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A C Z E L has shown that if S is a sub-semigroup of the group G, such that 

« G G = > a : G S o r a ' £ S (where x' is the inverse of x) 

then every homomorpbism f of S into a group H can be extended in a unique 
way to a bomomorphism g of G into H such that / and g coincide over S and 

(f) g(*y) = g(x)g(y) 

for all x, y 6 G. 

The object of this paper is to evolve suitable techniques to extend an homo-
morphism / from a subgroup S of the group G into a group i f to a group 
bomomorphism g of G into II, such that / and g coincide on S and the 

functional equation (f), or some analogue of this equation, bold. 

1 . I n t r o d u c t i o n . "While s t u d y i n g some extensions o f cer ta in h o m o m o r -

phisms o f subsemigroups t o homomorph i sms o f groups, J . ACZEL et a l . [ 3 ] 

p roved t h e f o l l o w i n g t h e o r e m : 

T h e o r e m 1 . Let S be a subsemigroup of a group G such that for each element 

x of G, different from the identity element of G, either x e S, or x' e S (or both) 

where x' denotes the inverse of x. Then, every homomorphism f of S into a group 

H can be extended in a unique way to a homomorphism g of G into H such that 

Vx e S 
and 

sixy) = g(x) siy\ xeG,yeG. 
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I t is clear t h a t i f S is a subgroup of the group G, t h e n x e S ^ i ' e S . Hence 

t h e c o n d i t i o n t h a t f o r each element x o f G, d i f f e rent f r o m the i d e n t i t y element 

o f G, e i ther xeS or x' eS (or b o t h ) no longer ho lds . A c c o r d i n g l y , the methods 

developed i n [ 3 ] do n o t serve our purpose , i f we w a n t t o e x t e n d t h e h o m o m o i -

p h i s r r t , / o f the subgroup S i n t o i f t o a group h o r a o m o r p h i s m g o f G i n t o . i i such 

t h a t g(x) ~ f(x) f o r a l l xeS and g(xy) = g(x) g(y) f o r a l l x, y e G. 

T h e object o f th i s paper is t o s t u d y t h e p r o b l e m of e x t e n d i n g h o m o m o r -

phisms o f subgroups t o homomorph isms o f groups. N o t every subgroup h o m o -

m o r p h i s m can be extended t o a group h o m o m o r p h i s m . However , i n c e r t a i n 

cases, i t is possible t o ex tend a group h o m o m o r p h i s m t o a group h o m o m o r 

p h i s m . T o demonstrate t h i s , t h e authors have res t r i c ted t o T H I E L M A N ' s 

f u n c t i o n a l equat ions . 

2. The Sets An, r „ and A*n. L e t R = (— oo, 00) and E cz R. F o l l o w i n g 

C H E V A L L E Y [ 5 ] , a subset E o f R is said t o be stable w i t h respect t o the 

b i n a r y l a w o f compos i t ion i n i f xeE, y eE xzy eE. L e t us define the 

d i s j o i n t subsets An and T f t o f R as f o l l ows : 

An= ^xeR : — — - \ ' n > 0 , 

r = ] x e R : — — n > 0. 

I f xn denotes t h e o r d i n a r y a r i t h m e t i c a d d i t i o n , t h e n An is n o t stable . F o r 
7 3 , 10 

example , i f n ~ 1, x = — — • y = •— — - • t h e n x + r — — — < — 1 a n d 
r 8 3 8 

t h u s x -f- y £ A!. H o w e v e r , i f we consider the f a m i l y o f b i n a r y operations 

xn, n > 0, de f ined b y 

(A ) xiny = x - j - y + rcxy, 

where , on t h e r i g h t h a n d side o f ( A ) , we have o r d i n a r y a r i t h m e t i c a d d i t i o n 

and m u l t i p l i c a t i o n , t h e n (An, T " ) is a c o m m u t a t i v e group w i t h real n u m b e r 



C A U C H Y F U N C T I O N A L E Q U A T I O N S 41 

0 as t h e i d e n t i t y e lement . B u t r n is n o t stable w i t h respect t o the b i n a r y ope-
1 1 , 1 

r a t i o n xn because x < — — • y < impl ies t h a t xxny> • n > 0. 

