
ON W A V E SOLUTIONS OF W E A K E N E D F I E L D E Q U A T I O N S I N 
AVzxV2 S P A C E - T I M E 

K . B . L A L - A . A . ANSARI 

K I L M I S T E H and N E W M A N N f 1 ] ') and L O V E L O C K [*] have mentioned field 
equations as alternative to the vacuum field equations of the E I N S T E I N 

theory of general relativity. I n this paper we have considered these equa­
tions i n a Riemannian fourfold of class two representing the product of two 
surface!? ie., V2 X V2 space-time and i t is found that the wave solution exist. 

1 . I n t r o d u c t i o n . K l L M I S T E R a n d N E W M A N N [ l ] proposed a n a l t e r n a t i v e 
set o f f i e l d equations i n general r e l a t i v i t y w h i c h , i n the absence o f sources, 
are g iven b y 

(1-1) = o 

where a semi-colon (;) denotes c o v a r i a n t d i f f e r e n t i a t i o n w i t h respect t o 
CHRISTOI'FEL s y m b o l T h e space w h i c h are i n t e r p r e t e d as t h e g r a v i t a t i o n a l 
f i e l d i n vacuo i n t h e o r t h o d o x t h e o r y o f general r e l a t i v i t y f o r m on ly a subset 
o f such spaces for these f i e l d equations. The f i e l d equations (1.1) are cal led 
«wealcened f i e l d equat ions* (ie. weaker t h a n t h e E I N S T E I N equations o f 
general r e l a t i v i t y i n vacuo) i n t h e sense t h a t each o f t h e m a d m i t s a class o f 
solutions for w h i c h 

(1.2) Rij = 0, 

as a sub-class o f s o lu t i on . 

0 Numbers in brackets refer to the references at the end of the paper. 
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O n c o n t r a c t i n g t h e B l A N C H I ident i t i es w h i c h h o l d i n a general R i e m a n n i a n 
space a n d us ing t h e result i n (1.1), i t is easy t o see t h a t t h e f o r m (1.1) o f the 
weakened f i e l d equations is equiva lent t o 

(1-3) R i l k - R i k J = 0. 

A l t h o u g h t h e phys i ca l i m p l i c a t i o n s of t h e weakened f i e l d equations are 
y e t n o t wel l -establ ished h u t m a n y others have t r i e d t o f i n d t h e solutions of these 
f i e l d equations i n the hope t h a t these f i e l d equations m a y he useful i n f u t u r e . 
THOMPSON [ 2 ] made invest igat ions o f the weakened f i e l d equations and 
f o u n d several d i f f e rent s tat i c , spher ica l ly s y m m e t r i c solutions n o t t rans for ­
mab le i n t o one another and showed conclusively t h a t t h e weakened f i e l d equa­
t ions are t oo weak . IClLMISTER [ 3 ] has surveyed t h e quest ion o f a l t e rnat ive 
f i e l d equations i n general r e l a t i v i t y . F u r t h e r , LOVELOCK [ 4 J , [ s ] has solved 
a n u m b e r o f a l t e r n a t i v e set o f weakened f i e l d equations i n c l u d i n g (1.1) a n d 
has ob ta ined a stat ic spherical ly s y m m e t r i c so lu t i on w h i c h represents the f i e l d 
of a massless charged par t i c l e a t rest a t t h e o r i g i n for a l l t i m e . SWAMI [ f l] 
has f o u n d three solutions of t h e weakened f i e l d equations (1.3) w i t h R{j ^ 0, 
Rij ^ ^ Sij a n < l n a s discussed some o f t h e geometr ical a n d d y n a m i c a l aspect o f 
these solut ions. Recent ly L A L a n d SlNG-H [ ! ] have f o u n d t h e solutions of 
t h e f i e l d equations (1.3) w i t h some useful conclusion, i n t h e c y l i n d r i c a l 
s y m m e t r i c space-time w i t h m e t r i c [ 8 ] , LOVELOCK [ 4 ] has also ment i oned 
m a n y other f i e l d equations as a l ternat ives t o t h e v a c u u m f i e l d equations 
o f the . E I N S T E I N t h e o r y of general r e l a t i v i t y . One o f these f i e l d equations is 

(1.4) Hj? = = 0. 

