B u t we have for t h e l ead ing coefficients of D(x) and D^^ (x), ft = 1 a n d 

(}\v°* = 1 respect ive ly , so t h e comparison o f the l ead ing coeff icients on b o t h 

sides of (x) = X D(x) w o u l d give X = 1 , and consequently C(x) = C^°\x), 

J>(x) = (#) , whence we w o u l d o b t a i n 

a, - <4 % ) ( i = 0 . . . .A) 

p. = ^ ( j = 0 , . . . / ) . 

B u t t h i s w o u l d lead us t o a c o n t r a d i c t i o n as fol lows : 

As in > 1 , Q(<x0 a,(, /?0 ft) is a proper extension o f Q, so there exists 

a p r i m i t i v e element Ç of t h i s extension o f degree m > 1 over Ç. W e have 

(5) C = * ( a 0 , . . . ft,,... ft) 

a n d 

f a, = S,(Ç) ( i = 0 , . . . , 7c), 

(6) 
( f t = r / 0 (J = 0 i)> 

where R , 5 , T denote r a t i o n a l func t i ons o f the i r arguments w i t h coefficients 

f r o m Q. I f t h e conjugates o f Ç are denoted b y £ ^ ( v = l>---5 m ) > w i t h = C» 

w h i c h arc a l l d i f f e rent , t h e n t h e f i e l d conjugates o f a,-, ft are 

(«}»> = S,.(C<V)) ( i - 0 , . . . k ) , 

(7) 

( j 8 f = T , ( C W ) </ = 0 , . . . l ) 

respect ive ly , w h i c h sat is fy 

(3) C « = R ( a ( ; \ . . . , 4 ^ rtv>»-. ^ ( v = 1,2.... m ) . 
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N o w ( 4 ) , ( 5 ) , ( 8 ) w o u l d give us 

(9) C = 

w h i c h w o u l d c o n t r a d i c t t h a t ( is a p r i m i t i v e e lement . 

h 
D e f i n i t i o n . L e t £ be a L i o u v i l l e n u m b e r w i t h convergents — -"• ( i i = 0 , l , . . . ) 

i n i t s regular c o n t i n u e d f r a c t i o n expansion a n d l e t | kn £ — hn | : = kn " . 

We sha l l say t h a t £ is s t rong or weak according as l i m i n f sn is i n f i n i t e or 

f i n i t e . ( L E V E Q U E [ ' j ) . 

(For a n y L i o u v i l l e n u m b e r we have o f course l i m sup sn — + co). 
n —> to 

T h e o r e m I . Let aQ <xk(k > 1 , ak # 0) be algebraic numbers such that 

[Q (<xQ ak) : Q] = m, and let C(x) — aQ -j- a{ x + . . . - f a A # , c . J f £ is a 
strong Liouville number, then the number C(£) — y belongs to XJm . 

o f the L i o u v i l l e n u m b e r £ be (n = 0 ,1, . . . ) . Since t h e L i o u v i l l e n u m b e r £ 

F r o o f . L e t t h e convergents o f the regular cont inued fraction expansion 

co de f ined b y £, — is s t rong , for the sequence a>(n) ~ con de f ined b y 

we have l i m i n f con = - j - co. T h e n we have 

(10) £ = ^ + 8„ q-** (en = ± 1 , n = 0 ,1, . . . ) . 

% 
p 

N o w we a p p l y L e m m a 2 w i t h P(s) — C(s), z. — ^, z2 — - "- (n — 0 ,1 , . . . ) , 
% 

a n d we get 

(11) C<0 - C = ^ - A . j C ' ( 0 J (n - 0 ,1 , . . . ) , 

where 7 f is a complex n u m b e r w i t h 0 ^ j r\l | < 1 a n d 0n is a real n u m b e r 

P P 
i n t h e i n t e r v a l £ •-- —2- . Since l i m — - = there is a n a t u r a l n u m b e r N0 

such t h a t 
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(12) Pn < 2 I f I , 0 < I 0 J < 2 K I for every n > i V 0 . 

U s i n g t h i s , w e o b t a i n 

(13) I C'(6„) \<k2- m a x (Ja,!) • m a x [ 1 , (2 K|) f c ] = c, (n > JV 0 ) , 
»= o 

where ct > 0 is independent o f » . " 

F o r n > N0 l e t P„(x) denote t h e m i n i m a l p o l y n o m i a l o f the algebraic 

n u m b e r C[^) , a n d l e t H(P„) be the he ight o f P (*). 

A p p l y i n g L e m m a 2 w i t h P(z) = PJz), zt = C(£), * 2 = C ^ j ( » > J V 0 ) 

we have 

(14) P ^ - P ^ C ^ j j = j F X ) ( » > JV 0 ) , 

where r\% is a complex n u m b e r w i t h 0 ^ [ rj2 | ^ 1 and 0n is a p o i n t on the segment 

y • C\ — J . Hence there exists a rea l n u m b e r t w i t h 0 < t ^ 1 , such t h a t 
\ In I 

Pn 

(15) \ = ( l - t ) y + tC (n > N0). 

O n t h e other h a n d we have b y (12) 

(fc + l ) m a x ( [ a i [ ) . m a x [ l , ( 2 [ ^ | ) i j = C 2 (c2 > 0 ) , 

a n d us ing th i s i n t h e r e l a t i o n (15) we o b t a i n 

(16) ^ I y I + H = H (n > i V 0 ) , (c 3 > 0 ) . 

Here and in the sequel ci , c2 will denote positive real numbers independent of n. 
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N o w we k n o w t h a t [K : Q] = ro, hence analogously t o (13) we see t h a t 

(17) I P'n(7n) \^ m2- m a x ( 1 , cf) - H(Pn) (n > NQ). 

I t fo l lows f r o m t h e d e f i n i t i o n of the p o l y n o m i a l Pn(x) t h a t PH |c j j = 0. 

Hence us ing t h i s i n (14) and c o m b i n i n g t h e relat ions (10), (11), (13) a n d 

(17) , we o b t a i n 

I ^ W I < c i • • ( 1 , d$) • H(Pt) . g " - i " > ( „ > JV 0 ) , 

a n d so p u t t i n g c 4 = ct • m2 • m a x ( 1 , c™) : 

(18) 0 < | Pn(y) | < c 4 • j - ' - W • H ( P J (n > N0). 

(^n(y) = P„(£(£)) is n o t zero, since £ is a t ranscendenta l n u m b e r . ) 

N o w , we shal l give a n upper b o u n d f o r t h e he ight o f Pfl(x). P u t 

(19) V» = C { i r ) (n>N0), 

or w h a t is t h e same t h i n g 

In it — «o it — «1 Pn fa"1 — - ~ HPt = 0. 

W e see f r o m (15) t h a t , the value o f t h e p o l y n o m i a l 

F(y, x0, xk) = qty~<i>Q— Pn&~1 — - — Pt H 

is zero f or y = yn , x, = at.(i = 0 , . . . , k). 

Therefore we can use L e m m a 3 w i t h d = 1 , I. = 1 ( i = 0, . . . , i t ) , g = m , 

H ^ m a x [ 1 , ( 2 K | ) * ] f £ . 

a n d we o b t a i n 
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H(Pf) < • { m a x [ 1 , (2 i ^ | ) f c ] } m • qlm • K - K > 

or p u t t i n g c5 = 3 < ' c + 3 , m • { m a x [ 1 , (2 |£|) , C] } M • A™ — 'C > 

o ft 

(20) H ( P „ ) ^ c5 • rf» ( n > i V 0 ) . 

Since c 5 is independent of re, there is a n a t u r a l n u m b e r N1 f o r w h i c h t h e 

r e l a t i o n 

(21) H(Pn) < + * 

holds for n > m a x (NQ , A ^ ) . 

F i n a l l y , c o m b i n i n g t h e re lat ions (18) a n d (21) we have 

c H(P } c 

( 2 2 ) I P „ M I < ^ 4 = ^ < 7 T 3 T T ( n > m a x ( J V ° • "'W¬

A s y was t a k e n as a L i o u v i l l e n u m b e r w e have l i m sup co(n) = ~\- oo, so 

t h a t we can choose a subsequence £o(/ij) w i t h l i m co(nj) = + oo. (22) w i l l 

g ive f or t h i s subsequence 

(23) 0 < ] P „ / y ) | < i ^ — ( » , > m a x <JV 0, JV,)). 

\fcm+l~* 

N o w t h e sequence o f heights {H(Pn ) } m u s t c o n t a i n a subsequence 
j 

{ i f ( P w ) } t e n d i n g t o + co. F o r otherwise {H(P ) } w o u l d be bounded f r o m 

above and as t h e degrees o f t h e po lynomia ls Pn (x) are also bounded ( ^ m ) , 
j 

t h e sequence o f po lynomia l s { P ( x ) } w o u l d c o n t a i n o n l y a f i n i t e n u m b e r o f 
h 

di f f erent p o l y n o m i a l s , therefore i t w o u l d have a t least one i d e n t i c a l sub ­

sequence. L e t t h i s be denoted w i t h { P n (x)}, where Pn (x) = P(x) say, for a l l i . 



