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In an n-dimensional F I N S L E R space F„ the pseudo projeciive deviation tensor is 

Wj' (x, x) = a Wj + b IIj , where aa and b denote scalar functions of (x, x), homogeneous 

of degree zero in their directional arguments and Wj and Hj are the projective tensor field 
and B E R W A L D ' S deviation field. Then 

* i 

and the F I N S L E R space Fn is said to be W^j - generalised 2-recurrent if 

*; 
wihM)On) = $m wlhjm + "km WU'j 

where B is a recurrence vector field and a, is a non-zero tensor of the second order. K m km 
Under these assumptions some formulae involving the tensor fields defined above arc 
obtained. 

1. Introduction. Let us consider an n-dimensional FINSLER space Fn [ ']*) in which the 
BERWALD'S deviation and projective deviation tensor fields are given by 

<1.1) H'k {x, x) = 2 iik G' — dh dk Gl x11 + 2 G'kl Gl — y ^ G' Hk Gl h) 

and 
(1 -2) W{ {x , x) = H{ - H d{ - (3, B'k — dkH) xiHn + 1) . 

The deviation tensor field Wj and the tensor Hj are homogeneous of degree two in their direc­
tional arguments, and we have the following identities and contractions [ ' ] : 

(1.3) 

(1.4) 

(1.5) 

d) H!=(n-\)H e) Hjkh = ~HjM( f) H ^ - H ^ 

a) H\jm = 0 b) Bjix.x)^ = 0 

c) HJky = Ht d) drHjx> + (« — i)H= 0 

a) b) w[h = ~W{k c) W{m=0 

d) W{kxh=W{ e) W\lik-xi=W'hk f) Wi!lkxixh^Wi 

i ) Communicated hy Prof. Dr. R A M B B H A I U on August 7, 1975. 
Numbers in brackets refer to the references at the end of the paper, 

•) di = didxi and a£ = a/3-i 
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a) w{'xk = Q b) dk W{ 'xk = — W{ c) 3,. W'k = 0 

(1.6) 
d) Wjhj=0 e) ^ = 0 f) Wj = 0 

(1-7) C r i « > = 0-

The commutation formulae involving BERWALD'S curvature tensor fields are as follows: 

and 

&k - 3* ^ = T- G]kh - TJ G'ekU 

where 

(i-io> Tlm = ^T!-^TjGT + TT ~~ Tm G"l • 

2, Psendo projective tensor fields. In an //-dimensional FINSLER space Fn the pseudo projec­
tive deviation tensor W.' (x, x), p ] is given by 

(2.1) W]1 (x ,x)^a W) -|- b Hj 

where a and b are scalar functions of (x, x) and are homogeneous of degree zero in their direc­
tional arguments. The pseudo projective curvature tensor fields Whj and are defined by 

(2.2) a) W£ = \'\hW% 

b) w^ = -hlw^ = ^llflw^. 

Here the square brackets are used to denote the skew symmetric part with respect to the indices 
enclosed within them. The curvature tensor field W^pc, x) is expressed in the following f o r m f ' ] : 

(2.3) Wlj =aWjIJ + bHi.+j-{ d[h a wj} + 3 [ A b H^ . 

The pseudo projective deviation tensor field Wj' (x, x) is positively homogeneous of degree two 

in its directional arguments. By virtue of the homogeneity property of W*j(x, x) we have the 

following identities and contractions 

(2.4) a) w;jxh=Wp b) wH/x^W^ 

(2.5) a) wHjxi'x** = Wp b) 4 W^x' = - W*h

l 

and 

(2.6) a) W*1 ^b{n-\)H b) = b Hh + y { dh b{n-\)H-$t a Wl

h — 

~\bH[) 
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3. W*h'j Generalised 2-recurrent FINSLER space. Definition (3.1). The pseudo projective cur­

vature tensor field Wj^ is said to be recurrent pseudo projective curvature tensor field of the 

first order i f it satisfies the relation 

(3-D <JU() = ^WHU 

where Xk(x) is a non zero recurrent vector. 

Definition (3.2). A FINSLER space Fn is said to be W}k- - generalised 2-recurrent FINSLER 

space i f the pseudo projective curvature tensor field Wj^ satisfies the following relation : 

where (!m is a recurrence vector field and akm is a non zero tensor of the second order. 

Transvecting (3.2) by xl and noting (2.4b), we have 

(3-3) Klm^-^^oci + ^ K -

Hence the tensor field W*\ is also generalised 2-recurrent in Fn. Again transvecting (3.3) by 

xh and noting (2.4a), we get 

(3-4) W]imm) « ftm W*ik) + akm Wp 

Hence the pseudo projective deviation tensor field is generaiised 2-recurent in the FINSLER 
space Fn. 

Theorem (3.1). In a generalised 2-recurrent FINSLER space, we have 

(3.5) . [ { {![k Wl ( m ) ] + W? a [ i m } + \ ( » - l ) {(dr b) H + b&r H)} Kk] = 0 . 