I n t h e present paper we have considered t h e f i e l d equations (1.3) and 
(1.4) i n a V2XVZ space-time w i t h m e t r i c [ 8 ] : 

(1.5) dsz = — A{dx* + dyz) — B(dz2 — <ft 2), 

where A = A(x, y), B = B(z, t) a n d x, y, z, t correspond t o xl, x%, xz, x* 

respect ively . 



W A V E S O L U T I O N S 59 

2. So lut ion o f the f i e l d equations ( 1 . 3 ) . T h e component g'1 correspon­

d i n g t o t h e m e t r i c (1.5) are 

(2.1) 
U33 = - g 4 4 = - l / B 

a n d t h e n o n - v a n i s h i n g components o f CHRISTOFFEL symbols of second 

k i n d {ij} are 

(2.2) 

f ( 1 ) 

i 2 ) 
(22) 

( 3 ) 

i 3 3 S 

(44S 

)2 I 
>12) 

)1 I 
>12\ 

, 4 ) 

) 3 } 

} 2 ' 
'11* 

j 4 ) 
33i 

- A%\2A, 

- BJ2B, 

= BJ2B. 

Here t h e l ower suff ixes 1, 2, 3, 4 a f ter a f u n c t i o n i n d i c a t e o r d i n a r y p a r t i a l 

d i f f e r e n t i a t i o n w i t h respect t o x, y, z, t respect ively . T h e RlCCI tensor 

is de f ined b y 

(2.3) R.. = ~ {?.}, + Q ft} - {•} {y. 
U s i n g (2.2) i n (2.3) t h e n o n - v a n i s h i n g components o f i?^- are 

f Rn - R22 = {(Axl + AZ2) A — {A] + A\)}/2A* = X/2, 

#33 - - B*4 = {(#33 - # 4 * ) * - ( 1* ; - BJ)} /2B« = Y / 2 , 
(2.4) 

where 

(2.5) 
X ^ ( A n + A22)!A - {A\ + ^ ) M * , 

l y = ( B 3 3 - B 4 f ) / B - (B] - B\)jB\ 
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F r o m (2.1) a n d (2.4) the scalar c u r v a t u r e R = g'̂  B y is g i ven b y 

(2.6) R = ~(AU + AZZ)\A* + (A] + AtyA* + ( B 4 4 - B 3 3 ) / B * + ( B * — B * ) / B 3 . 

A f i i ' s t c o n t r a c t i o n o f v a c u u m f i e l d equations (1.3) gives 

(2.7) Bjj-Rj^O 

a n d the t w i c e contrac ted B l A N C H I ident i t i e s i m p l y 

(2.8) R[j - (1/2) H j = 0 

where a comma denotes p a r t i a l d i f f e r e n t i a t i o n . F r o m t h e t w o equations (2.7) 

a n d (2.8) we have R^ = 0 w h i c h i m p l y t h a t J? = constant . 

U s i n g t h e values o f {*•} f r o m (2.2) i n (1.3), we get 

(2.9) a) AdzRlx~~AzRu = 0, 

b ) Ad, B a a — A Rzz = 0, 

c) B a 4 B 3 3 — B 4 B 3 3 = 0, 

d) B d 3 R 4 4 — B 3 B 4 4 = 0. 

U s i n g t h e components o f R- f r o m (2.4) i n (2.9) a - (2.9) d, we get 

(2.10) X = ICj ,4 , 

(2.11) r - Kz B, 

where a n d Kz are a r b i t r a r y constants . 

