AN W:j’ GENERALISED 2-RECURRENT FINSLER SPACE?

H. D. PanpE - S, B, MIsrA

Tn an p-dimensional Finsier space I, the pseudo projective deviation tensor is
*y . T { .
Wj‘ (x,x) = u W;,r 4 & H:; , where ac and b denote scalar functions of (x, x), homogeneous

of degree zero in their directional arguments and W_; and H_; ure the projective tensor field
and BERwALD’s deviation field. Fhen
hr ] 2

5y

B *j *§ .2 i
o B, Wi = 3414 Wy)
.
and the FinsLER space Fy is said to be WHL; - generalised 2-recurrent if
*,‘ 4,‘ *i
Winitkyny = Bm Wiy + e Winj

where B is a recurrence vector field and Cem is a non-zero tensor of the second order,

EInder these assumptions some formulas involving the tensor ficlds defined above arc
obtained.

1. Introduction. Let us consider an n-dimensional Finster space F, [']1% in which the
BErRWALD’s deviation and projective deviation tensor fields are given by

(1.1) Hi(n)=23,6 8,3 ¢ +26,,6'—0,68,6 7
and
(1.2) W (x, )= H —H8 — (& B — 0, H)x'|(n + 1)

The deviation tensor field W; and the tensor H;‘ are homogeneous of degree two in their direc-

tional arguments, and we have the following identities and contractions [']:

a) Hy,=Hy b) Hpy = H,;—Hy, o Hy=1H
(1.3) ‘
: ; ; ] i
dy Hj=@—NDH € Hy, = —fﬂ-'mc 0 Hy, =—Hy
a) Higy =0 by HjGx, )l =0
(1.4
) Hy x/ = H, d & H X +(n—DH=0
&) W‘Fhk = WJ"I:.’) b) PVIJ.:I: - W}rik C) W[’Hrk] =0
(1.5)
d) W;‘ik xh - W.{c 6) Wi]hk xt= W;h'{ f) WJ',frk xt sz = W.{C

1) Communicated hy Prof. Dr. Ram BeHaRI on August 7, 1975,
#) Numbers in brackets reler to the references at the end of the paper,

H9;=9/3,1 ad §=2a.i
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a) Wixk=0 b) 3 WLxk =— Wi o) Wl =0
(1.6) ,

Q) Wiy = &) Wj; =0 D w=o
(.7 G5, %" =0,

The commutation formulae invelving BERWALD's curvature tensor fields are as follows:

) . . . .
(1.8) Tionwy — Tigooy = — @r T) Hy — T Hy + T Hyp
and

1.9 G Ty — 9 Tigy = Ty G — T} Gl

where

(1.10) Tiy = 0n T}—3n T} G} + T} G,y — T, Gl

2. Psendo projective tensor fields. In an p-dimensional FINSLER space F,, the pseudo projec- :
tive deviation tensor W::f (x. %), [*]is given by .

* * def i ]
(2.1 Wj'(x,x):q:i!lfV}-]-bHJ,.r

where @ and & are scalar functions of (x, )E) and are homogeneous of degree zero in their direc-
tional arguments, The pseudo projective curvature tensor fields WE and WJE are defined by
2. 45

(22) 8) Wi =3y Wy

b) thj ' Wh} 1{:‘: W, .
Here the square brackets are used to denote the skew symmetric part with respect to the indices
enclosed within them. The curvature tensor field W, ;f(x, %) Is expressed in the following form{*1:
M i 203 {4 ry
2.3) Wy = aWy + b Hy + - {dy,a W) + 8y, b Hj}

The pseudo projective deviation tensor field W;" (x, JE) is positively homogeneous of degree two
in its directional arguments. By virtue of the homogeneity property of W *J’ (x, ;c) we have the
following identities and contractions

2.4 a) W= b) Wil =w

2.5 a) Wi it = W b) AWk = — !

and

(2.6) 8 Wi=bn—DH b) Wl=bH,+— {a,, b—)H—3;a W} —

~—8¢th}
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3, W,:: Generalised 2-recurrent FinsLEr space. Definition (3.1). The pseudo projective cur-

vature tensor field W/ !u' is said to be recurrent pseudo projective curvature tensor field of the
first order if it satisfies the relation

G.1 WU j(k) = }'k m

where 1;(x)} is a non zero recurrent vector.

