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The purpose of the present paper is to find certain identities regarding 
some conformal entity and to study their properties in a projective]}* 

flat epace. 

1 . Introduction. The theory of n - dimensional special Kawaguchi 
space i n which the arc length of a curve x' = xl(i) is given by the integral 

s = J (A.t xHi - f B) du 

was developed by A . KAWAGUCHI [ l ] 2 > . Here At and B are differentiable 
homogeneous functions of degrees p — 2 and p respectively. A. KAWAGUCHI 
has defined a connection i n Kfp by introducing «Craig Vector» of the 
function F(x, x , x"). I t is given by 

(1.1) T ;
 d^ f {Am - Am) x"k - 2Aik x'k + B ( i } , 

where 

A(i) = % A * Au = $k A > = d\ B. 

Here di and d{ denotes d/dx" and djdx* respectively. 

I f p zfi 3/2, we have 

(1.2) xi2]i = ** ' + 2r, 

') Communicated by Prof. (Dr.) Ram Behari. 
2 ) Numbers in brackets refer to the references at the end of the paper. 

77 



78 H . D . P A N D E - B . S I N G H 

where 
2 r = {2Aik x'k - Bm) Gu, 

(1.3) { Oik = 2 A i { k ) - A k { i ) , 

Gt,,Gil = Si. 

Let X * he a contravariant vector f ield homogeneous of degree zero wi th 
respect to x", then the covariant derivative of X' is given by 

(1.4) v ; = dj x* - d'h X'" r * j + x h r m ) , 

where r'(x, %') is the connection parameter, positively homogeneous of 
degree two w i t h regard to directional argument. We have the following rela
tions satisfied by the curvature tensors of the special Kawaguchi space ; 

(1.5) a) R£ = - flg , b) B ^ i f = 0, 

°) Kji = Kjk\ x'1, d) Rjh) = = v i ^ -

The identities of Bianchi are expressed by 

(1.6) a) VfiR^ + K^B-j^O, 

The projective deviation tensor TFj(a;, #') i n .K^1* is given by 

(1.7) w\ = ff; - - ( 5 1 - d'j H)> 

where 

(1.8) Hi = K V ; / *'J and i f = 
K 1 

H*. 
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2. Fundamentals of conformai transformation i n Tlie conformai 
transformation has been considered by C. ICANO [ 4 ] , i n which the 
connection F* is defined by 

(2.1) F = r + txx'K 

where 

1 1 
(2.2) a = — (ff, * ' J — 2r J <TF L L) = — x'3 y,- ff-
v 1 2p — S J { } ) 2p — 3 J 

Here a(#, x') and o"(#, «') are homogeneous functions of degree one 
and zero respectively w i t h respect to x". I n view of this transformation the 
two metric functions F and F related by F •-= o(x, x') F satisfy the 
Zermelo's condition. M . OKUMURA [ s ] has defined a connection i n the 
following way : 

(2.3) njk = r U ) m - - i - j - r w m ) *". 

3. BlANCHI identities i n Differentiating (2.1) partially w i t h respect 
to x'1' and x'h i n successive order and using the homogeneity poperty of a, 
we obtain 

(3.1) a) a = ^ - i — (r|;) - r|0), 
n + 1 w 

so that 

c) ayxfc) = „ . i ^(0(/)(*> ~~* r(0(;)C'))-

From (2.1), (2.3), (3.1a), (3.1b) and (3.1c), we get 
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These entities are invariant under the conformai change and w i l l he called as 

the coefficients of conformai connection. Hjk(x, x') is symmetric i n its lower 

indices and is homogeneous of degree zero w i t h respect to x'\ We define 

the conformai covariant derivative of a vector X1 w i t h respect to x3 for 

connection parameter Hjk i n the following way : 

(3.3) v i X i = djXi — dlXifftx"- + XkHlj, 

"We have the operators y? V* a U u * V denoting the covariant derivative w i t h 
respect to connections TJ^^ , n*jk and Hjk , respectively. I n view of (3.1), 
we have 

(3-4) (y, v* - vj) = - z;kll xh + d'h x l zfkp 

where Zj^x, x') is homogeneous function of degree zero w i t h respect to x'1 

and is skew symmetric w i t h respect to indices j and k. Using relations 
(1.4) , (2.3), (3.2) and (3.3), we get 

