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Consider an affine motion, that is to. say an infinitesimal point transfor
mation for which the deformed space has the same affine connection as 
the original one, in a recurrent F I N S L E R space Fn , i.e. in a F l N S L E R 

space whose curvature tensor Hlj/^x, X) satisfies the differential system 

Hkjk(l) = h Hkjk > 

where %i is a non zero vector. We prove that if this motion is of the form 

(a) ^ = x{ + vl(x) dt 

with i^j) = pSj, p = p(x), then p(x) has to vanish and i>* spans a field 
of parallel contravariant vectors. Futhermore, if a non-flat recurrent 
F I N S L E R space Fn admits an affine motion (a) such that v' = v*(x) span 
a contra-field in Fn , the conditions 

vs Xs = 0, Hjtjk vk = 0 

are satisfied. 

1. I n t r o d u c t i o n . L e t u s c o n s i d e r a n n - d i m e n s i o n a l F l N S L E R s p a c e 
Fn [l] ^ e q u i p p e d w i t h a f u n d a m e n t a l m e t r i c f u n c t i o n F(x, x) pos i t ive ly -
h o m o g e n e o u s o f degree one i n i t s d i r e c t i o n a l a r g u m e n t s . T h e f u n d a m e n t a l 
m e t r i c t e n s o r 2 > g{j(x, x) = % dl.dj.Fz(x, x) o f t h e s p a c e is s y m m e t r i c i n i t s 

+ ) Communicated by Prof. Dr . RAM BEMARI on November 24, 1975. 

I n concluding this manuscript, the author appreciates very much the kind help 
from D r . H . D . PANDE. The author's sincere thanks go to him. 

1 ) The numbers in brackets refer to the references at the end of the paper. 

2) d\ = djdx1 , 3. == djdx\ 
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l o w e r i n d i c e s . T h e c o v a r i a n t d e r i v a t i v e o f a c o n t r a v a r i a n t v e c t o r f i e l d 

Xl(x, x) i n t h e s e n s e o f B E R W A L D is g i v e n b y 

(1 .1 ) X\k) « dk X < - dm X f G% xr + Xh C f c , 

w h e r e G'hk(x, x) a r e B E R W A L D ' s c o n n e c t i o n c o e f f i c i e n t s . T h e c u r v a t u r e 

t e n s o r a r i s i n g f r o m t h e c o m m u t a t i o n f o r m u l a i n v o l v i n g t h e a b o v e c o v a r i a n t 

d e r i v a t i v e i s g i v e n b y 3 * 

(1 .2 ) Hj.k(x, x) M 2 {d[k G j J f t - Glk[jG'k] + Gr]h} 

a n d s a t i s f i e s 

(1 .3 ) a) H l j k ^ - H i k j a n d b) (d'sH'kjk) xs = 0. 

L e t u s c o n s i d e r a n i n f i n i t e s i m a l t r a n s f o r m a t i o n 

(1 .4 ) xl = xl + ^ ( ^ ) df, 

w h e r e vl(x) b e i n g a v e c t o r f i e l d d e f i n e d o v e r t h e d o m a i n o f t h e s p a c e 
u n d e r c o n s i d e r a t i o n a n d dt i s a n i n f i n i t e s i m a l c o n s t a n t . I n v i e w o f t h e 
a b o v e t r a n s f o r m a t i o n a n d B E R W A L D ' s c o v a r i a n t d e r i v a t i v e t h e L l E - d e r i v a t i v e 
o f a n y t e n s o r f i e l d Tj(xf x) i s g i v e n b y 

(1 .5 ) £„ T}{x, x) « T j ^ + (dhTi)v\T) x' + T * ^ - Tfvfo. 

W e h a v e t h e f o l l o w i n g c o m m u t a t i o n f o r m u l a e : 

(1 .6 ) £ „ ( a i T j ) ~ a i ( £ u T i ) = 0 

a n d 

(1*^) (^o Gjh)(k) — (*ih)(j) — K Hj,jk + 2 Gl
rh[j £v Gr

k]l. 