L e t Al = An u r „ , n > 0. O b v i o u s l y , < = R — ) and « , t») 

is a c o m m u t a t i v e group o f w h i c h (An, x") is a proper subgroup. Clearly , rn also 

denotes t h e set of those po ints w h i c h be long t o the group (A*n, xn) b u t n o t t o 

the subgroup (An, x"). T h e f o l l o w i n g can be easily der ived b y m a k i n g use of ( A ) . 

(a) D e n o t i n g b y x', t h e inverse o f xe(An, xn), i t can be easily seen t h a t 
x 

x' = — and f u r t h e r x e T„ o x' e r„. 
I I It It 

(b) xe{An,xn),ye{An, xn) => xxnye(An> xn) and xxny> e{An,xn). 

(c) xeTn, ye{An, xn) =>xxnyzrn and xxny'ern. 

(d) xe{An, T " ) , yeTn ^xznyern and xxny'ern. 

(e) xeTn> yern=>xxnye(An, xn) and xxny'e{An, xn). 

( f ) x e A n o [ - x — ^ } e r n . 

i - { x z n y ) _ l ^ = x x n i y _ l \ , ifxc(An,x»),yernJ 

| n \ n I 

(g) i 

= ( — ' ifxern,ye(An,Tn); 

F r o m t h e above observat ions , i t is clear t h a t f o r a l l xe(A^, x"), y e(A*ni xn), 

t h e elements xxny and xzny' be long s imul taneous ly e i ther t o (Anixn) or t o 

t h e set f n . 
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3. Generalized CAUCHY Functional Equation. T H I E L M A N [*] discussed 

the f u n c t i o n a l equat ions 

(1) / „ ( * + T + nxy) = gn{x) + h„(y), xeAn,yeAn 

and 

(2) fn(x + y + nxy) = &»(*) K(y)> x e An, y e J „ , 

where / „ , g „ a n d hn are rea l -va lued cont inuous func t i ons w i t h d o m a i n An. W e 

shal l consider t h e f o l l o w i n g more general f u n c t i o n a l e q u a t i o n 

(3) L(^ny)-gn(x)K(y), 

i n w h i c h the f u n c t i o n s fn, gn and hn are defined on t h e subgroup (An, in) and 

t h e y take t h e i r values i n a n a r b i t r a r y group £ w h i c h contains no zero e lement , 

t h a t is, there does n o t ex ist a n y element b e$ such t h a t 

bx = xb = b, f o r a l l xeS. 

I t should be n o t e d t h a t o n t h e r i g h t h a n d side of (3), gn{x) hn(y) is t o be c o m 

p u t e d i n accordance w i t h t h e group operat ion i n S. 

Since every group is a semigroup, f o l l o w i n g the m e t h o d of J . Â C Z E L [ 2 ] , 

the t h e o r e m g i v e n be low can be easily proved : 

Theorem 2. The most general solutions of (3) among the functions fn, gn, hn 

mapping the commutative subgroup (An, T " ) into an arbitrary group containing 

no zero element, are given by 

(4) / „ W - & { 0 ) J f c B ( * ) f c „ ( 0 ) , & ( * ) = & ( 0 ) ^ ( * ) , K{x) = kn(x)hn(0), xe(AnX), 

where kn is a homornorphism of (Ani zn) into ê i,e ; 

(5) K{*fy) = K(x) K(y)> x,ye{Anix% 

I t m a y be n o t e d t h a t i n t h e above theorem, i t is n o t assumed t h a t ê is a n 

abel ian group . A l s o , i n ( 3 ) , / f t , gn and hn are j u s t func t i ons ( n o t necessarily h o -
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m o m o r p h i s m s ) and i n (4) , gJO) and hn(0) m a y be assigned a r b i t r a r y values 

i n S. 