48 ICÂMÎL A L N I A Ç I K 

B u t we h a d P„ I C I = 0 f or a i l L w h i c h w o u l d give us 

(/ = 1,2,...). 

B y l e t t i n g I -» co we o b t a i n P(C(Ç)) = 0, w h i c h w o u l d m e a n t h a t £ is 

algebraic , i n c o n t r a d i c t i o n t o i t s b e i n g a L i o u v i l l e n u m b e r . T h u s we o b t a i n 

(24) 0 < I P „ (y) I < {nn_ > m a x (N0, Nx))t 

w i t h l i m S{P,U ) = - f co a n d l i m cofoj ) = + co. Since t h e degree o f 
k ~> co /[ —>• CO ^ 

P „ (A;) < m , t h e r e l a t i o n (24) shows t h a t 
4 

W e shal l complete t h e p r o o f b y showing t h e opposite i n e q u a l i t y 
fi(y) and for t h i s we shal l d i s t i n g u i s h t w o cases according as m = 1 

or m > 1 . 

I — Ire ine case m = 1 , b y d e f i n i t i o n o f / i (y) we have /u(y) ^ 1 , so together 
w i t h (-X-) for m = 1 , we o b t a i n fi(y) — 1 . 

I I — Suppose that m > 1 . L e t P{x) be a p o l y n o m i a l o f degree / (0 < I ^ m — 1) 
w i t h i n t e g r a l coef f ic ients , and l e t H(P) denote the h e i g h t o f P(x). A n a ­
logous ly t o (14), b y L e m m a 2 we have 

(25) P(y) - P(yn) = ^ ( y - y j P ' ( fT ) , ( „ > m a x (N0, JV,)), 

where jf 3 a n d 0 / ( (re > m a x (NQ , i V j ) ) are complex numbers such t h a t 

' 0 < l i fe l < 1 , | 0 J < H (n > m a x (NQ, NJ). 
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Hence we can w r i t e 

(26) [ P'(en) ] ^ m2 • m a x ( 1 , c™) • H{P), n > m a x (JV 0 , i V , ) , 

a n d us ing t h i s a n d (11) i n (25), we o b t a i n 

(27) ! P(y) | > ] P(yH) | - c 4 q ^ n ) • H(P), (n > m a x (NQ, i V , ) ) . 

O n t h e other h a n d , b y L e m m a 5, there is a n integer N2 such t h a t , i f 

n > N2 t h e n t h e degree o f t h e algebraic n u m b e r yn is equa l t o m . Since 

I < mt we can use L e m m a 1 w i t h 

a = yn (n > m a x (JV 0 , JVX , JY 2 ) ) , s = m , n = U = H ( P W ) 

a n d we get 

1 

(28) | P(yn) | > ( i + i ) m _ 1 { w + 1 ) ( ^ p j ™ - ! H ( p n ) i • • 

U s i n g (20) i n (28) a n d p u t t i n g (m + l ) 1 " ™ m 1 "™ c £ ~ m = c 6 we have 

(29) |P(V B)| > H { p ) m ^ \ ^ r in > m a x ( i V 0 , i V , , JV 2 )) , 

a n d c o m b i n i n g t h e re la t i ons (27) and (29) 
c4H(P) (so) \m\> ,0)(n) 

I t fo l lows f r o m w e l l k n o w n propert ies o f c o n t i n u e d f ract ions t h a t i f 

£ la. = g - ^ , t h e n 

(31) g?»> ^ g i | + 1 > ( n > i V 3 ) , 

where JV 3 is a sui table n a t u r a l n u m b e r . 
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O n t h e other h a n d , b y assuming t h a t £ is a s t rong L i o u v i l l e n u m b e r , 
there is a n a t u r a l n u m b e r N4 such t h a t 

(32) co{n) > km(m — 1) [ (km + 1) (m — 1) + 2] - f m + 1 [n > NA). 

N o w suppose t h a t t h e p o l y n o m i a l P(x) satisfies t h e c o n d i t i o n 

(33) H{P) > m a x ( g , , , 

where v n is a f i x e d i n d e x sat i s fy ing v 0 > m a x (JV 0 , i V , , N2 , i V 3 , 1V 4). I t is 
clear t h a t , there exists a n a t u r a l n u m b e r v > v 0 f o r every p o l y n o m i a l P(# ) 
w h i c h satisfies (33) , such t h a t 

(34) qv < H(P) < qv+i . 

F r o m (31) a n d (32) we see t h a t the i n e q u a l i t y 

% < ( m _ 1 ) + 2 holds for v > m a x (N0 , N,, N2 , N3 , N4). 

Hence w e can considier. t w o cases i n (34) as fo l lows : 

(35) 
( 2 ) q(;?1

+1)im-l)+2<H(P)<qv+1. 

1) Suppose that the first relation in (35) holds. I f we w r i t e t h e re la ­
t i ons (30) a n d (31) w i t h n rep laced b y v we get b y us ing (35) 1) : 

I I ^ JJ(p)(fcm + l) (m- l ) H(P)(hm + l) (n»-1) + 1 ' 

a n d us ing (33) : 

<W2 
(36) \P(y)\> H(Pf> m + l) (m- l ) 
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2) If the second relation in (35) holds, w r i t i n g (30) w i t h n replaced b y 

v - f 1 , f r o m (35) 2) we o b t a i n 

c6 c 4 

(37) I P{y) I 

a n d so b y u s i n g f i r s t (35) a n d t h e n (33) : 

c 6/2 
(38) l P ( y ) | 

As t h e exponent o f i f ( P ) on t h e r i g h t h a n d side of (38) is greater t h a n 
t h a t o f (36), (38) is v e r i f i e d f or a l l po lynomia l s P(x) o f degree a t m o s t m — 1 

{ 2c.\ 
a n d o f h e i g h t greater t h a n m a x I q , — - I . T h i s shows us t h a t / i(y) ^ m. 

V ° c6 I 

T h i s , t ogether w i t h the r e l a t i o n [i(y) < m gives us / i(y) = m also i n 

case m > 1 . 

Note . I t fo l lows f r o m t h e p r o o f o f T h . I t h a t , if £ is a LiouviUe number 

which satisfies the condition 

(39) l i m i n f w(n) > hm(m — 1) [(km - f 1) (m — 1) - f 2] - f m + 1 , 

tnen the conclusion of Th. I is still true. 

Special case. Let a be an algebraic number of degree m. If £ is a LiouviUe 

number which satisfies the condition (39), then the numbers cc + £ and cc £ 

belong to Um . 

P. ERDOS ['] p r o v e d t h a t , f o r every rea l n u m b e r r , there exist L i o u v i l l e 

numbers £t(i = 1,2,3,4) such t h a t 

(40) r = f , + £ 2 , r = £ 3 • i 4 . 

I f r is a rea l algebraic n u m b e r of degree m(m > 1) we have t h e f o l l o w i n g 
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Coro l lary 1 . Let a be a real algebraic number of degree m (m > 1), and 

let = 1,2,3,4) be LiouviUe numbers which satisfy the relations a — £ t -f- £ 2 , 

a = £ 3 • ^4 • T/iere 

(41) H m i n f û)(») £_ ^ m 4 — m 3 + m 2 + 1 (£ — 1,2,3,4). 
n. —>• co * 

P r o o f . Suppose t h a t a = ^ + £ 2 a n d K m i n f co(n)^ > m4—mz - j - m2 -\- 1 . 

I f we t a k e y — a— ^, i n T h . I , we see from. (39) f o r k = 1 t h a t 

rty) = / < « — £,) - /*(£ 2)> 2. 

B u t t h i s is imposs ib le , since /t(£ 2) = 1 . 

S i m i l a r l y , t a k i n g y — — i n T h . I , we o b t a i n 
a 

w h i c h is impossible since / i (£ 4 *) = 1 , b y a w e l l k n o w n p r o p e r t y o f L i o u v i U e 
n u m b e r s . 

Hence we have I i m i n f co(n)^ < m — m + m 1 f o r i = 1,2,3,4. 
It - > CO ' 

Coro l lary 2. L e i £ be a LiouviUe number such that l i m i n f to(n)^ > 
Tl —> CO 

2m(m — 1) [ ( 2 m + 1) (m. — 1) + 2] + m- + 1. T/tera, / o r every natural number 

k, there are numbers y ;(£ == 1,2,3,4) which belong to Uk such that 

(42) i = y, + y2 , i = y3 • y4 . 