A n n - d i m e n s i o n a l F l N S L E R s p a c e i s c a l l e d a r e c u r r e n t F l N S L E R s p a c e i f i t s 

c u r v a t u r e t e n s o r s a t i s f i e s t h e r e l a t i o n 

w h e r e A ( i s a n o n - z e r o v e c t o r . 
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2 . A f f i n e m o t i o n a n d i t s c o m p a t i b i l i t y . I n v i e w o f t h e i n f i n i t e s i m a l 

p o i n t t e r a n s f o r m a t i o n (1 .4 ) w e h a v e a d e f o r m e d s p a c e w i t h a f f ine c o n n e -

t i o n GJIC + (£„ Gjk) d t . I f t h e o r i g i n a l s p a c e a n d t h e d e f o r m e d s p a c e h a v e 

t h e s a m e af f ine c o n n e c t i o n , t h e t r a n s f o r m a t i o n is c a l l e d a f f i n e m o t i o n 

o f t h e s p a c e Fn. S u c h a m o t i o n m a y b e , o f c o u r s e , c o n s i d e r e d i n r e c u r r e n t 

F l N S L E R s p a c e . I n o r d e r t h a t i t be t h e c a s e , i t i s n e c e s s a r y a n d suf 

f i c i e n t t h a t , w e h a v e 

(2 .1 ) £„ G)k = v \ m + Hlj, vk + Gljk v°(r) & « 0. 

I n v i e w of t h e c o m m u t a t i o n f o r m u l a (1 .7 ) a n d a f f ine m o t i o n , w e get 

n e c e s s a r i l y 

(2-2) &vHijk=0. 

W i t h r e s p e c t t o L l E - d e r i v a t i o n , for a n y t e n s o r , w c h a v e 

w h e r e w e h a v e u s e d t h e c o m m u t a t i o n f o r m u l a (1 .6 ) a n d t h e f a c t t h a t 

£ „ ¿ = 0. 

I n v i e w o f t h e e q u a t i o n s (2 .1 ) a n d (2 .2) u s i n g t h e c o m m u t a t i o n f o r m u l a 

( 2 . 3 ) , for t h e c u r v a t u r e t e n s o r Hl
hjh{x> * ) , w e get 

(2-4) M ^ W ^ 0 ' 
C o n t i n u i n g t h i s p r o c e s s , w e c a n see t h a t t h e L l E - d e r i v a t i v e s o f t h e 

c u r v a t u r e t e n s o r a n d o f t h e i r s u c c e s s i v e c o v a r i a n t d e r i v a t i v e s m u s t b e a l l 

z e r o . T h i s f a c t s u g g e s t s t h e f o l l o w i n g 

L e m m a : In order that an a/finely connected space admit a group G A of 

affine motions, it is necessary and sufficient that there exist a positve number 

K such that the first K sets of equations ( 2 . 2 ) , ( 2 . 4 ) , . . . be compatible in 

the variables vl and v1^ and all such solutions satisfy the [K ~\-l)-st set of 

the equations. 
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T h e a b o v e l e m m a is d u e to M . S . K N E B E L M A N [ s ] w h i c h g i v e s u s a 

c e r t i f i c a t i o n o f e x i s t e n c e o f a f f ine m o t i o n . B u t i n o u r c a s e for a n af f ine 

m o t i o n , w e s h o u l d h a v e (2 .1 ) a n d ( 2 . 2 ) . 

W i t h t h e h e l p o f e q u a t i o n s (1 .8) a n d ( 2 . 2 ) , w e o b t a i n t h e f o l l o w i n g 

s e t o f r e l a t i o n s o n e af ter a n o t h e r : 

( 2 .5 ) . 
£v {HhjkiUKh)) ~ Hhjk lh &v K + (£v \) (f2)l 

w h e r e w e h a v e u s e d t h e c o m m u t a t i o n f o r m u l a ( 1 . 6 ) . 

