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I n the present paper the field equations of E lNSTEIN ' s , BONNOR's and 
SCHRODJNGER 's non-symmetric unified field theories are investigated. 
I t has been found that the field equations of non-symmetric unified field 
theories of E I N S T E I N and BONNOR yield wave solutions under certain 
conditions, whereas for the field equations of SCIlRODINGER 's theory such 

solutions do not exist. 

1 . I n t r o d u c t i o n . T h e present paper is i n c o n t i n u a t i o n t o author ' s 

paper [ ' ] 0 i n w h i c h t h e wave solutions o f f i e l d equations of general r e la ­

t i v i t y i n t h e space-t ime, represented b y t h e m e t r i c 

(1.1) dsz = — A dxz — 2D dxdy— Bdyz — (C—E)dz2—2E dzdt +(C + E)dt2, 

where A , B , D are f u n c t i o n s of t h e single var iab le Z = Z(z —• t), C is any 

f u n c t i o n o f (z, t), a n d E is a n y f u n c t i o n o f x, y, % and i are inves t i ga ted . 

I n t h i s paper , w i t h t h e he lp o f l ine c lement (1.1) t h e a t t e m p t s have been 

made t o o b t a i n t h e wave solut ions of t h e f i e l d equations of n o n - s y m m e t r i c 

u n i f i e d f i e l d theories o f E I N S T E I N , BONNOR and SCHRODINGER. T h e f i e l d 

equations o f A . E l N S T E I N ' s u n i f i e l d t h e o r y [ 6 ] are 

(1.2) gij;k = gijiL~gsj Hk-gu r'kj = °> 

(1.3) rt ^ r u = o, 
V 

') Numbers in brackets refer to the references at the end of the paper. 
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(1.4) a) Rkl ^ rth5 - rkSil - rlt rks + rls rl
u =, o, 

b ) (i) J?.. = O, (ii) Rijtk + Rjk;i + Rki. = o, 
- V V V 

where a comma fo l l owed b y a n i n d e x denotes o r d i n a r y p a r t i a l d i f f e r e n t i a t i o n 
a n d l a t i n indices t a k e t h e values 1, 2, 3, 4. A bar a n d a h o o k under t w o i n d i ­
ces denote respect ive ly s y m m e t r y and a n t i - s y m m e t r y between t h e m . 

F o l l o w i n g above n o t a t i o n t h e f i e l d equations o f "W.B. BONNOR [ 5 ] 
are g i v e n b y (1.2), (1.3) a n d 

(1.5) a) - f p* Vi± = 0, 

b) (RUJt + R A i + RkiJ) - f P\V^k + Ujk. + Ukhj) ~ 0, 
V V V V V V 

where R;. is t h e R i c c i tensor, p is a n a r b i t r a r y r e a l or i m a g i n a r y constant 
a n d Vik i s g i v e n b y 

•6) Uik = gki~gV gim Snk + i g V gnm gik • 
V 

O n use o f s imi lar notat ions t h e f i e l d equations o f E . SCHRODINGER ( [ 2 ] , 
[ 7 ] ) are g i v e n b y (1.2), (1.3) and 

(1.7) a) ^ + ¿ ^ = 0, 

b) (K. - + Xgi}\k + (Rjk + Agjdj + (Rki + X gki\j = 0, 
V V V V V V 

where A is a n o n - v a n i s h i n g constant . 

2. g{j corresponding to p lane waves. "We have obta ined f 1 ] t h e t r a n s ­
verse-e lectromagnetic wave solutions of t h e generalized M A X W E L I / s 
equat ions i n t h e space-time (1.1) w h i c h are g iven b y 

(2.1) Fi} = 

0 0 

0 0 Pi -Pi 

ai — Pi 0 0 

Pi 0 0 
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where px and al are a r b i t r a r y funct ions of x,y a n d z — t, w h i c h satisfy 
t h e condi t ions dpl/dx -\- da1/Ôy = 0 and 
(A dp1 jdy — BdaJ dx) — D(dPl j dx — / dy)- = 0. 