Proof . L e t a be a r e a l algebraic n u m b e r o f degree k. W e see f r o m T h . I 
and t h e p r o p e r t y o f £ t h a t , t h e numbers 

, € • * 1 

n = 0 1 + y ' y2 = — * + y > ? 3 = « i » y 4 = - ^ r 

belong t o t / ^ a n d w e h a v e £ = yt + y 2 , £ = y 3 • y 4 . 
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T h e o r e m I I . Let ttt(i = 0, . . . , k), pj(j = 0, . . . , I) 

(k ^ 0, I > 0, m a x (k, I) > 0, ak ^ 0, /?, = 1) Ae algebraic numbers, 

so that [(>(«0,-.., ak , /?0 »•••» 0f) : @] = m ' a n i i i e i ^ e polynomials 

C(x) = « 0 + a , ^ . . , + £ < j t D { ^ ) - PQ -f- ft * + . . . + ft 6e relatively 

prime. Jf £ is a strong LiouviUe number, then the number y = - ̂  y~ belongs 

to U . 

Proof . L e i t h e convergents t o t h e regular c o n t i n u e d f r a c t i o n expansion 
p 

o f t h e s t rong L i o u v i U e n u m b e r £ be —— (n = 0,1, . . . ) . P u t 
9 « 

(43) 

U s i n g L e m m a 2, we have 

(44) 
p * _ D[ *L 1 = i - A . ] . Z ) ' ( ^ ) , 

9 « ' \ 9 « 

where rç4 a n d i / 5 are complex numbers w i t h 0 < | J/41, | ns j ^ 1 a n d ôn , <5N 

are rea l numbers w h i c h lie i n t h e i n t e r v a l £ • * * * Since l i m ~— = £ s 
9 n it —> co 9 « 

a n d D(£) 0, there is a n a t u r a l n u m b e r i V 4 such t h a t , f o r n > N4 t h e 

re la t ions 

(45) 
In 

< 2 | e i ; | 5 J , \SJ < 2 K P ; 
9 « 

< C-, 

\C'(ân)\ < c 8 ; < c 9 , - | J ? < 0 | < -Pll 
9 „ 

< c 10 

h o l d , where c ? , c g , c ? , c I 0 are p o s i t i v e constants w i t h respect t o n. 
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N o w , p u t yn -

In 
9n 

D 
9n 

, a n d l e t Pn(x) denote t h e m i n i m a l p o l y n o m i a l 

o f t h e n u m b e r yn (ti > JV 4) a n d l e t H{P„) denote t h e h e i g h t of P„ (#) . 

U s i n g L e m m a 2 w i t h P(z) = Pn{z) ; %x = y , z 2 = yn (n > N4) we have 

(46) Pn(y) - PH(ya) = %{y - y„) P ^ J 

where <5n (n > N4) is a p o i n t on t h e segment y yn . 

Hence there is a r e a l n u m b e r t w i t h 0 ^ t < 1 , such t h a t 

( » > JV 4) . 

c 
(47) 

Pn 

U s i n g (45) we get 

(48) I Ï K 
2 c 7 

( » > JV 4) . 

(n > N4). 

L e t @(a 0 ak ; ft ft) = K. Since [ K : Q] = m, t h e degree o f Pn{%) 

is < m . U s i n g t h i s a n d (48) we o b t a i n 

(49) \P'n{5„) \^m2- m a x ( 1 , c^) • H(P„) = cl2 H(Pn) 

O n t h e o ther h a n d , we see f r o m (43), (44) a n d (45) t h a t 

(n > İV 4). 

(50) I y — y J = 
W) D 

^ c 1 3 In • 

w i t h a sui table pos i t i ve constant c ( 3 . 
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Since Pn(x) = 0, us ing (49) a n d (50) i n (46) and p u t t i n g c n • c 1 3 = c 1 4 we get 

(51) |P„(y)| < c 1 4 g B -»W H ( P H ) ( » > JV 4) . 

N o w , we shal l g ive a n upper b o u n d for t h e h e i g h t h = H(P„) o f 

y n (re > JV 4 ) . B y t h e d e f i n i t i o n of yn we have 

n 

so t h a t after m u l t i p l y i n g b o t h sides b y g™ a x '> : 

(52) y„(BQ ft + B 1 ft + . . . + B, ft) - ( .4 0 ot0 + A, a, + . . . + ^ « t ) = 0, 

where A{(i = 0, . . . , A) a n d J3.(y = 0, . . . , I ) are r a t i o n a l integers w i t h 

(53) \Bj\ < ( m a x ( 1 , 2 | f | ) ) m a * '> • C ™ ( " ' 0 = c t 5 9 ? " < * ' ° 

<* = 0, . . . k; j -- 0, . . . I ; n > JV 5), 

< 2 U I f o r « > ^ 4 • since 
Pn 

A c c o r d i n g t o t h i s , we can use L e m m a 3 w i t h 

g = m» d = = l ( i = 0 , l . . . ( f t + J + l ) i H < c 1 5 - C a x ( ' c , i ) , 

and we o b t a i n 

(54) H(PJ i 3 c f c + i + 4 > m . . c » n (A. r • n ( ^ r 

or, b y p u t t i n g 3 < f c + , + * > » . c?5 n (K ) " ' TJ (*, ) m = c ! 6 : 
i = 0 ' j = 0 J 

(55) (« > JV 4) . 

I t can be seen easily t h a t , t h e p o s i t i v e constant c 1 6 is n o t dependent on qn ; 

hence there is a n a t u r a l n u m b e r Ns such t h a t qn > c ] 6 f o r n > N5 . U s i n g 

t h i s , (55) gives 
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(56) H(Pn) < «£-™«<*.'>+ı 

f or n > m a x (İY 4 , JY 5). U s i n g t h i s i n (51) we get 

(57) W ) l « „ ^ < 1 ( " > - a x ( J V 4 , J V 5 ) ) . 
" n J J . max (k, 

I n the same w a y as i n the proo f of t h e f i r s t p a r t of T h e o r e m I , i t can be 

shown t h a t we can e x t r a c t f r o m {Pri(x)} a subsequence {Pn (x)} such t h a t 

(58) o < | i v (y)\< 
"14 

<a(n . ) 
4 

H(P . max (Ji, i ) + ] 

"4 

w i t h I i m H(Pn ) — + co and I i m <o(n} ) = + co . 

Since the degree o f Pn (x) ^ ;«•, t h e r e l a t i o n (58) shows t h a t 
4 

( * ) < m . 

T o complete t h e p r o o f i t suffices t o show t h a t we have u(y) > m. F o r t h i s 

we sha l l d i s t ingu i sh t w o cases according as ro = l or m > 1 : 

Case 1 . I f m — 1 , f r o m t h e d e f i n i t i o n o f fi(y) we have fi(y) > 1 a n d 
f r o m above /.i(y) < 1, so t h a t we get = 1 . 

Case 2. L e t m > 1 and l e t P(x) be a p o l y n o m i a l o f degree / 
(0 < / ^ m— 1) w i t h i n t e g r a l coefficients and l e t H(P) denote as usual t h e 
h e i g h t o f P(x). I f we use L e m m a 2, we o b t a i n as i n t h e p r o o f o f t h e 
corresponding p a r t o f T h e o r e m I : 

( P(y) - P(y„) = tj7(y - y,) • P'(<rn) 
(59) { (n > JV 4), 

a n d consequent ly 
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(60) |P(y) - P(yJ\ < cl4 H ( P ) • ( » > N4). 

O n t h e o t h e r h a n d , b y L e m m a 5, there is a n a t u r a l number N6, so 

t h a t t h e degree o f t h e algebraic n u m b e r yn is ecjual t o m , f or n > N&. Since 

/ < m , we have P(y„) # 0 for ra > N6, so we m a y app ly L e m m a 1 w i t h 

a = yn(n > m a x (7V 4 , N6)), s = m, n = f, and we o b t a i n 

(61) \P(y)\> ——-—-w— 1 ^ r — r - ( » > m a x (N** W,) ) . 

U s i n g t h e r e l a t i o n / < m — 1 a n d p u t t i n g n i 1 ( m + ly~m • c j<f m = c 1 7 , 

we o b t a i n f r o m (55) and (61) : 

(62) \P{y)\> — i ~ " ^ - n - ( w > m a x ( ^ V -^e))-
\ / I v'n' 1 i i ( P ) m — gf"(rn -1) . max (fc, () V * 4-

(Note t h a t = H ( P „ ) ) . 

O n t h e o ther h a n d , since P(y„) # 0 f o r n > m a x (JV 4 , N6), wc o b t a i n 

f r o m (60) and (62) t h a t 

(63) !P (y ) I ^ • — ^ J — ^ — n r n — (n > m a x ( i V 4 , iV , ) ) . 