Proof. Interchanging the indices m and k in (3.4) and subtracting the equation thus obta­
ined from (3.4), we get 

(3-6) - WMKnO « % WJU ~ ^ *m + W7 ^ ~ «*«•>• 
Applying the commutation formula (1.8), we have 

(3.7) - ( 3 r W^H^-Wp H?mk-\- WpB^^h W ^ -

- wm + W J 1 ~ 

Contracting (3.7) with respect to the indices i aadj, we get 

(3.8) - 0 > r Wp)H]n]- WpH\mk + Wp H[mk = Hk iVpm)-

Applying (2.6a), (3.8) reduces to the form (3.5). 
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Theorem (3.2). In a generalised 2-recurrent FINSLER space the recurrent tensor field amk is 
non symmetric. 

Proof. Commutating (3.2) with respect to the indices k and rn, we have 

0-9) KXZM ~ wmmm = Kim - h w m * + 

+ {akm — amk) Khj . 

Applying the commutation formula (1.8), we have 

(3.10) wl)Hlm-W;i-H\hm-W^H^m-Hjkm + 

+ Kh Kkm - pm Kim + fa = - <w> w m • 

I t shows that akm is non symmetric. 

Theorem (3.3) In a generalised 2-recurrent FINSLER space the pseudo projective curvature 
tensor field fVj^ satisfies the relation 

[(**»-*«*)(„, Kij + HUn) &r KIP + Kj + 

i 3 - 1 D + Kij ^IkuM + KL + 2 Pn hnt hj Ky + 

+ 2 l » hk Kij + 2 ft[m akU W*] > = 0 . 

Proof. Differentiating (3.10) with respect to x" (in the sense of BERWALD) and taking into 
account the commutation formula (1.9), we get 

BL <*» ̂ Klo+Ku G\m ~ W% GU„ - G»hru -

(3.12) 
<jKkl)-wHj 4 „ w - w2j H'lkmiii) - wlt Hjklim + 

Kij - Pn&i A * Kij + f'«n) K Knj ~ 

i'^n + amn fV^jj) . 

Equation (3.12) with the help of (3.10), reduces to the form 

(flkm - <w)(„> = - i q m { n ) ( 3 Y w;;.) -

Kn (K<JGL-K <?ru- Kij G>:rn-KL <W - Ki ffU ~ 
(3.13) 

KM - KL H ; k i m - pm P r w;>. + akn w*j.) + 

fa (.fa *m Klu + «m« KiP +x* c » xk K h - ^ Ki) • 
Transvecting (3.13) by x" and using (1.7), we get (3.11). 
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Theorem (3.4). In a generalised , 2-recurrent FINSLER space the pseudo projective tensor 
field Wjtj satisfies the following relation : 

[b(,i-l) {(dt M Hik) + (9, akm) H + H(r) Gkln} + 
(3.14) 

{fa & **+«*« <d'< < / ) + <;*>(,»)}] = 0 • 

Proof. Using the commutation formula (1.9) for W^j^(k), we get 

<3.15) 

Differentiating (3.3) partially with respect to xl and using (3.15), we get 

{ K'wtfl»-Km GJl,n-Kir) + 

(3.16) w;ik) Gl

flm - fa (h + (¿1 flm) W;j{k) + Cd, akm) W% + 

Now, applying the commutation formula (1.9) for W]\, we get 

(3-17) ^ tfi - G 2 I f c - W?,Gjlk+Kr GU • 
From (3.17), we have 

{ ¿1 <<«*>)}(,,,) = KimUn)- < L ) Ghlk ~ 

(3.18) W*Tj G ] m m ) - G r

J i k - W % G]mm) + G'r/k + 

<JGn!to,)-
With the help of (3.18) the equation (3.16) reduces to the form 

Wmk)Un-)—Wlkm) G'hik— Wr'j Ghm,n)— Krtm) Gjlk — 

< c; iA(ff l )+ G[.lk -v K G\v,uny~ Km G 
him 

(3.19) 

Km Gnn~ '</(,> Gnm + Km <v/.» = 

Contracting the equation (3.19) with respect to the indices / and/, then multiplying by .v'1 and using 
the relation (2.6a) we get (3.14). 
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Ö Z E T 

»-boyutlu bir Fn F I N S L E R uzayında, a ve b, (x, x) değişken takımının skalar olan ve doğ-

rulfu değişken takımı cinsinden sıfırmcı dereceden homogen fonksiyonları göstersin. Wj ve Hj 

aynı uzayın projcktîf sapma iansör alanı ve B E R W A L D anlamındaki sapma alanı olsun. 
*i • i 

Uzayın sözde projeklif tansör alam Wj (x, x~) -— a Wj + b Hj biçiminde tanımlanır ve bu 

tanımdan hareket edilerek 

\V% - 9 , A w)\ , w]'h} = â;[A W'n 

elde edilir. ftm bir indirgeme vektör alanı, « £ m

 s l ^ l r olmayan ikinci dereceden bir iansör 

alanı olmak üzere 

WUuXk)0tû - »m
 wîlm + "km

 W'î'j 
bağıntısının gerçeklenmesi halinde, verilen F„ F I N S L E R uzayına W^»genelleştirilmiş 2-in­
dirgenmiş F I N S L E R uzayı denir. Bu tür uzaylarda yukarda tanımlanan (ansörlerin sağladık­
ları bâzı bağıntılar elde edilmiştir. 