I n t h i s section we w i l l f i n d t h e n o n - s y m m e t r i c g^ corresponding t o above 
Fij. L e t us assume t h a t 

(2.2) = êij + ëij = hij + fij > 

where g{j- = is t h e s y m m e t r i c p a r t co inc id ing w i t h t h e m e t r i c tensor of 
t h e R i e m a n n i a n space-time de f ined b y t h e l ine e lement (1.1) and gy is t h e 

v 

a n t i - s y m m e t r i c p a r t of g^ corresponding t o t h e e lectromagnetic f i e l d (2.1). 
T h u s us ing (1.1) a n d (2.2) g- are g iven b y 

(2.3) (gij) = 

— A - D + f a fn fu 

— B •^23 fa 

- ( C - - E ) 

— fu -^24 — E — 'fu (C + E ) 

T o connect w i t h g ^ , we shal l use t h e e q u a t i o n 

(2.4) ™ — 1 ~ - ' " **"' = £ ^ - g g k ' ( g = det (g..)) 

i n t r o d u c e d b y I K E D A [ a ] , where g^ is t h e c o n t r a v a r i a n t tensor of g^ and 
8 f j.H = + 1 or — 1 according as i, j . k, I have even or o l d p e r m u t a t i o n s . 
F r o m (2.1) we have F 1 2 = Fu = 0. Hence f r o m (2.4) we have 

a s s u m p t i o n J 1 3 f u 

(2.5) (gij) = 

gl2 = g3i 

0, t h e values o f g , and giJ f i n a l l y ob ta ined 

fu ^23 - 0 are g iven b y 

~—A — D P — P 

— D — B a — ff 

— P — u - ( C - J E ) — E 

P (7 — £ (C + E ) _ 

g = ~ -mC\ 
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where m = AB — Dz, p = (Apx - f D o ^ / V m and a — (PPX + Ba^l^Im, a n d 

— Bjm Djm U U 

Djm — Ajm V V 
(2.6) (gij) = (gij) = 

— jj — V - 1 / C + i F W 

— U —V W 1 / C + i P 

where U = (Bp- DajmC, V = (Aa -— Dp)jmC, 

W = [(A°Z — 2Dp<r + £ p 2 ) / m — E]jCz. 

3. Connections i " ^ - corresponding to g{j-. W e p u t 

(3.1) r j . = + g j - , 

where p* = J * and g& = T* . 
~ v 

B y t h e above s u b s t i t u t i o n t h e f i e l d equat ion (1.2) w i l l give 64 equations 
i n v o l v i n g 24 q's and 40 p ' s . F o l l o w i n g t h e m e t h o d o f H . TAICENO, M . I K E D A 
and S. A B E to solve these 64 equations we f i r s t express a l l p 's i n t e rms of q's 
and { £•} b y the f o r m u l a [ 9 ] s 

(3.2) P*j = tfj} + hkl(qTi fjn> + <% fiJ> 

where are CHRISTOFFEL symbols o f t h e second k i n d f o r m e d f r o m 
k{j = gjj g i ven b y (1.1) a n d h'J is t h e corresponding c o n t r a v a r i a n t tensor 

o f h{j. A f t e r calculat ions , we f i n d t h a t t h e non-van ish ing components o f 
p 's are g iven b y 

(3.3) = — 2Dp(q\2 — <&) / m , p\x = 2Ap(q\2 — q\2) j m, 

p\x = -Aj2C + 2p { (C + E) (g} 3 - <&) + E{q\, 

= - A /2C - 2p { (C - E) (ql - q"u) - E(q 13 

* ? 4 ) } / C 2 , 

<&)}/c2
s 

Pit = 

Pu = {Dp(q\2 — q\2) - f Aa(q\t — 9 i 2 ) } / m, 
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o ther non -van i sh ing components have heen o m i t t e d for t h e sake of b r e v i t y . 

O n using t h e values o f p 's f r o m (3.3) i n (3.2) t h e non -van i sh ing c o m ­
ponents of q's arc g i v e n b y 

(3.4) 3l3 = - 3 ! . = { - Bdpjdx - f ^D(dpldy + dajdx)}lm, 

?13 = Ddpjdx + l>A(dp}dy + d<r J dx)} I mt 

323 = — 924 = { Ddajdy — i B(dpjdy + da\dx)}jmt 

323 = — 3224 Ada/dy + £ D(dp/dy + d<7/dx)}/m, 

9l2 = «12 = — {dpldy — d<jldx)l2C, 

913 = 
4 

ffl3 = - A = — 9 H = C > 

923 = 
4 

323 = — ffL = — 324 = W C> 
where 

A ' = [ - p + P { P + ( £ 3 + £ 4 + C S - C t ) / 2 C } + T S ] , ' -

„ = [ - 5 + ff{r + (i;3 + i ; 4 + c 3 - c 1 ) / 2 C } 

P = ( i f i — DD)l2m, S = ( ¿ 2 ? — AD)/2m, 

Ql = ( B P — B D ) / 2 m , T = ( ^ B — Z>I>) / 2 m . 