N o w , as £ is t a k e n as a s t r o n g L i o u v i l l e n u m b e r , there exists a n a t u r a l 

n u m b e r N7 , so t h a t t h e r e l a t i o n 

(64) W(H.) > m(m — 1) m a x (/b, I) [m(m — 1) m a x (fe, I) - f m - f 1] - f m - f 1 

ho lds f or 7i > i V 7 . 

Suppose t h a t t h e p o l y n o m i a l P(x) satisfies t h e c o n d i t i o n 

(65) ff(P) > m a x L , - ^ - j , v 0 > m a x ( i V 4 , I V 6 , JV 7). 
17 

I t is clear t h a t , for every p o l y n o m i a l P(x) w i t h (65) , there exists a n a t u r a l 

n u m b e r v > v 0 such t h a t 
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(66) %<H(P)<%+1-

F i n a l l y , b y c o m b i n i n g t h e re lat ions (64) and (31) we o b t a i n t h e i n e q u a l i t y 
1 

i, , - m ( m - l ) m a x ( / ( , l ) + m + l 
% ^ Hv + l 

Hence , we can consider t w o cases i n (66) as fo l lows : 

l 

a) q < H(P) < rt-i^C'-.'H'n+i ^ 

(67) . 
( b ) a^Ty^-(k,t)+rn^i ^ H { p ) < % ^ m 

I — Suppose t h a t t h e f i r s t r e l a t i o n i n (67) ho lds . " W r i t i n g t h e r e l a t i o n 
(63) w i t h n replaced b y v a n d us ing (67) a) and (64) we get 

(6 8> I p(y) I > j ^ ( ^ ^ m ^ = T I a r s e > -

I I — Suppose t h a t t h e second r e l a t i o n i n (67) ho lds . W r i t i n g (63) w i t h 
n replaced b y v + 1 and us ing (67) b ) a n d (64) we o b t a i n 

(69) \P(y)\> 
JJipynfa—l) m a x (ft, / ) [ ) n ( m - l ) m a x (ft, / ) + m + l ] + 7 « — 1 

Since t h e degree o f t h e p o l y n o m i a l P(x) can be any n a t u r a l n u m b e r / less 

t h a n m, t h e re la t i ons (68) a n d (69) show t h a t i n a n y case 

(*•*) Ky)>m. 

F r o m (-X-) a n d (-X- we get fi(y) — m and t h i s completes t h e proof . 

Note . If we take in Theorem I I instead of the strong Liouville number 

£, a Liouville number which satisfies the condition (64), then the Theorem I I 

remains true. 

N o w , we sha l l give a r e la ted t h e o r e m t o T h . I , w h i c h is o f easier 
a p p l i c a t i o n . 
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Theorem I I I . Let ocQ,,,., ak(k ^ 1 , ak # 0) be algebraic numbers and let 

[ @ ( a 0 f . . . , ock) : Q] = m, and let £ be an irrational number which admits a 

\ ai ) 
rational approximation sequence < -— > (a ( . , 6(. e Z , 6J. > 1 for i > i 0 , with 

( bi ) 
a suitable i 0 ) satisfying the conditions 

1) k m — j — r ™ = + oo , 

2) l i m sup 
l o g 6; 

l og 
a. 

- I < + CO . 

Then % is a Liouville number and y = a 0 -f~ . . . + a / ( £ A e t7 f f l . 

Proo f . F r o m 1) we have i m m e d i a t e l y l i m 6. = + co, and f r o m 1) a n d 
i ^ CO 

2) we o b t a i n b y d i v i s i o n 

(70) l i m [ l o g 
b: 

I l o g b.t = + oo , 

a. 
w h i c h i m m e d i a t e l y shows t h a t £ is a L i o u v i l l e n u m b e r w i t h l i m -r~ = £* 

I n order t o prove t h e second, m a i n assertion o f t h e t h e o r e m we shal l 

show f i r s t t h a t fi(y) ^ m. 

I f we set 

(71) 

w e have b y (70) 

(72) 

a. 
= 6,-

l i m co. = -f- co . 

N o w , l e t JP ; ( # ) denote t h e m i n i m a l p o l y n o m i a l o f t h e algebraic n u m b e r 

y, - a 0 + « i Y_ + - + A'< ("^) <£ = 1 ' 2 ' - ) ' 
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B y a s i m i l a r reasoning t o t h a t g i v e n i n t h e corresponding section ( (14) - (22) ) 
o f t h e p r o o f o f T h e o r e m I we o b t a i n 

(73) f o r i > £ j , 

B(Pf km + 1 - 1 

where i j is a sui table n a t u r a l n u m b e r , c l g is a pos i t i ve constant w h i c h 
depends o n l y on k, m, a 0 ak , £ b u t n o t on £ a n d H(Pj) denotes t h e 
h e i g h t o f Pt(x)> 

F r o m (73) we o b t a i n us ing t h e fac t t h a t £ is a L i o u v i l l e n u m b e r - a g a i n 
a n i n T h e o r e m I , (22) - (24), - t h a t 

(74) o < | P , (?)K •18 

h. 
\km + I - 1 

'k 

w i t h l i m i f ( P , ) = + co and I i m co. = - f co. The r e l a t i o n (73) shows t h a t 
k—> to k -> co 3k 

tt(y) ^ ™-

I f m = 1 , we get f r o m (-X-) i m m e d i a t e l y f.i(y) = 1 , as we have a lways 

fi(y) > 1 . 

N e x t , assume m > 1 . I n t h i s case we shal l show t h a t 

(**) Ky)> m> 

w h i c h together w i t h (-)f) w i l l conclude t h e p r o o f o f t h e theorem. 

N o w we can show as i n T h e o r e m I ( (11) - (20) ) t h a t there exist pos i t ive 

constants c19 and c 2 0 w h i c h depend on ly on tt.(j = 0 , . . . , fc), k, m, a n d a 

n a t u r a l n u m b e r £ 2 such t h a t t h e re la t ions 

(75) 

(76) 

°1 < 2 K | 

I y — y, I < c i 9 
a. 

( i > £ 2 ) , 

(£ > £ 2 ) , 
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(77) 

h o l d . 

(i > i 2 ) , 

L e t P(x) be a n a r b i t r a r y p o l y n o m i a l of degree / (0 ^ f ^ m — 1) w i t h 

r a t i o n a l i n t e g r a l coeff ic ients a n d l e t H{P) denote the h e i g h t of P(x), T h e n , 

we have b y L e m m a 2 

(78) P(y) - P[yt) = i , 8 (y - y,). P'(p,) ( i > i 2 ) , 

where ^ g is a complex n u m b e r w i t h 0 < | t]a | < 1 and pj is a p o i n t o n t h e 

segment y yl. 

As i n t h e p r o o f o f T h e o r e m I ( (16) - ( 17 ) ) , there is a pos i t ive constant c 2 J 

depend ing o n l y o n ctj(j = 0 , . . . , fc), k, m, t, such t h a t 

(79) ] P ' ( p , ) l <c2lH(P) (£ > £2). 

C o m b i n i n g the re la t i ons (76), (78) a n d (79), and p u t t i n g c 1 9 • c 2 I = c 2 2 

we o b t a i n 

(80) P{y)\>\P{yt)\-*22 
a. H(P) (i > i2). 

L e t 

(81) X - l i m sup 
l o g bt i + l 

l o g 
-1 

A c c o r d i n g to t h e c o n d i t i o n 2) o f t h e Theorem, X is a f i n i t e n u m b e r , 

w h i c h is obv i ous ly n o n - negat ive . 

L e t t be a f i x e d n a t u r a l n u m b e r sa t i s f y ing t h e i n e q u a l i t y 

(82) t > X . 

T h e n 

(83) f > 1 , 

a n d b y c o n d i t i o n 3) we have f or s u f f i c i e n t l y large i , say for i > i3 : 
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(84) 

w h i c h is e q u i v a l e n t t o 

(85) 

l o t 

l o g bi+l 

a. 1 
< ( i > i 3 ) . 

(80) a n d (85) t oge ther give us now : 

(86) 
c „ 2 i ( P ) 

(£ > m a x ( i 2 , i 3 ) ) . 

ft.-1 

¡+1 

O n t h e o ther h a n d b y L e m m a 5, there exists a n a t u r a l n u m b e r £ 4 , such 

t h a t f o r £ > i - j , y. is exac t ly o f degree m. As t h e degree / o f P(x) is a t 

m o s t m — 1 , we have P (y ( ) £ 0 f o r i > £ 4 . Hence b y L e m m a 1 we have 

(87) I m 1 > ( / + ! ) • - . ( m + 1 y f l ^ = r j ^ r < ; > 

U s i n g / < m — 1 t h i s gives 

( 8 8 ) 1 m 1 > ^ - ' ( m + i r - ' W - ' H ^ r - 1 ( i > < 4 > " 

(86), (88) a n d (77) give together 

(89) \P(y)\ > 
u 2 3 

bi + l 

(i > m a x (£ 2 , £ 3 , i 4 ) ) , 

where we have p u t m 1 _ m ( m + l ) 1 " ™ -c 

A c c o r d i n g t o t h e c o n d i t i o n 1) o f t h e Theorem we can f i n d a n i n d e x 

i 5 , such t h a t t h e f o l l o w i n g i n e q u a l i t y holds : 
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(90) l o g 6 ' + 1 / l o g 6, > / £ (i> i 5 ) , 

w i t h fi = hm(m — 1) [km(m — 1) - f m + 1] t2 - f (m - f 1) t. 