4. Extension Theorems Concerning ( 3 ) . I n § 3, we have shown t h a t t h e 

f u n c t i o n a l e q u a t i o n (3) a d m i t s of solutions of the f o r m (4). N o w , our ob ject 

is t o e x t e n d these so lut ions . O u r m e t h o d w i l l be t o o b t a i n an extension 

Kn: (A"n, T " ) -> $ o f the subgroup h o m o m o r p h i s m kn: (An, xn) -* $ sa t i s fy ing 

(5) a n d such t h a t 

(6) Kn(xxy) = Kjx) Kn(y), f o r a l l ^ 6 « , V ) 

and 

(7) Kn(x)=kn(x), tor aKxe(An,-c») 

a n d t h e n def ine the extensions Fn, Gn and Hn o f fn, gn and hn respect ive ly 

such t h a t 

(8) Fn(xxy) = GJx) Hn(y), f o r a l l x,ye{A*n, T " ) 

a n d 

(9) Fn(x) =fn(x), Gn(x) =gn(x), Hn(x) = hn(x), Vxe(An, x»). 

Theorem 3. Let kn be a subgroup homomorphism of (An, %n) i n t o t h e group 

$. Then, to each Xe$ with XX = e, the identity element of $, there exists a group 

homomorphism KnX of (A"n, T " ) into $ such that KnX is an extension ofkn. 

Proof. D e f i n e KnX as fo l lows : 

K{*) iixe(An,T"), 

(10) KU*) = \ { 2 
Xkn\-x J. i f xern, 

n 

where X e $ commutes w i t h each e lement o f t h e range o f hn and f u r t h e r 
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(11) XX =5 e, the i d e n t i t y element o f $ . 

Since X c ommutes w i t h each e lement o f t h e range o f kn, therefore , 

(12) Xkn(x) = kn(x) X, f o r a l l xe(An, T " ) . 

/ 2 \ ( 2 \ 
Also , we k n o w t h a t xeTn => I — x — — I e An so t h a t kn\—x — j he -
l o n g t o t h e range o f kn and consequently 

(13) Xkn (~x— = kn (—x— X, f o r a l l x G Fn, 

W e discuss t h e f o l l o w i n g f o u r cases : 

Case (i). xe(Anizn),ye{An,xn). 

I n th i s case, xrnye(An, %n) a n d t h u s xxnye(A*n, xn). Hence KnX satisfies (6) 
obv ious ly . 

Case (ii). xe(An, xn), yeFn. 

I n th i s case, because o f (d) , xxnyeFn. Hence, we have 

K^(xxy){~} Xhn -(xxy) 
n 

xr —y 

B Xkn(x) kn ( - y - ~ ) W kn(x) Xkn ( - y - ~ ) { = ] K^(x) K J j ) . 

Case (iii). x e r n , ye(An> % n ) . 

T h e p r o o f is s i m i l a r t o t h a t o f the case ( i i ) . 

Case (iv). xern, yeTn. 

I n t h i s case, b y (e), xxnye(An, T " ) . Hence, we have 
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-y-

-y-

v4---i)>4->-T3H-'-i)<->-i 
(10) 

T h u s , we have p r o v e d t h a t KnX satisfies (6). The fac t t h a t (7) holds is obvious 

f r o m (10) . Th is completes t h e p r o o f o f the theorem. 

F r o m (10), i t is clear t h a t i f $ contains a t least one e lement X, different 

from e, such t h a t A satisfies (11) a n d (12), t h e n t h e extension J i n A o f kn is not 

unique. 

Theorem 4. Every group homomorphism Kn: (¿1*, xn) -+ S, which is an 

extension of the subgroup homomorphism hn: (An, xn) —> S, is of the form (10) 
with X satisfying (11) and (12). 

Proof. Since Kn is a n extens ion o f kn, therefore , we have (7). N o w we de
t e r m i n e the f o r m o f Kn(x) f o r xeFn. L e t x be a n y element o f r n . T h e n , f o r a l l 
zeTn, we have 

KJx) = KJxxW) S Kn{xx"z)Kn{z<){12 kn(xx*z) Kn(z') 

<i>JL •X | T 
n V n 

kj-z~~ Kn(z') 
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B u t 

- a — — I T Z 

-Z | T ' V = 
- 1 ) ^ T i L -

n I \l-\-nz 

+ ' 1 + J W ) + n ( 2 n ) ( 1 + nz 

Hence 

where X = JCI )• 

Similarly , 

Kn(x) = KJz'xWx) (2 K„(z') 2 IC n(*') 