O n s u b s t i t u t i n g t h e values o f q's f r o m (3.4) i n t o (3.3) we o b t a i n t h e 
40 values o f p ' s i n terms of A, B, C, D, E, p and a. T h e n us ing t h e values 
o f p's and q's i n t o (3.1), t h e components of f i n a l l y ob ta ined are g i v e n b y 

(3.5) I * n = [0,0, — A/2C, —A/2C], T 2
f e

2 = [0,0, — 5 / 2 C , — B / 2 C ] , 

rf2 = [0 ,0 , —D12C — (dp I dy — da I dx) ¡20, 

— P / 2 C — ( 3 p / 5 y — d<r/dx)l2C], 

r k
n = [0,0, —Dj2C + {dpjdy ~dajdx)j2Ci 

— Dj2C + (dp/ty — darldx)f2C\, 
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= — rku = [P + { — B d p / 0 * + i D(dpjÔy + da!dx)}im, 

S— {—Ddpjdx - f %A(dpjdy + dajdx)}jm, 

(X — ±dEjdx)jC + {(Bp — Da) dpjdx + ^ (Aa — Dp) (dp jdy + daj dx)} j Cm, 

], 

r k
n = — J * = L P _ { _ B ¿ V / d ; e + ^D(dpjdy - f da j dx)} j m> 

S + {—DÔpjdx + ^A(dpjdy + dajdx)}jm, 

— (A + £ dEjdx)jC + { ( B p — D a ) dp/âr + i (¿CT — D p ) (dp/dy + 3a/&c)} / Cm, 

] , 

i l s = — JÍ4 = + {Ddpldy— ¿ B(¿p/¿>y + Ô f f / ô * ) } / m f 

T + { — Adajdy - f ^D(dpjdy + da j dx)} j m, 

(fi — ^dEjdyjC + {04<7 — D p ) 5 a / ôy + £ ( B p — D a ) (öp / öy + d a / d*)} / Cm, 

^ 2 = - J l s = - {ö<W<?y - i B ( a p / a y + 5 f f / a * ) } / m , 

T — { — Adajôy + £ D(dpjôy + dpjdx)}jm, 

— Cu - f İ dEjdy)jC - f { ( ,4a — D p ) Ôa/cy - f £ ( B p — D a ) ( d p / t y + ca/c*)} / Cm, 

„ » » ] , 

r j 3 = r j 4 = — r j 4 = { ( B dEjdx~DdEjdy)j2m + 2(B<x~Dß)jm], 

r 2
n = r 2

u = ~ r f 4 = — {(DdEjdx — AÔEjdy)j2m + 2(Da — Aß)jm}, 

r¡3 = SlEj2Cz + CJ2C — EJ2C, 

ris = S X Í ; / 2 C 3 + C J 2 C - E J C - E J 2 C , 

r l = S1Ej2Cz + C 3 / 2 C + £ 3 / 2 C -f- S J C , 
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E / 2 C 2 + C 4 / 2 C + EJ2C, 

rl$ = ~SlEj2Cz + CJ2C-EJ2C, 

rJs = — S^^C* + C 3 / 2 C + 2? 3 /2C, 

— ml [ ( B p — -Da) dpjdx + t (Aa — Dp) (dp/ By + 3(7/ fo) ] , 

— ml[(A(T-~Dp)daidy + £ ( B p — Da) (dp \By + d a / 0 * ) ] , 

4. So lut ion o f the f i e l d equat ion (1 .3 ) . O n s u b s t i t u t i n g o f t h e values 

o f q's f r o m (3.4) i n t h e equation. T^, = 0, we f i n d t h a t i t is i d e n t i c a l l y satis-
v 

f i e d for I = 1 and 2 whereas for f = 3 and 4 i t is satisf ied subject t o t h e 

c o n d i t i o n 

(4.1) Bdpjdx + Adajdy = D(dpjdy + dajdx). 