Definition (3.2). A FINSLER space F, is said to be H{,t.i. - generalised 2-recurrent TFINSLER
space if the pseudo projective curvature tensor field W i satisfies the following relation :
(.2 Wllu(n'c)(m) ﬁ Wlfr_,-(.’c) + am W ”U
where f, is a recurrence vector field and ag,, is a non zero tensor of the second order.
Transvecting (3.2) by xL and noting (2.4b), we have
(3.3) Wt = P Wiy + Gem Wpt
: HiCKk)(m) m k) fem PV pj
Hence the tensor field W;; is also generalised 2-recurrent in F,,. Again transvecting (3.3} by
x and noting (2.4a), we get
s
(3.4) W;(k)(m) = fm W (k) + a5 W.f
Hence the pseudo projective deviation tensor field is generalised 2-recurent in the FiNSLER

space F, .

Theorem (3.1). In a generalised 2-recurrent FINSLER space, we have

%7 ) 1 P i
G [ bW + Wi At + 5 1) {@, b) H + b@, H)p Hyp ] = 0.
Proof. Interchanging the indices m and % in (3.4) and subtracting the equation thus obta-
ined from (3.4), we get
*j *i W
(3.6) Wi — Wik = F Wit — fm Wiy + W} @ni — aga)-
Applying the commutation formula (1.8}, we have
ki ®
(EX); - (d W !) mk Wr j:nk + szr rmk =~ M W, _;(m)
— By Wity + W (e — gem)-
Contracting (3.7) with respect to the indices 7 and j, we get

(3.8) — (O W VHL — W H

ik

+ W Hrmk t'(:n)_

- Rm W:({'() + W:i (emp — akm)-
Applying (2.6a), (3.8) reduces to the form (3.5).
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Theorem (3.2). In g generalised 2-recurrent FINSLER Space the recurrent tensor field a,,y is
non symmerric.

Proof. Commutating (3.2) with respect to the indices k-and m, we have

*

7 *; . s
(39 Wi — Yoo = Pm Wigeo — P Wijom +
.
+ (akm _amk) Wﬂ;j -
Applying the commutation formula (1.8), we have

o *i ¥ * o *i oyrr i r
(3.10) [_(UT Wlfrj) Hkm 7 erj km Wtrj Hhkm _ Wlhr ijm

+
® ; o %7 *;
+ W By B W gry + Bie Wigun ] = (@tem — amp) Wy -

It shows that ap,, is non symmetric.

Theorem (3.3) In a generalised 2-recurrent FINSLER space the pseudo projective curvature

tensor field W satisfles the relation
iy
*: . %7 W
[(@hm —amidny Wity + Hl iy @ Wig) + Wi Hipiy +
Wy a | .
(3‘11) —+ W[l:j Hr;'cm(n) + W.!'];r Hr}km(n) + le" ﬁ[m Ak} Wllru' +

+2 }'" ﬂ[k lm] WI;‘; +2 ﬂ[m A n WU:;] =10,

Proof. Differentiating (3.10) with respect to x" (in the sense of BErwaLDp) and taking into
account the commutation formula (1.9), we get

. o N "
(akm _amk)(n) WUZ] + ln W[];‘ (an'mx — amk) = ¥H,’tm(n} (dr’ pVHL.) —

r 3 *f Fy i o s
Hkm (1" d" W.!'iu' + Wl.fu' G.mz_— W:J’rj Grlu - H/Is'j T

*t 8 *s v *i ¥ i oygr
Wiis Gjrn — (W.!rj Hln'ma + Wlkr I{jkm + thj len —

(3.12)
- : % % | w
pVIk:’ Hricu) - Wli:j H, .ffi.n'rm(n) 7 Wr];,rj H ;km(n) T Wﬂ:r Hﬁc min) +
=

* ; *p
W ots Htemtny = Boney M Wi+ Frepn dm Wy —

*: *1 *; Wy
ﬁm (;"k ﬂu W{j:j + ien I'V[,:j) “+ ﬁk ('qn 1m V(l;:j + mn H/y;‘.)