P u t t i n g a = log ¿4 a n d b — l o g B i n e q u a t i o n (2.10) a n d (2.11), we get 

(2.12) a u ^ a z z = K l e \ 

(2.13) & 3 3 — 6 4 4 = 1 ^ . 
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Reduc ing equat ion (2.12) t o canonical f a r m b y changing the dependent 
var iab le a i n t o p, where p = p (<!;, rj) and 

(2.14) £ = x + i y , t} = x — iy, 

we get (2.12) as 

(2.15) a 2 p/3£ 3*7 = (KJ4,) ea. 

E q u a t i o n (2.15) is of L l O U V l L L E ' s f o r m a n d b y FORSYTH [ 9 ] has a so lu t i on 
o f the form. 

(2.16) e» = 2 / ; ( « ) miim) + ( K i / 4 ) f2(>i)}\ 

where each / 2 and f2 is an a r b i t r a r y f u n c t i o n of i t s a r g u m e n t and p r i m e de­
notes p a r t i a l d i f f e r e n t i a t i o n w i t h respect t o i t . 

Hence exact s o l u t i o n of equat ion (2.12) is 

(2.17) a « l o g A = l o g [ 2 / > + i y ) j + l o g [ £ ( * - - i y ) ] - 2 l o g + i y ) 

+ ( * i / 4 ) { / a ( * - i y ) H -

S i m i l a r l y , (2,13) can be reduced t o canonical f o r m b y changing t h e dependent 
v a r i a b l e 6 i n t o pl, where px = P I ( £ I J a n d 

(2.13) = s + t , rfx = z — t, 

we get (2.13) as 

(2.19) d*PMi dm = ( ^ 2 / 4 ) 

w h i c h gives the exact so lu t i on of e q u a t i o n (2.13) i n the f o r m 

(2.20) b = l o g B = l og [ 2 £ ( * + t)\ + l o g — t)} — 2 log + f) 

+ (JC 2/4) { & ( * - t ) } ] , 

where each g t and gz is an a r b i t r a r y f u n c t i o n of i t s a r g u m e n t and p r i m e 
denotes p a r t i a l d i f f e r e n t i a t i o n w i t h respect t o i t . 
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N o w us ing (2.10) a n d (2.11) i n (2.6), we get 

(2.21) R = — (Ki + KZ) = K 

where K is another constant , w h i c h is consistent w i t h the resu l t t h a t i n a 
R l E M A W N I A N space-time where weakened f i e l d equations h o l d R m u s t he 
constant . 

T h u s , equations (1.5), (2.17) and (2.20) ( for w h i c h Rtj # 0 a n d 
Rjj^Xgij, X be ing a constant ) c o n s t i t u t e wave solutions o f the weakened 
f i e l d equat ion (1.3) i n a V2 X V2 space-time. 

3. Solutions o f equat ion ( 1 . 4 ) . F r o m (2.1) and (2.4) t h e n o n - v a n i ­
shing components o f t h e tensor RlJ are 

(3.1) 
I R n = R22 = X/2AZ 

[ K 3 3 = — R 4 4 = Y / 2 B 2 . 

Us ing t h e components o f R,J f r o m (3.1) i n t h e f i e l d equations (1.4), we get 

(3.2) d,X — AXX\A = 0, 

b) Ô2X~A2XIA = Q, 

d3Y—B3Y/B = 0, 

a 4 Y — _ e 4 y / B - o. 