5. Solut ion o f the f i e l d equat ion (1 .4 ) . T o solve t h e f i e l d e q u a t i o n 

(1.4) the components of t h e generalized RlCCI tensor us ing t h e f o r m u l a 

(5.1) R;j = r'jj — rs
is J- — rs

tj rl
h + r*tt r\} 

are ca lculated and t h e n on s u b s t i t u t i o n o f t h e values o f P-j f r o m (3.5) i n t o 

(5.1) and us ing (4.1), t h e n o n - v a n i s h i n g components o f R lCCI tensor R~ 

are g iven b y 

(5.2) B 1 3 = - R u = - Ap\2m + (A 3 + A 4 ) / C 

* 3 i = - * « = Apj2m~(Xz+Xi)IC 

K 2 3 = - ^ 2 4 = - ^ W 2 m + (/*3 + **JIC 

R32 = — B 4 2 = A<y j2m ~ ( ^ + p 4 ) / C 

where 

1 A 

R 3 
1 34 

i M 

- ( £ 1 3 + F 1 4 ) / 2 C J 

- ( E 1 3 + E I 4 ) / 2 C , 

- ( £ 2 3 + E 2 4 ) / 2 C -

+ J O / 2 C , 
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R33 = — (AE + 4Q)f 2m - f nl^m2 + N(C — £ ) / 2 C 2 , 

Ru = — £ + ( A E + 4 ( ? ) / 2 m + til2mz — N{C + E ) / 2 C 2 , 

^ 3 4 = K 4 3 = i — + 4>Q) 12m —tj 12mz + E i V / 2 C 2 , 

where 

(5.3) J = {Bdzj Bx2 — 2Dd2ldxdy + Adzl dyz), 

i = {& — m2l2m — (AB — D2) — m(E3 + K 4 + C 3 — C 4 ) / 2 C } / 2 m , 

// = {(Bdpjdx — Ada I By)2 + (AB~2DZ) (dpjBy + 3 f f / 3 * ) a 

+ 4D(dpjdx da/dy)}, 

. Q = (Bdotldx—Ddpidx) — (Ddaldy—Adp{dy), 

N = (C 3
2 - CJ)/C - ( C 3 3 - C 4 4 ) + ( C 3 + C 4 ) ( E , - f E 4 ) / C - £ 3 3 - F 4 4 - 2 E 3 4 

= 2C(A 3 + A 4 ) /p = - 2C(ps + ^ / p . 

T h e indices 3 a n d 4 at tached t o X and p. denote d i f f e r e n t i a t i o n w i t h res­
pect t o z and t respect ively and a, /? are t h e same as g iven i n e q u a t i o n (3.5). 

N o w using t h e values o f (5.2) i n t o t h e s t rong f i e l d e q u a t i o n (1.4) a) 
we have 

(5.4) - Ap\2m + (A 3 + XJ/C - ( E J 3 + E^(2C = 0, 

- Ap\2m - f (A 3 + XA)/C + (-E 1 3 + £ 1 4 ) / 2 C = 0, 

- ^ / 2 n * + (ps + ^ 4 ) / C - (E23 - f F 2 4 ) / 2 C = 0, 

- Affftm + ( p 3 + « 4 ) / C + ( E 3 3 + E 2 4 ) / 2 C = 0 3 

(5.5) M— N(C — E)j2C2 = M - f iV(C + E ) / 2 C 2 = M + NEj2C2 = 0, 

w h e r e 

M = i — ( d £ + 4<? ) /2m— i ) / 2m 3 . 
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T h e equations (5.5) is satisf ied i f and o n l y i f 

(5.6) M = 0 and 

(5.7) N = 0, 

w h i l e t h e equations i n (5.4), w i t h t h e help o f (5.7) are sat is f ied i f and on ly i f 

(5.8) Ap = 0, Aa = 0, 

( 5 - 9 ) E l 3 ± E u ~ 0 , EU + EU = Q 

w h i c h on i n t e g r a t i o n y ie lds t h e forms o f E w h i c h are g iven b y 

(5.10) E = (x + y + z) 4>Y{z - t ) + <p(x, y) <f>%(z - t ) , 

E = (x + y + I ) ^(z — t) -f- 4>(x, y) 4>2(z — t), 

E = (j>(x, y, z — t) + z ^(z — t ) , 

£ = y, s — t) + t ^ ( a — i ) . 

Hence g iven b y (2.5) are t h e solutions o f t h e f i e l d e q u a t i o n (1.4) a) u n d e r 
t h e condi t ions (5.6), (5.7), 5.8) and (5.10). 