F i n a l l y , suppose t h a t t h e p o l y n o m i a l P(x) satisfies t h e f u r t h e r c o n d i t i o n 

(91) H(P) > m a x U { i i t i 3 t i A i i 5 y ^ ) = H 0 . 
^ C 2 3 ' 

F r o m (90) and (83) w e get > b;(i > i5), a n d i t is clear t h a t , for every 

such p o l y n o m i a l there is a n a t u r a l n u m b e r j > m a x (i2, i 3 , i 4 , i 5 ) , such t h a t 

(92) bj < H(P) < b j + l . ' 

As i n t h e proofs o f t h e t w o prev ious theorems we d i s t ingu ish t w o cases 

as fo l lows : 

a) bj < H(P) < bjl\m(m-l)+m+l] 

(93) ; 
b ) 6 j f | Y l ( m ^ 1 ) + m + 1 1 < H(P) < bJ+1 . 

1 — Suppose t h a t t h e i n e q u a l i t y (93) a) ho lds . W r i t i n g (89) w i t h i replaced 

b y j and us ing (93) a) a n d (91) we o b t a i n 

(94) \P(y)\ > 
c 2 3 / 2 

JJ^P^knt(n>-1) + m - I 

2 — I f t h e i n e q u a l i t y (93) b ) ho lds , we get f i r s t b y w r i t i n g (89) w i t h i 

replaced b y j + 1 

(95) \P(y)\ > 
c22 H(P) 

U s i n g t h e f i r s t h a l f o f (93) b ) , (95) becomes 

(96) \P(y)\ 
TT( p\t [hm(m -1)+m + 1 ] +m - 1 

23 Hi H(P) 

°j+2 
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N o w , (90) w i t h , i = i -\- 1 gives 

(97) °J + 2 ^ °j+l 

U s i n g t h e second h a l f o f (93) h ) t h i s gives 

(98) & ' + 2 > J i ( P ) i [ f e m i n i ~ l ) + m + l 3 + n i + 1 . 

P u t t i n g (98) i n (96) a n d us ing (91) gives us a t las t 

c 2 3 /2 
(99) \P(y)\> -H(P) ilkm(m-l)+m + l ] + n t - l 

As t h e r i g h t h a n d side o f (99) is less t h a n t h a t o f (94), we have i n b o t h 
cases (93) a) a n d (93) b ) : 

l-PGOl > 
c2J2 

f o r a n y p o l y n o m i a l P(x) whose degree < m and whose h e i g h t > H0 . 

Therefore fi(^) ^ m, w h i c h concludes t h e p r o o f o f t h e t h e o r e m . 

Note . As a n example t o t h e L i o u v i l l e n u m b e r i n T h e o r e m I I I we can 
t a k e t h e n u m b e r 

I n fac t , i f we p u t 

we have 

6, 

1 

" 2 ^ 

1 

+ ... + 

. 1 ! + " * + 2
i ! 

b, = 2 i ! , a. 

' - t < 2 ( i + i ) l 

( ¿ - 0 , 1 , . . . ) , 

(i = 0 ,1 , . . . ) . 
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These re la t i ons g ive us 

l o g bi + l 
l og bj 

< 
(£ + 1 ) ! 

l o g 
6.. 

( i + 1)1 — 1 

w h i c h show i m m e d i a t e l y t h a t t h e condi t ions 1) a n d 2) o f the. T h e o r e m I I I 

are sat i s f i ed . 

C H A P T E R I I 

I n t h i s chapter , we sha l l show d i r e c t l y , i .e . w i t h o u t u s i n g t h e fac t 

XJ*m = Um(m = 1,2,.. .), t h a t t h e classes U*m(jn = 1,2,.. .), i n t h e c lass i f i cat ion 

o f K o k s m a are n o t e m p t y . 

K o k s m a ' s c lass i f i cat ion . L e t £> he a complex n u m b e r . Suppose t h a t a is 
a n algebraic n u m b e r o f degree n and P(x) is t h e i r reduc ib l e p o l y n o m i a l o f 
a, n o r m a l i z e d such t h a t i t s coefficients are r e l a t i v e l y p r i m e a n d i t s f i r s t 
coef f ic ient is pos i t i ve . One t h e n defines t h e h e i g h t H(a) o f <x b y H(a) = H(P). 

N o w p u t 
M>*(H, Ç) = m i n I £ — a I 

deg a ^ n 

a n d n e x t p u t 

r - l o g ( H ^ ( H , f ) ) 

w> (ç ) ---- h m sup • — — • 

w*( iT, £) is a nonincreas ing f u n c t i o n o f i f and t h e func t i ons a n d 

w*(Î) sat i s fy t h e respective inequal i t ies 0 ^ w*(£) < co, 
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O ^ w>*(£) ^ co. L e t jU*(£) be t h e smallest n u m b e r n w i t h — co, i f such 

integers ex i s t , o therwise p u t = co . 

Ca l l i a n 

A* — n u m b e r i f - 0 ı = w , 

S* — n u m b e r i f 0 < < co, ""(£) = oo, 

T* — n u m b e r i f ">*(£) = 0 0 * ,"*(£) = co, 

/ J * — n u m b e r i f = °OJ < c 0 -

(See K O K S M A [> ] ) . B y t h e d e f i n i t i o n o f ü ' , t h e set t / ^ = {£ e (7* | = m } 

is a subclass of Î/* a n d 17^, n t / * = 0 , i f m # n . Hence we have t h e 

p a r t i t i o n £/* = ( J XJ*m . 
m = l 

Theorem. L e i a 0 a A , / ï 0 f3,(k > 0, Z > 0, m a x (ft, I) > 0, ^ = 1) 

&e algebraic numbers with [ Q ( a 0 a f t , /?0 , . . . , / ? , ) : Ç] = m and Zei £ 6e 

o strong Liouvitte number. If the polynomials C(x) = a0 + ... + <xk xk, 

D(x) ~ (ÏQ -f- ... -f- (it xl are relatively prime, then y = D(Q ^on&s t 0 ' 

Proof . L e t t h e convergents o f t h e regular c o n t i n u e d f r a c t i o n expansion 

o f I be in = 1,2,.. .). P u t 
b._ 

(1) = ft-0*1*). 

I t is clear t h a t t h e e q u a t i o n D(x) = 0 has o n l y a f i n i t e n u m b e r o f so lu­

t i ons i n Q, t h a t is , there exist a n a t u r a l n u m b e r NQ , such t h a t i f n > NQ , 

t h e n J>(~1 ¥> 0. 
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N o w we p u t 

< # ) 
(2) J . = —j-^- ( » > JVJ. 

B y the d e f i n i t i o n o f t h e algebraic n u m b e r yn , the va lue of t h e p o l y n o m i a l 

(3) F„(yt * 0 , „ . = 0 + ( - ^ ) % + 2 + . . . 

is zero f or y = 7 / j , x ( = a ((£ = 0 , . . . , ft), x k + J + l = p}(j = 0 , . . . , I ) . 

a 

O n t h e o ther h a n d , since K m - 7 ^ = £, S # 0, there is a n a t u r a l n u m b e r 

i V j , such t h a t i f n > Nt t h e n [ an [ < 2 Jcj \ bn . 
Hence we h a v e 

(4) Hn < ( m a x ( 1 , C l ) ) r a a x < M > • ( n > m a x ( i V 0 , i V , ) ) , 

where Cj = 2 | £ | a n d J / n is t h e m a x i m u m o f t h e absolute values o f t h e 

coeff ic ients o f F M ( y , x0 * f t + / + i ) . 