3 . C o n t r a - f i e l d i n r e c u r r e n t F l N S L E R s p a c e . I n v i e w of t h e e q u a t i o n 

(1 .5 ) t h e L l E - d e r i v a t i v e o f c u r v a t u r e t e n s o r Hljk(x> x) * s g i v e n k y 

(3 .1 ) K%k = H l
m s ) ^ + (dimjk)vlr)x'~Hijkv\s) + 

w h i c h i n v i e w o f t h e e q u a t i o n s (1 .8 ) a n d (2 .2 ) r e d u c e s to 

(3 .2 ) Hljkxy + ( ^ ; 4 H i r - % i + 4 ^ + 

I f a r e c u r r e n t Fn a d m i t s a n af f ine m o t i o n of t h e f o r m 

( 3 . 3 ) x{ ^ xlv\x) dt, t ) j i ) = p 5 j , 

w h e r e p(x) 0, t h e n i n v i e w o f (3 .3) a n d (1 .3) 6, t h e e q u a t i o n (3 .2 ) r e d u c e s to 

(3 .4 ) WK+ty) Hljk=0. 

S i n c e HLk ^ 0, f r o m t h i s , w e get 
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(3 .5 ) p(xtx) = ~ %vsXs. 

H e n c e t h e m o t i o n (3 .3 ) t a k e s t h e f o l l o w i n g f o r m 

(3 .6 ) x* = x{ - f v\x) dt, v\n = — £ vs Xs <5j. 

S u b s t i t u t i n g t h e l a t t e r of (3 .6 ) i n (2 .1) a n d u s i n g t h e h o m o g e n e i t y p r o p e r t y 

or" Gijk{x* x)> w e g e t 

(3 -7 ) = - * (2Xm(k)- Xm Xk) 5}. 

I n v i e w o f t h e e q u a t i o n ( 1 . 8 ) , t h e B l A N C H I i d e n t i t y 

( 3 - 8 ) Hhjh(i) + Hhki(j) + Hlij(k) — o 

y i e l d s 

(3 -9 ) \Hljk + t-jWkl - f XkHiy = 0. 

M u l t i p l y i n g t h i s i d e n t i t y b y a n d s u m m i n g u p w i t h r e s p e c t to / , w e 

s h a l l get 

( 3 . 10 ) Hijk X, v> = — HlM vl Xj - f H j , . , ^ 4, 

w h e r e w e h a v e u s e d t h e e q u a t i o n (1 .3 ) a. I n t r o d u c i n g (3 .7 ) i n t h e r i g h t 

h a n d s ide o f ( 3 . 1 0 ) , w e o b t a i n 

(3 .11) H t j k V = i { X l ( j ) X k - X m X j ] vldi. 

W i t h t h e h e l p o f t h e i d e n t i t y 

(3 -12) flik + H j a + fl^—O, 

w e o b t a i n 

(3 .13) Hljk Xl vl + Hjkh X, vl + Hlhj Xt vl = 0 . 

S u b s t i t u t i n g (3 .11) i n ( 3 . 1 2 ) , w e get 

file:///Hljk
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(3 .14 ) vl [5i(Xl(j) 4 - Xl{k) Xj) + 5%Xm Xh - Xm Xk) + 

C o n t r a c t i n g w i t h r e s p e c t to t h e i n d i c e s i a n d h, f r o m t h i s , i t f o l l o w s t h a t 

(3 .15 ) vl [(n - 2 ) (Xl(k) Xj - Xl(j) Xk)] = 0, 

s o , i f n ^ 3 , w e g e t 

( 3 .16 ) ^ { V ) ^ - ^ ) ^ ^ 0 -
C o m p a r i n g t h e a b o v e r e s u l t w i t h ( 3 . 1 1 ) , w e c a n see t h a t 

(3 .17) H^v'X^O. 

S i n c e Hkjk 0 , w e h a v e 

(3 .18) X,vl=0. 

C o n s e q u e n t l y w i t h t h e h e l p o f e q u a t i o n s (3 .5 ) a n d ( 3 . 1 8 ) , w e get 

(3 .19) p(x) = 0. 