—z- 2 ^ 
\ n 

hJ—x— 

Z ' T " fcj_*_A) = W _ A U (_*_A 

T h u s 

K n ( x ) = k n [ - x - ~ ) X = Xkn[-x~^\, xern,X=Kn\ 

file:///l-/-nz
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B u t 

n I \ n \ n 

i—2\ / — 2\ 
A c t u a l c o m p u t a t i o n gives I I T™ [ J = 0, t h e i d e n t i t y e lement o f 

(A*n, xn). Since Kn is a group h o m o m o r p h i s m , therefore , we m u s t have 
KJO) = e, t h e i d e n t i t y e lement o f S. Thus XX = e, w h i c h is (11). Since there 
m a y exist more t h a n one X sa t i s fy ing (11), w r i t i n g Kn as KnX, the r e q u i r e d 
conclusion fo l lows . 

R e m a r k . L e t us def ine mappings (j>n: A*n = R — {0} as 

4>n(x) = n x + X> 

T h e n , i t can be easily v e r i f i e d t h a t 

<l>n{xtny) = 4>n{x) <PAy)> f o r a 1 1 * and y i n ¿1*. 

Also , 4>n(x) > 0 i f and o n l y i f xeAn. Since <$>n also is a b i j e c t i o n , therefore , 

f r o m t h e above observat ions , i t fo l lows t h a t <j>n induces a n i somorph ism b e t 

ween (An, T N ) a n d t h e group (Vo > •) where y 0 = (0, GO). T h e n , (5) can be w r i t t e n 

i n t h e f o r m 

I f we w r i t e 

t h e n 

(B ) $Jw>) - u>0,v>0. 

T h e m a i n advantage i n dea l ing w i t h (B ) is t h a t t h e a r g u m e n t o f ij/n on t h e 
L . H . S . o f (B) is also indépendant o f n as compared w i t h t h a t o f kn i n (5) . 
I f Kn is an extens ion o f kn, t h e n b y t h e above reasoning, the m a p p i n g 
!P n : R — {0} -* S de f ined b y 



48 P. N A T H - V . D. MADAAN 

u * 0, 

is a h o m o m o r p h i s m of R—{0] i n t o $ and i t extends \j/n. I f we can f i n d t h e ex
tens ion Wn, t h e n w i t h t h e a i d o f \j/n, we can also f i n d the corresponding f o r m o f 
Kn. However , t h e m e t h o d exp la ined i n the p r o o f of t h e o r e m 4 r e a d i l y gives us 
the f orms of extensions i f t h e y exist a n d theorem 3 ensures t h a t t h e y are i n 
deed the extensions of hn. 

N o w we give a n extens ion t h e o r e m concerning the f u n c t i o n a l e q u a t i o n (3). 

Theorem 5. If the functions fn, gn, hn defined on the subgroup (An, T R E) sa¬
tisfy the functional equation (3) with their values lying in a group $ containing 

no zero element, then the functions Fn, Gn> Hn defined on the group (A*n, T " ) , with 

their values in S, by 

(14) Fn(x) = g„{0) Kn{x) hn{Q), Gn{x) = gn(0) Kn(x), Hn{x) = Kn(x) h„(0), 

where Kn is an extension of the subgroup homomorphism kn: (An, T " ) —>• $ satis

fying (5) , are the extensions of fn, gn, hn respectively in the sense that they satisfy 

Fn{*ryV*= s„(0) Kn{x^y) M») - gM K„{X) KM hjp) = c„(«) Hjj). 

T h i s proves t h e t h e o r e m . 

I n t h e o r e m 5, we have assumed t h a t $ contains no zero e lement . I f $ 

(8) and (9). 

Proo f . W e have 

(14) (14) 

conta ins a zero e lement , say b, t h e n 

/„<*) = *>, gn(x) a r b i t r a r y , hn(x) = b, 

hn(x) a r b i t r a r y , 

are also ( t r i v i a l ) solutions of (3) . T h e extensions o f these solutions are n o t o f any 
i m p o r t a n c e and we shal l n o t consider t h e m . 
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F o r a f i x e d 1, l e t us w r i t e Fn, Gn a n d Hn as Fn x , Gn A and i f n A respect ive ly . 