N o w , b y L e m m a 3 i n Chapter I a n d b y (4) we o b t a i n 

(5) H ^ c 2 6 ^ a x ^ ' I > - m f o r n > m a x ( i V 0 , Nx), 

where c 2 is a p o s i t i v e constant , w h i c h depends on m , k, I, <x 0 , . . . , a f c , 

/ 5 0 , . . . , J?,, b u t n o t on i f . 
• n 

A s 6^ -*•-{- co f o r ra 0 0 , we have c 2 < &w f o r n > N2, a n d we o b t a i n 

f r o m (5) : 

(6) H < 6 « . " « ( f c , 0 + i . 
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N e x t , b y us ing L e m m a 2 i n Chapter I , we get 

(7) 

m = D [ i r } + (* - IT) U*{N)] <C** 

where c 3 and c 4 are pos i t ive constants . Hence f r o m (1) a n d (7) we have 

[/»| 
(8) 

fa \ 
• Mn)\ + 

l a \ 

i t ) 

Since l i m - ~ = £» t h e r e is a n a t u r a l n u m b e r JV3 and a pos i t i ve constant 
n-s- so °n 

c5 , so t h a t t h e re la t ions 

(9) 

fa \ fa \ fa \ 
1 c U < c 5 » < c 5 » > y | D ( i ) l > 0 

h o l d f or n > N3 . C o m b i n i n g t h e re la t ions (8) and (9) we o b t a i n 

(10) 0<\y — y„\^e6 ( n > m a x ( N 0 , Nl9 N2, N3) = i Y ) , 

where c6 is again a pos i t i ve constant , (y = y n is impossible , as t h i s w o u l d 
e n t a i l t h a t £ is algebraic. ) 

As l i m sup co(n) = + co, we can choose a subsequence {cofoj)}, such t h a t 

l i m ft)(ny) = -f- co. As 6 n t e n d t o -J- co w i t h j -* co, (10) w i t h n = n. 

(_/ = 1,2,...) gives us, t h a t { y n } has an i n f i n i t e n u m b e r of d i f ferent t e rms 
j 

— t»(n.) 

(otherwise 6 n
 J w o u l d have a pos i t ive l ower b o u n d ) . I f we p u t H = H(y ) , 

t h e sequence {H(y„ ) } has a subsequence {H(yn ) } t e n d i n g t o - j - co 
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(otherwise the sequence [yn } as consist ing of algebraic numbers o f bounded 
j 

h e i g h t and bounded degree w o u l d c o n t a i n o n l y a f i n i t e n u m b e r of d i f ferent 

t e r m s ) . 
F i n a l l y p u t t i n g (6) i n (10) we get f o r { y f ( } 

(11) 0 < | T - ylu I < — - " K ^ T — f ° r ^ > N. 

\ 

(11) gives us fi(y) ^ m . T o p r o v e t h e opposite i n e q u a l t y (i(y) ^ m we 

d i s t ingu i sh t w o cases as fo l lows : 

I — I f m = 1 , t h e n u*^) < 1 a n d as a lways /u*(y) ^ 1 , so {i*(y) = 1 . 

Hence i n t h i s case the p r o o f is complete . 

I I — Suppose t h a t m > 1 . L e t /? be a n algebraic n u m b e r o f degree 
s ( 1 < s < m — 1) and l e t i f ( /3) be t h e h e i g h t o f 0. B y L e m m a 5 i n Chapler I , 
t here exists a n a t u r a l n u m b e r N4 , such t h a t t h e degree o f t h e algebraic 
n u m b e r yn is equal t o m , i f n > i V 4 . O n t h e o t h e r h a n d , since s < m — 1 , 
t h e m i n i m a l p o l y n o m i a l o f /? is d i f f erent f r o m t h e m i n i m a l p o l y n o m i a l o f 
y„(n > NA). Hence we m a y use L e m m a 4 i n Chapter I w i t h (5) , and we 
o b t a i n 

1 

(12) \y„ — P\^ mm (m^i)^^™TT(u c2) ) m ~ 1 Hii^li^-l) m a x <fc- 0 

a n d p u t t i n g 2 1 _ m m ~ m (m + l ) I _ m ( m a x ( I , c 2 ) ) 1 ~ m = c ? we have 

(13) \yn~P\> ^ ^ h r ^ ^ m > ™**{N*>NltN„ i V 3 , JV 4 )) . 

N e x t , us ing t h e i n e q u a l i t y [ y — / ? \ - | (y n — /3) + (f—y„) | > | y„— ft | — ! y — y „ i , 
a n d (10), (13) we o b t a i n 

(14) \y — P\> H(ß)m ^ m ( n i - 1 ) m a x ( ' c ' i ) j » ( n ) 
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N o w , since £ is s t r o n g , t h e n t h e r e is a n a t u r a l n u m b e r A 7
5 such t h a t 

t h e i n e q u a l i t y 

(15) co(n) > m(m — 1) m a x (fc, I) [m(m — 1) m a x (fc, I) + m - f 1] + m -f- 1 

holds f o r n > Ns . F i n a l l y , suppose t h a t t h e algebraic n u m b e r ß satisfies 
t h e c o n d i t i o n 

(16) H{ß) > m a x ^ b ^ ( N Q I N , , N 2 , N 3 , N 4 , N S ) , ~ ) = H0 . 

I t is clear t h a t , f o r every H(ß) w i t h (16), there exists a n a t u r a l n u m b e r y, 

such t h a t 

(17) bj =S H{ß) < b J + l . 

O n t h e o ther h a n d , since ™* ( M ) + m + i ^ ^ t w e can consider 

t w o cases i n (17) as fol lows : 

j a) bj s= H{ß) < 6 « i » » - i ) « n « ( * = . i ) + m + ı 

1 

b ) f ^ { m - l ) m « ( * , i ) + « + l ^ H(ßj < b ^ 

(18) 

I — Suppose t h a t (18) a) ho lds . T h e n w r i t i n g (14) w i t h J I replaced 
b y / and us ing (15) , (16) a n d (18) a ) , we o b t a i n 

(19) \y — ß\> _ - £ z _ . . _ 
x 1 J ^ ß j m ( m - l ) m a x ( f e , i ) + m j j ^ j m ( m — 1 ) m a x (fc, i ) + m + 1 

f o r H(/9) > HQ . 

I I — I f (18) b ) ho lds , w r i t i n g (14) w i t h n replaced b y j + 1 and us ing 
(15), (16) and (18) b ) we have 
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c 7 /2 

(20) \y — ß\ > 

f o r H(j8) > H 0 . 

Hence t l i e re la t ions (19) and (20) show t h a t y*(y) ^ m . B u t we h a d 
fi(y) < M , there fore fx(y) = m , and t h e p r o o f is c omple ted . 

C H A P T E R H I 

I n t h i s chapter , we sha l l show t h a t t h e classes Um(m = 1,2,...) f o r t h e 

Hens el's f i e l d Qp o f p - adic numbers are n o t e m p t y . 

M a h l e r ' s c lass i f i cat ion in Q . L e t P(x) be a p o l y n o m i a l w i t h i n t e g r a l 

coefficients a n d H(P) be t h e h e i g h t o f P(x). 

Suppose t h a t m a n d A are t w o n a t u r a l n u m b e r a n d a e Qp . 

T h e n M a h l e r p u t s 

a U « M ) = m i n (\P(cc)\p). 

deg P ^ m 

P(a ) # 0 

I t is clear t h a t 0 ^ com(a | ^ ) ^ 1 , since, i f P(x) = 1 , t h e n |P(a)L, = 1 . 

N e x t M a h l e r p u t s 
~ l o g © , > M ) 

Û> (a) = l i m sup — - - - — 7 ~ ~ ~ ^ 

and 

t \ v co(a) = l i m sup 
m 

B y w h a t w e said above, com(a) as a f u n c t i o n o f m is nondecreasing. One has, 

0 < co (a) < co a n d 0 ^ co(cc) < oo. 
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I f io„,(ot) — co f or some integer m, l e t n(a) be t b e smallest such in teger ; 
i f com(ct) < oo f or every m, p u t /.i(a) — co . 

M a h l e r calls t h e n u m b e r a, an 

A — n u m b e r i f co(a) = 0 , //(a) - - co , 

S — n u m b e r i f 0 < QJ(IX) < co, //(a) = co , 

T — n u m b e r i f cu(a) = cc, //(a) = co , 

V — n u m b e r i f co(a) = co, / i (a) < oo 

( K . M A U L E R [ 2 ] ) , B y t h e d e f i n i t i o n o f U, t h e set Um = {a £ U \ u(a) = m) is 
CO 

a subset of U a n d we have U — [ J Um . 

CO 
I t is clear t h a t , Ul is n o t e m p t y ; f o r example the p - adic n u m b e r ^ p n ! 

n = l 

belongs t o Ul . N o w , t o prove t h a t Uin is n o t e m p t y , we sha l l use 
f o l l o w i n g lemmas : 

L e m m a 1 . Let P(x) = aQ + ax x - f ••• + « m #" ' 0 6e a polynomial of 

degree m0 with integral coefficients and a be a p - adic algebraic number of 

degree M with P (a ) =̂  0. Then the relation 

[M + m0)\ H{P)M J T ( a p 

holds, where \a\p = p~h, t = m i n (0, ft), (ma* H(P), i f ( a ) are tfce fceigAf o f 
P(# ) aretZ the height of the minimal polynomial of the algebraic number a 
respectively ( K . M A H L E R [ 2 ] , P . 179 - 181). 