T h u s , w e h a v e 

T h e o r e m ( 3 . 1 ) : If a non flat recurrent F l N S L E R space (n 3) admits 

an affine motion of the form ( 3 . 3 ) , p(x) has to vanish; that is to say that 

v1 has to span a field of parallel contravariant vectors. 

W e s h a l l n o w t r y to f i n d a n e c e s s a r y a n d s u f f i c i e n t c o n d i t i o n i n t h e 

c a s e o f a s p e c i a l a f f i n e m o t i o n o f t h e f o r m 

( 3 . 2 0 ) = + v^x) dt, l ^ j = : 0. 

I n v i e w o f t h e a b o v e c o n d i t i o n , t h e e q u a t i o n (2 .1 ) o f m o t i o n b e c o m e s 

(3 .21 ) £ , ^ « - 1 ^ - 0 

a n d t h e i n t e g r a b i l i t y c o n d i t i o n (2 .1 ) b e c o m e s 
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S o , o w i n g t o t h e n o n - f l a t n e s s o f t h e s p a c e , f r o m ( 3 . 2 2 ) , w e get 

(3 .23) vs Xs = 0 . 

I n v i e w o f e q u a t i o n s (3 .21) a n d ( 3 . 2 3 ) , w e c o n c l u d e t h a t 

In order that a recurrent F l N S L E R space admit an affine motion of 

the form ( 3 . 2 0 ) , it is necessary that, we have 

v>Xs = 0, Hjkltvh = 0. 

C o n v e r s e l y , i f w e h a v e ( 3 . 2 4 ) , u s i n g t h e i d e n t i t y 

Hjkh + BJthj + &ijk = 0 

a n d t h e l a t t e r p a r t o f ( 3 . 2 4 ) , w e o b t a i n 

(3 .26) flSU**«0. 

F r o m t h e g e n e r a l t h e o r y o f p a r a l l e l v e c t o r s [ 7 ] , vl d e t e r m i n e s a c o n t r a f i e l d 

i n a r e c u r r e n t F l N S L E R s p a c e , s a y v^ = 0 , w h e n a n d o n l y w h e n i t s a t i s f i e s 

t h e e q u a t i o n ( 3 . 2 5 ) . 

T h u s w e m a y r e g a r d v' a s a c o n t r a f i e l d i n r e c u r r e n t F l N S L E R s p a c e . 

T h i s g i v e s r i s e t o 

T h e o r e m ( 3 . 2 ) . If a non flat recurrent F l N S L E R space admits an infi

nitesimal affine motion xl = xl + v'{x) dt such that the vector vl(x) spans a 

contrafield in recurrent Fn, then it is necessary and sufficient that 

v s X s = 0 and HL vh = 0 

(3 .22) 

(3 .24 ) 

(3 .25) 

be valid. 
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Ö Z E T 

îndirgenmeli bir F I N S L E R uzayında, yani , X{ sıfır olmayan bir vektör olmak 

üzere, if/yjfc(/)(#, x) eğrilik tensörii 

Skjk(l) = h HÎıjlc 

diferansiyel sistemini sağlayan bir F l N S L E R uzayında bir afin hareket, dö
nüştürülmüş uzayın afin bağımlılığını ilk uzayın afin bağımlılığına eşit 
bırakan bir infinitezimal nokta dönüşümüdür, v'^ = pöj, p = p(x) olmak 
üzere, afin hareket 

(a) xl = xl + v(x) dt 

şeklinde ise, p(x) in sıfır olmak zorunda olduğu, yani v' nin paralel kont-
ravaryant vektörlerden oluşan bîr alam doğurduğu kanıtlanmıştır. Üstelik, 
düz olmayan bir indirgenmeîi Fn F l N S L E R uzayında, vl(x) 1er Fn de bix 
kontra-alan doğuracak şekilde (a) gibi bir afin hareket verilecek olursa 

vs %s = 0, Hl
h}h vk = 0 

koşulları gerçeklenir. 