F r o m (3.2) a) - (3.2) d ) , we have 

(3.3) X = k3A, 

(3.4) Y = k,B, 

where k3 and fc4 are a r b i t r a r y constants . 
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P u t t i n g again a = l o g A and b = log 13 i n equat ion (3.3) a n d (3.4), we get 

(3.5) a n + a 2 2 = k3ea, 

(3.6) D 3 3 — b u = hAeK 

The exact solutions o f (3.5) a n d (3.6) are respect ively i n the f o r m 

(3.7) a = l o g A = l o g [2F[{x + iy)] + log [ F ; ( * — iy)] 

— 2 l o g [*•,(* + iy) + (fc 3/4) ( F 2 ( * — iy)}], 

(3.8) 6 = l o g B = l o g [ 2 G > + f)] + log [G;(* - f)] 

- 2 l o g [Gx{* + i ) + ( ft 4 /4) {G a ( * - ( ) } ] , 

where i \ , and G 1 , G 2 are a r b i t r a r y funct ions o f t h e i r arguments and 

pr imes denote t h e p a r t i a l d i f f e r e n t i a t i o n w i t h respect t o t h e i r arguments . 

T h u s equations (1.5) , (3.7), (3.8) c ons t i tu te wave solutions o f t h e 

weakened f i e l d equations (1.4) . 

R E F E R E N C E S 

f1] IOLMISTER, C. "W. 
AND 

NEWMANN, D. J . 

[ 2 ] T H O M P S O N , A . H . 

[ 3] K l L M I S T E R , C. W . 

[ 4 ] L O V E L O C K , D . 

[ 5 ] L O V E L O C K , D . 

The use of algebraic structures in physics, Proc, Cambridge Phi . 
Soc. 5 7 (1961), 851-864. 

The investigations of a set of weakened field equations for general 
relativity contract, A F - 61 (652) - 457 T N I O , Aerospace R e ­
search Laboratories TJ .S .A .F . (21 August, 1963). (This technical 
note is an edited form (prepared by C. W. K l L M I S T E R ) of A . H . 
Thompson's P h . D . Thesis, University of London, (1962). 

Alternative field equations in general relativity, perspectives in Geo­
metry and Relativity, INDIANA U N I V E R S I T Y P R E S S , (1966), 
201-211. 

Weakened field equations in general relativity admitting an «un-
physicalv> metric, Comraun. Math. S (1967), 205-214. 

A spherically symmetric solutions of MAXWELL - E I N S T E I N 
equations, Commun. Math. Phys. 5 (1967), 257-261. 



6 4 K . B . L A L - A .A . ANSARI 

[ 6] SWAMI, S. P . 

[7] L A L , K . B . 
AND 

S irren, T. 
[ 8] SINGH, IC. P. 

AND 
SHARAN, R . 

[ 9 ] F O R S Y T H , A . R . 

: A note on weakened field equations JRy;fe — Rik;j ~ ®> Indian J , 
Pure Appl. Math., 1 ( 1 9 7 0 ) , 4 8 5 - 4 9 1 . 

: Cylindrical wave solutions of K I L M I S T E R and NEWMANN's 
weakened field equations in general relativity, Tensor N . S., 27 
( 1 9 7 3 ) , 2 8 7 - 2 9 0 . 

: Product of two surfaces in general relativity, Proc. Nat. Inst. Sci. 
of India, 31, A , No. 6, ( 1 9 6 5 ) . 

: A treatise on differential equation, Me M I L L AN and Co. L T D . , 
( 1 9 5 3 ) , 5 5 5 . 

D E P A R T M E N T O F M A T H E M A T I C S (Manuscript received February 19, 1976) 
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G O R A K I I P U R - 2 7 3 0 0 1 

I N D I A 

Ö Z E T 

K I L M I S T E R ve NEWMANN ['] ve L O V E L O C K [ 4 ], E l N S T E I N ' i n genel relati­
vité teorisinde geçen boşluktaki alan denklemlerinin yerini alabilecek alan 
denklemleri öne sürmüşlerdir. B u çalışmada ikinci sınıftan dört boyutlu bir 
RlEMANN rızayı olarak düşünülen iki yüzeyin çarpımı olarak elde edilmiş 
bir uzay-zaman evreni, yani V2 X V2 biçiminde bir evrende bıı denklemler 

incelenmiş ve dalga çözümlerinin varlığı kanıtlanmıştır. 