L e m m a 2. Let « „ , . . . , a f c , ft,..., ft (& ^ 0, J > 0, m a x (fe, /) > 1 , 
« A 0, ft = 1) i>e algebraic number in Qp. If the polynomials 

C(x) — aQ + a, x + . . . - f a f c # f c , Z>(.x) = ft - f ft x + . . . + ft^;' are relatively 

C{x) 
prime, then for x e Qp the p - adic number-zr.~ is a primitive element 
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of the field Q(y.a ak , ft ft) = K except for only a finite number of 

values of x. 

L e m m a 3. Let a1 ak (k > 1) be algebraic numbers in Qp with 

[Q(&t otk) ' Q] — g and let F(y, xt xk) be a polynomial with integral 

coefficients, whose degree in y is at least one. If n is an algebraic number 

such that F(n, a{ <xk) = 0, then the degree of r\ < dg and 

where h^ is the height of rj, ha is the height of = 1 , . . . , k), i f is the 

maximum of the absolute values of the coefficients of F, I. is the degree of 

F in Xj(i = l s . . . ,&)» and d is the degree of F in y. 

T h e p r o o f is t h e same as i n t h e L e m m a 3 i n Chapter I . 

T h e o r e m I . Let «0 ak, ft ft (k > 0, I ^ 0, m a x [k, I) > 0, 

ak # 0, ft = 1) be algebraic numbers in Qp with [Q{&0,..., &k, ft,-.., ft) : Q] = m , 

and £ e Qp be a p - adic number, whose canonical form is 

Z = % P U ° + « 1 / ' + + + ( ° < ** < % e Z ( » = 0 . 1 . - ) * 

where u0 5- 0, l i m ———• ' - co . 
it —* co U

n 

If the polynomials C(x) = aQ + axx - f . . . + D(x) = ft -f- + ... - f - f t * ' 

Q £ ) 
are relatively prime, then the p - aa*tc number y = ~ r j ^ belongs to Um . 

f. L e t us p u t 

(1) ?, = « o / ' + P i l = « J 1 + 1 / n + 1 + . . . ( n - 0 , 1 , . . . ) ) -

B y a p p r o x i m a t i n g £ w i t h £ n a n d t a k i n g i n t o account t h e c o n d i t i o n 

l i m • n + 1 = - j - co, we see easily t h a t % 6 Ul . 
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W e have 

(2) É = É „ + P„ ( « = 0,1, . . . ) , 

a n d so 

( C(€ ) = C ( 0 + />„ K + « 2 ( 2 + p„) + . . . + « f t(fc 5 Í " 1 + . . . + P Í " 1 ) ] 
(3) 

( D(£) = D ( Q + P n [ f t + ft(2 + P n ) + . . . + ft(Z ¿ - 1 + . . . + p i " 1 ) ] . 

N e x t p u t 

( « i + « 2 ( 2 ^ + Pn) + . . . + e 1 + - + p ^ " 1 ) = i 
(4) ) _ ( B = - - 0 , 1 , . . . ) -

( f t + W 2 í „ + P J + . . . + fta e 1 + . . . + P i - 1 ) 

I t is clear t h a t t h e e q u a t i o n D(x) = 0 has o n l y f i n i t e l y m a n y solutions i n 
Q, hence there exists a n a t u r a l n u m b e r NQ , such t h a t D(%n) # 0 f or every 
n > N0 . Hence b y t h e d e f i n i t i o n of y and b y (3) we o b t a i n 

a n d so p u t t i n g 

we have 

( 6 ) V - V« + P„ ff. ( » > A ro). 

L e t | « / | j ( = j p - * i ( i = o f l , . . . f c ) i | f t t = p " V ( j = 0 , l , . . . l ) , 

i 0 = m i n (0, / i 0 , . „ ftA), i j = m i n { 0 , e 0 , ej . . . e,), t 2 = m a x (0, e f l , . . . e,). 

N o w , since u 0 ^ 0, £ a n d ^ are p - adic integers . Hence, b y de f in i t i ons o f t h e 

p - adic numbers 5n , i5n , )> ( 1, ffn (n > N0), we see t h a t 
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(7) ] (n > NQ). 

(lyJr^p'2-10' Wn\P^P2ll~t0~'1 

N o w , l e t 

(8) P » = 6<"> + x + ... + xf ( / « m, » > JV 0) 

be t h e m i n i m a l p o l y n o m i a l of y r J ( / i > i V 0 ) and i f ( P „ ) be t h e he ight o f Pn(x). 

"We see f r o m (6) t h a t 

(9) Pn(y) = JPfl(yH + P„ an) (n > 2V 0), 

and so 

(10) Pn(y) = P J y J + p„ [&<"> crw + . . . + bfifyf-1 on + . . . + p ^ o f l ] 

or , p u t t i n g 7><n) crw + . . . + 6 } B > ( / y ^ 1 an + . . . + p ^ " 1 o £ = ff„, we have 

(11) * . ( y ) + ( » > J V 0 ) . 

B u t we have P„(yn) = 0, hence u s i n g t h i s a n d (1), (11) a n d (7) we o b t a i n t h a t 

(12) I Pn(y) ) p < - ^ — 5 — = - V - T ( » > JV 0 ) . 

p n + 1 p n + 1 

I t is clear t h a t cx is a p o s i t i v e constant . 
N o w , we shal l g ive a n u p p e r b o u n d f o r H(Pn) (n > NQ). Since 

r„(ft> + ft i« + - + A ft) - («o + * i f„ + .» + ** <S) = °> t h e v a l u e o f 

t h e f u n c t i o n 

F{y, = y K + i + * * + 2 + - + & xk+t+i) 

^ 0 %nX\ *" Xh 
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is zero f o r y = yn(n > JV 0 ) , xt = ot;(£ - 0, . . . , ft), x k + j + l = ft-(j = 0, . . . , I) 

a n d t h e m a x i m u m o f t h e absolute values o f t h e coefficients o f 
2 m a x {It, J) . IJ 

*Xy» xo xk+i+i) i s a t m o s t P " ( n > i V 0 ) . 

U s i n g t h i s i n L e m m a 3, we have 
m m ( f c + i + 4 ) m 2m m a x (A, i } u m  

(13) = J / ( P ) < 3 . p » • A % • • • h% • - - • hPi, 

or p u t t i n g c 2 = 3 ( , [ + ' + 4 ^ " ' • ft™ • • • A™ • A™ • • • ft™ , 
2 m a x (/(, i ) it 

(14) ff(PB) < c2 . p » ( B > JV 0) . 

H e r e , since c2 is a constant and un ~> co f or n -+ co, there exists a n a t u r a l 
n u m b e r Nt , such t h a t 

(15) c2 < pUn f o r n > Nl. 

Hence f r o m t h e re lat ions (12) and (15) we o b t a i n t h a t 

(16) \P(y„) \P < ~p— < — ( B > m a s { N q 9 N i ) y 

p n + l n + 1 

L e t us p u t - n + l ' ~ sn , so t h a t (16) can be w r i t t e n as 

( I ? ) f * m < — \ 

H(P j 2 m a x ( ' c ' 0 m + i 

where s n - » co . 

B y a reasoning e x a c t l y s i m i l a r t o t h a t used i n t h e p r o o f of T h e o r e m I 
o f Chapter I ( f r o m (22) t o (24 ) ) , we conclude f r o m (17) t h a t fi(y) ^ m. 

T o complete t h e p r o o f we have n o w t o p r o v e t h e opposite i n e q u a l i t y 

ft(Y) ^ m - T o t h i s end we d i s t i n g u i s h t w o cases accord ing as m = 1 or m > 1 : 
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1 — L e t m = 1 . T h e n we have ji(y) = 1 as i n t h e p r o o f o f T h e o r e m I , 

Chapter I a n d t h e p r o o f is complete f or t h i s case. 

2 — Suppose t h a t m > 1 . L e t P(x) = A0 + At x + ... + -d3 x" 

(As # 0, s ^ m — 1) be a p o l y n o m i a l w i t h i n t e g r a l coeff icients a n d H(P) be 

t h e h e i g h t o f P(x). As i n (10), we have b y (6) 

(18) P(y) = P(y„) + p„ a„ + . . . + As(s y*"1 an + ... + p*-1 ^)], 

or p u t t i n g 

At cn + . . . + ^ s ( s y r 1 + - + Psn 1 <) = Î . 
we o b t a i n t h a t 

(19) J > (y) = - P ( r „ ) + / > l , i ( » > J V 0 ) , 

a n d we see f r o m t h e d e f i n i t i o n o f <rn a n d (7) t h a t 

(20) \ * J p < p - ( 2 ' — M ( n > i V 0 ) . 