Equation (3.12) with the help of (3.10), reduces to the form

% : %}
(akm - amk)(r:) WI}U' = _}]J'Zm{n) (a? Wﬂrj) —
H, Wi G — Wi G — WL G — Wi Gy — W H, :
303 Wy ~srn shi YeinT T tgi Then™ ks Yiend T W PhkimGd T i

(3.13) ' _
% *; . 5 *3 i
Wh’:i e {km(n)i WII;r h}lm(n) — o (g B WL’:J' T %a Wlf:f) +

Bie B Wi+ Gonn Wi + A G Wi — B hom W)

Transvecting (3.13) by *" and using (1.7), we get (3.11).
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Theorem (3.4), In a generalised 2-recurrent FINSLER space the psendo iprojeciive tepsor
field PV',r vansﬂes fhe j'o:’.’owmg re!ahon

[b(u—l) 4@y ) Hm + (a; Agm) H + Hip GH,,} +
(3.14)
_{'8'" (al leii(.'\‘}) xh + Qm (31 W]:l') 'xh + Wl':'ik)(m)}] =0

Proof. Using the commutation formula (1.9) for W;;."(k) (k), we get

o *f 1 L #] _ ®; .
{ d (Whi(.fc)) ftan — 01 {(Whj(k) )(m)} = er'(k) G;’rlm +
{3.15)

*f
PV',”(“ G_,‘[m + J/V:’}(r)

Ftm ™ Wi Gt
Differentiating (3.3) partially with respect to xt and using (3.15), we get
{# W) oy — Wr,{w) Gl — Wit G;Im_ Wiy G;(m) +
(3.18) Wiy Glim = B (U Wyki) + (1 Bud Wekis + Qragm) W
Qg 1 WD

Now, applying the commutation formula (1.9) for Wm‘, we get

*;

- * #j "
(3.17) dr( ,,,m,) = @ Wy — W, Gly— W, G + W[ G;Ik .
From (3.17), we have
W
{dl (W, fu(k) )f(m) - W,!Iu(k)(m) qu(m) Gblk -
(3.18) W Gt — Wiy Gote Wt Gl + Wty Gl +

W Gl he(in) *

‘With the help of (3.18) the equation (3.16) reduces to the form

#j r ki r
Wit — Weitmy Ghae— Wi Ghugiomy— Winrtmy G —
#j
Whr G;, Fik(n) + I,Viutm) Grlk i Wiu Gr[’(fm) Wr_.l(fl) ]M'm
(3.19)
b} ¥ *f ol e i _
W/',"(k) Gj!m—' 'Vhi(r') Gk[m + Wlu‘{fc) vl —

B @1 W) + @1 P Wity + Ot @) Wt -+ G G W,

‘Contracting the equation (3.19) with respect to the indices { and 7, then multiplying by ** and using
the relation (2.6a) we get (3.14).
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a-boyuthu bir Fy; FinsLER uzayinda, a ve b, (x, ;() degisken takimimin skalar olan ve dog-
rultu degigken takimu cinsinden sifirmer dereceden homogen fonksiyonlar: gostersin, W; ve H;
aynl uzaymn projektif sapma tansér alani ve BErwaLp anlamundaki sapma alam: olsun,
Uzayin sbzde projektif tansdr alam W;‘l {x, JE) = W:; + bHJ, bigiminde tamimlanir ve by

tanimdan hareket edilerck
*i 2 . *f‘ #f‘ 2 I
Wei =30 Wiy Wiy = 010n Wy
elde edilir. By bir indirgesnc vektor alani, “hm sifir olmayan ikinci dereceden bir tansér
alam olmak iizerc
%} = i
Wikigeyng = 8 Winje) + g Wit

w1
bagintisimn gergeklenmesi halinde, verilen Fy FINSLER nzayina W”;j-genelie,s{iri!mr'; 2-in-

dirgenmiy FInNsLER wz@yr denir. Bu tiir nzaylarda yukarda tamimlanan tansérlerin sagladik-
lar1 baz bagintilar clde edilmigtir,