N e x t p u t t i n g t h e values of R^ f r o m (5.2) i n t o (1.4) b ) (i), we f i n d t h a t 
i t is sat is f ied i f and o n l y i f t h e condit ions (5.6) , (5.7) a n d (5.10) b o l d , w h i l e 
t h e f i e l d e q u a t i o n (1.4) b ) (ii) is satisf ied w h e n 

(5.11) A(Ôp/dy — da(dx) = 0 and N = 0, 

There fore w a v e solutions o f t h e E lNSTEIN 's w e a k f i e l d equations (1.4) 
b ) (£) and (1.4) b ) (ii) are composed of g f j- g i ven b y (2.5) under t h e con­
d i t i o n s (5.6), (5.7), (5.10) and (5.11) respect ive ly . 

6. Wave solutions of the field equations of BONNOR's non-symmetric 
unified theory. T h e f i r s t t w o of t h e f i e l d equations o f above t h e o r y [ ] are 
t h e same as t h e f i e l d equations (1.2) and (1.3) o f E lNSTEIN's u n i f i e d 
f i e l d t h e o r y . Hence t h e i r solutions i n t h e space - t i m e (1.1) w i l l be g iven 
b y (2.5) and (4.1). 
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O n s u b s t i t u t i n g t h e values of g{j and gli f r o m ( 2 . 5 ) a n d ( 2 . 6 ) i n t o 
( 1 . 6 ) , t h e n o n - v a n i s h i n g components o f Uik are g i ven b y 

( 6 . 1 ) Vl3 = - U31 = - Uu = Va = - p - C(AV + DV), 

u u = ~ = tf« = ^ = - 2 C ( P ^ + «V). 

W h e n t h e values o f Uik f r o m ( 6 . 1 ) a n d R~ w i t h t h e he lp o f ( 5 . 2 ) are 
s u b s t i t u t e d i n t o t h e f i e l d e q u a t i o n ( 1 . 5 ) a ) , we f i n d t h a t i t is sat is f ied under 
t h e c o n d i t i o n 

( 6 . 2 ) m M + 2p\Bp2 — 2Dpa + Aaz) = 0 

along w i t h t h e condit ions g iven b y t h e equations ( 5 . 7 ) a n d ( 5 . 1 0 ) , where 
M is g i ven b y ( 5 . 5 ) . There fore , t h e wave solutions o f t h e f i e l d e q u a t i o n 
( 1 . 5 ) a) is composed o f gij g i v e n b y ( 2 . 5 ) under t h e condit ions ( 4 . 1 ) , ( 5 . 7 ) , 

( 5 . 1 0 ) a n d ( 6 . 2 ) . 

N o w s u b s t i t u t i n g t h e values o f R^ and XJik i n t o t h e f i e l d e q u a t i o n 
V V 

( 1 . 5 ) b ) we f i n d t h a t i t is sat is f ied i f and o n l y i f 

( 6 . 3 ) (A + 4 m p a ) {dpjdy — dajdx) = 0 and JV = 0. 

T h u s gjj g i ven b y ( 2 . 5 ) c o n s t i t u t e t h e wave solutions of t h e f i e l d e q u a t i o n 
( 1 . 5 ) b ) u n d e r t h e condi t ions ( 4 . 1 ) and ( 6 . 3 ) . 

7 . Solution of S C H R O D U V G E R ' S field equations. O n substituting the 

values of R~ from ( 5 . 2 ) and g{- from ( 2 . 5 ) into ( 1 . 7 ) b) , we f ind that they 

cannot be satisfied and other equations are the same as i n the f irst two field 

equations of ElINSTEIN's and BONNOR's unified field theories, w h i c h have 

the solution ( 2 . 5 ) under the condition ( 4 . 1 ) . 

I t is interesting to note that the wave solutions of the field equations 

of E l N S T E I N ' s and BONNOR's non-symmetric unified field theories as found 
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b y H . T A K E N O [ 2] and [ 1 0 ] , L A L and ÀLI [ 3 ] , and L A L and SRIVASTAVA [ n ] 
can easily be derived from the solutions obtained in this paper by taking 
the functional character of A, B, C, D, E, p and a as assumed by them. 
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Ö Z E T 

B u çalışmada ElNSTEIN'İn, BONNOR'un ve SCHRÖDINGER'İn simetrik 
olmayan Birleşik Alan Teorileri incelenmekte, E I N S T E I N ve BONNOR'un 
teorilerinin bazı şartlar altmda dalga çözümleri verdikleri, fakat SCHRÖ¬
DINGER teorisinde bu tür çözümlerin mevcut olmadığı sonucu elde edil­

mektedir. 