T h e n (10) and (14) give 

(15) 

= gJP) *„(*) Ki°)> 

G B » = g „ ( 0 ) fcB(*), 

* U * ) = *»M *„(<>), xeAn, 

= s A & B | - * - ~ j f c n ( 0 ) , * e F „ . 

where A satisfies (11) and (12). Also f r o m (4) , we have 

(16) hjx) = [gn(0)]'fn(x) [hn{0)Y - IgMY gn(*) - K(*) [KM]', 

Hence , i n t e rms o f gn, (12) a n d (13) reduce t o the f o r m 

(17) A [ g B ( 0 ) ] ' g „ ( * ) - [ g „ ( 0 ) ] ' & ( * ) J l , 

a n d 

(18) 

S i m i l a r l y , i n t e rms o f hn, (12) a n d (13) t a k e t h e f o r m 

(19) ^K(x){Km' = K(x)[Km'^ 

a n d 

xeAn, 

(20) A f c B | - * - ^ - ) [ M 0 ) ] ' - W O ) ] ' A , . e f B . 

A l s o (15) reduces t o 
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(21) 

& ( o ) J t f e - ( 0 ) ] ' / „ ( - * -
re / 

gnix)> 

g » ( 0 ) A [ g B ( 0 ) ] ' g B ( - * -
re / 

N o w , we prove t h e f o l l o w i n g t h e o r e m : 

Theorem 6. If the functions fn,gn, hn defined on the subgroup (An, T " ) , sa

tisfy the functional equation (3) with their values lying in a group £ containing 

no ziro element, then for each XE£ satisfying (11), the functions F N ^ , GN X and 

Hni defined by (21) are extensions of fn, gn and hn respectively in the sense that 

they satisfy (8) and (9 ) . 

Proof. As i n the p r o o f o f t h e o r e m 3, we discuss the same f o u r cases. 

Case (i), x&(An,xn)> ye(An>xn). T h e n , 

Case (ii). XE(An,zn), yeTn. T h e n 

FJixT»y)W8n(0)l\gJP)Vfn 

= g„ (0 )Afe B (0 )3 ' / B 

(3) 

- ( « B y ) 
n 

xt'i — y — 

g B ( 0 ) A t g » ( 0 ) 3 ' « B ( * ) M - y 
n 



C A U C H Y FUNCTIONAL E Q U A T I O N S 51 

Case (iii). xeTn> ye{An,xn). T h e n 

Fn,^y){Bgn(0)X[gn(0)yfn 

^ ( 0 ) A [ g B ( 0 ) ] ' / „ -# T V 
n 

= ^ ( 0 ) ^ f e „ { 0 ) ] ' ^ ( - * - | - ) My) 

© G „ » H M ( y ) . 

Case fiwj. ^ f n , y e r n . T h e n , 

2 
— •—-1 r 

n -y— 

T h i s completes t h e p r o o f of t h e t h e o r e m . 

W e hope t o discuss some more methods o f e x t e n d i n g subgroup h o m o m o r -
phisms elsewhere. 
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Ö Z E T 

A C Z E L , x', grup işlemine göre x elementinin tersini göstermek üzere, 

x 6 G ^* x E S veya x' £ S 

koşulunu sağalayanG grubunun bir S alt-semigrubu üzerinde tanımlanan ve 
bu S semigrubunu bir H grubunun içine tasvir eden bir/homomorfizmasr-
mn, her x, y £ G için 

(f) g&y) = g(x)g(y) 

olacak şekilde G grubundan H grubuna bir g homomorfizmasına f ve g S 
üzerinde çakışacak tarzda tek bir şekilde genişletebileceğiııi göstermiştir. 

B u araştırmada ise S nin, G grubunun bir alt grubu olması halinde y u k a n -
dakine benzer teoremler elde etmeğe uğraşdmaktadu-: S nin bir semîgrup 
değil, bir grup olması A C Z E L ' i n yönteminin bu hale uygulanmasını önle
mektedir. Ayrıca (f) fonksiyonel denklemine bâzı başka şekiller verilmesi de 

Öngörülmüştür. 