O n t h e other h a n d , b y L e m m a 2 t h e r e exists a n a t u r a l n u m b e r N2 , 

such t h a t i f n > N2 , t h e n t h e degree o f yn is equa l t o m. T h u s P(yn) # 0 

f or n > N2, a n d we m a y use L e m m a 1 w i t h \ yn\p = ph ~to, M = m, m0 = s, 

a n d we o b t a i n 

(21) \P(y)\ > - — - (re > m a x i V n , i V A 

p-m(t2-t0) 
a n d so u s i n g (14) i n (21) a n d p u t t i n g c 3 = — m l we have 

(22) [ P ^ j , > - ^ ^ m - ^ 7 ^ ^ ( „ > m a x ( i V 0 , i V J ) . 
H ( P ) m P " 

it N o w b y t h e a s s u m p t i o n l i m — = + 00 , there exists a n a t u r a l 
it —> eo 

n u m b e r N,, such t h a t i f n > i V 3 , t h e n t h e r e l a t i o n 
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(23) > 2m(m — 1) m a x (fc, î) [2m{m — 1) m a x (/e, /) + m + 1] + nı - f - 1 

ho lds . N e x t suppose t h a t , H{P) satisfies t h e c o n d i t i o n 

(24) H(P) > m a x | p
u™*(Na, N3, N3) y = H q < 

F o r every H(P) w i t h (24) there exists a n a t u r a l n u m b e r j , such t h a t 

(25) pUi ^ H{P) < pUj+1 . 

N o w , f r o m (23) , we have t w o cases i n (25) as fo l lows : 

(26) 
a) p J < H(P) < p 

2m(m — 1) m a x ( f c , () + "* + 1 , , 
b ) p < H[P) < p * + * 

I — I f t h e case (26) a) ho lds , w r i t i n g (1), (20), (22) w i t h n replaced 
b y j , w e o b t a i n 

(27) \P(yj)\p 

I °> I ^ Uj + l ^ H ( P ) 2 m ( m " ' m a x ( ' i ' ' )+">+! ' 

N e x t , w r i t i n g (16) and (19) w i t h n replaced b y j and c o m b i n i n g t h e re la ­

t i ons (23) , (25) , (27), (28) a n d (as a consequence o f (27) a n d (28) ) 

(29) I P(y) \p - m a x ( [ P(7j) \p , | p. 7j \p) = \ Pty) \p 

we see t h a t 

(3 ° ) \p(y)\,> ^ Ï ^ J î ^ , , ) ^ f ° r H(P)>H0. 
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H — Suppose t h a t (26) b ) holds . I f we w r i t e (1) , (20) , (22) w i t h n 

replaced b y j + 1 , then, w e have 

j ^ p ^ 2 m ( m — l ) m a x ( J f , I) [ 2 m ( m — 1 ) m a x (ft, l)-\-m + l]+m 

^ c 3 

(32) 
m a x (Ir, / ) + n j + l ] + t i + l 

B u t i t fo l lows horn (31) a n d (32) t h a t 

| P(y) \p = m a x (\ P(yJ+1) \p , \ pJ+l 7J+1 \p) = | P(yJ+l) \p , 

a n d so w e o b t a i n 

(33) | P ( r ) | , 
•"' j ^ p ^ 2 m ( m - l ) m a x ( f c , / ) [2m(m — I ) m a x ( f e , i ) + m + T J + m 

T h e re la t i ons (30) a n d (33) show t h a t , i f P(x) is a p o l y n o m i a l o f degree 

f{f^in — 1) w i t h i n t e g r a l coefficients and H(P) is s u f f i c i e n t l y large , t h e n 

(34) l - P ( y ) l c 3 " H ( P ) ~ 2 " ^ n , " 1 ^ , ; , i n X ^ ' ' ) i 2 » i ( m - l ) m a x ( i : , i ) + m + l ] - m ^ 

B y t h e d e f i n i t i o n o f /i()>), (34) gives ft(y) ^ m a n d t h u s we have 
u(y) = nx, a n d t h e p r o o f is c o m ple t e d f o r m > 1 . 

Special case. £et a be a p - adic algebraic number of degree m, and ^ be a 

P - adic number verifying the conditions of Theorem I . Then a - f a • £ 6 . 

I t can be easily seen f r o m t h e p r o o f o f T h e o r e m I , t h a t i t is 

su f f i c i en t t o suppose l i m sup — 5 — — + co a n d t h e c o n d i t i o n (23), ins tead 

o f t h e s tronger assumpt i on l i m — = + co . Hence we have t h e 

f o l l o w i n g i 

Coro l lary . If the p - atZic number £ in Theorem I has the canonical from 
U it u W , . 

£ = a 0 p 0 + O j p + . . . -1- a n p " u 0 > 0 and swcft i&ai l i m sup —z~ = + co 
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and l i m i n f — ^ > 2m(m — 1) m a x (&, l) [2m(m — 1) m a x 1} -f- m] + m -f-1» 

t/ıeıı Theorem I holds also in this more general case. 

T h e o r e m I I . Let a0 &k(k ^ 1 , a f r ^ Ö) be p - adic algebraic numbers 

in Qp with [Q ( a 0 a k ) : Q] = m , and £ 6e a p - adic number in the 

canonical from 

£ = « o / ° + « , + + a „ / ' + . . . 

( u 0 > 0 , a v e N , 0 < ay^ p — I (v = 0,1, . . . ) ) . 

Further suppose that the sequence {u } has a subsequence {u } verifying the 
n 

conditions 

u , 
1) Urn = + co , 

n - > so W „ 
n 

2) l i m sup — < + co. 
n - > eo W u - f l 

n 

Then the p - adic number y = a 0 + otj ^ + . . . + a A £ & belongs to the p - adic 

U class. 
m 

u 
u v 

We a p p r o x i m a t e Ç by Ç = a0p - f . . . - f a J> F r o m 1) a n d 2) 

we see easi ly t h a t £ is a p - adic U l ( L i o u v i l l e ) n u m b e r . T h e proof , w h i c h 

we sha l l o m i t , can be conducted b y u s i n g a c o m b i n a t i o n o f t h e arguments 

used i n t h e proofs o f t h e T h e o r e m I above (adapted t o t h e special case 

D(x) = 1) a n d t h e T h e o r e m I I I o f C h a p t e r I . 
W e conclude w i t h some examples : 

1) A s a n example foT a p - adic n u m b e r £ v e r i f y i n g t h e condi t ions o f 
T h e o r e m I above we can t a k e 

w h i c h can be seen at once. 
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2) As an example for a n u m b e r £ of T h e o r e m I I above we can t a k e 

€ 2 = i + P 1 ! + ( P 2 ! + J > 2 ! + 1 + P 2 ! + 2 ) + ... 

+ { p " ! + p n ! + 1 + ... + / > n ! + ") + 

F o r £ 2 , i f we def ine 

= 0 , uv = 1 ! , «„ = n! + n (n > 2 ) , 
o l n 

we see t h a t wv + 1 = (n + 1 ) ! , and consequently 

l i m 
n —*• =0 v 

( B + l ) ! + ( n + l ) 
b i n — — = + cc , 

v (n + l ) ! + ( » + l ) -
l i m sup • — ~ = l i m — ~ r ~ ~ 1 » 

so t h a t a l l t h e cond i t i ons on £ are v e r i f i e d . 
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Ö Z E T 

B u çalışmada kuvvetli bir Lİouvİlle sayısının cebirsel katsayılı tam ve ras­
yonel kombinezonları incelenerek bunların Mahler'in JJm alt sınıfına ait 
oldukları gösterilmektedir (Burada m, bu katsayıların belirttiği cebirsel 
sayı cisminin derecesini göstermektedir). Böylece Un,(m = 1, 2,...) Maliler 
alt sınıflarının hiçbirinin boş olmadığına dair ilk önce 1953 de L E V E Q U E 
tarafından elde edilen sonucun yeni bir ispatı bulunmuş olmaktadır. T a m 
kombinezonlar halinde, Hensel ' inj j -adik sayılar cisminde yııkarıkine benzer 

bir sonuç elde edilmektedir. 
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Corrections to the foregoing paper 

Please m a k e t h e f o l l o w i n g corrections i n t h e references q u o t e d 

page line 

i n t h e t e x t : 

wrong right 

41 2 and 20 G Ü T I N G I1] GÜTıNG [31 

44 7 L E V B Q U E I1] L E V E Q U E [ 6 ] 

51 18 P . E R D Ö S [*] P . E R D Ö S [ 2 ] 

66 8 K O K S M A [*1 K O K S M A [ 5 ] 

72 8 and 19 K . M A H L E R [ 2 ] K . M A H L E R [ 9 ] 