(3.5) . (y,—vj) xl = ( r m ) *'k + rir) d'k x> 

and 

(3.6) ( v ; - V j ) x< = - - L j . r * x m * " xK 

M . OKUMURA [ s ] has defined a second k ind of conformai curvature tensor 

VjL > s i v e n b y 

(3-7) D]ih — ff}k(h) • 

Let us suppose a covariant vector which is only a function of positional 
coordinate xk. Using the commutation formula (3.4) for rji , we get 
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(3.8) (Vj- V* — VA Vj) m = 4 « • 

Differentiating (2.1) covariantly w i t h respect to acm and commutating the 
obtained result w i t h respect to indices m, j , k and then adding all the three 
equations thus obtained, we get 

(3-9) (V[m Vj — V[j Vm) Vfc] 1i = V[m 'V/. + V[m »7<fc> ^ • 

Using the commutation formulae (3.4) and the relation (3.7), we obtain 

(3.10) y i m z k
m + J>5* z ; „ p = o, 

where 

(3.11) a) Z[)ki] = 0 and b) d'r V m = - f P ^ . 

Thus, we have 

Theorem (3.1). The Bianchi identity for the conformai entity Zjkh(x, x') 
in is given by (3.10). 

Applying (3.5) for Zj,(b , we get 

(3.12) (y m - v'J z;kh = - i y a; (fj,, ^ + r j , ) ( m ) *") 

+ ^ r < , ) ( m ) ^ + r * * ) ( i i ) <5"'-1 ^ + 

Commutating (3.12) cyclically w i t h respect to indices m,j,k and adding 
all the three equations thus obtained and using (3.11) a, (3.10), we get 
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(3.13) V[m z]kVi = — ; — r {$\m
 z m rU(r) ~ dim zmh H,)} 

11 ~-f- 1 

0 * 7
T

 v'P 

Thus, we have 

Theorem (3.2). ire a the Bianchi identity for Zl-hk{x, x) is given 
by the equation (3.13). 

Similarly, using the commutation formulae (3.6), we get the following 
Bianchi ident i ty : 

Theorem (3.3). The Bianchi identity for Zjkh(x, x') in Kfp has the form 

i 1 i r ,i 
V[m ZMh = n + l i5l™ Zk]h ^(r) + r(r)(S)lC") ZjkV> X ' ' ~ 

8[m Zh]h F(s) ^(r)(h)[(m) Zjk}s X'"} 

Dhl[k Zmj]p X'P' 

4. Projectively f la t I n an n - dimensional special Kawagnchi space 
S . K A W A G U C H I [ 2 ] has considered a projective transformation i n which 
the function 'Pix, x') is given by 

(4.1) 'rl - r + !t(x,%)x'\ 

Here <x(x, x) is a scalar function homogeneous of degree one. B y virtue of 

(4.1) the curvature tensor Kjt* reduces to the form 

(4.2) 'Kyi = JCJ? + x'% fa - a; fa) + 8) fa - 4 fa, 

where 
(4.3) fa = Vfc a — a . a ( f e ) . 

\\fk(x, x') is homogeneous function of degree one w i t h respect to re"'. Diffe
rentiating (4.3) partially w i t h respect to x'} and commutating the obtained 
relation, we get 
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(4.4) yj fa — Vfe fa = Vfe «(;) — Vj > 

•\vhere 

iVj Vk ~ V l V,) « = 0. 

Thus, i n order that i f i t be possible to f i n d such a projective change (4.1) 
for which 'Kj'k* vanishes, then there must exist a vector f ield \lfk(x, x') 
satisfying the relation 

(4.5) Kji - &i fa - &) fa - x'% fa - d'k fa). 

Differentiating (4.3) and using equations (4.4) and (4.5), we get the fo l 
lowing integrability condition 

(4.6) Vjfa-Vkfa = 0. 

From (3,5), we have 

(4-7) fa = ~T~T K $ + ~ 2 ~ T « ¡ 3 *"*• 
Tv X Th X 

By virtue of (4.6) and (4.7), we obtain 

(4.8) ( V A i ? 3 - VFC R'iib *'j + "iVhKHj - vA"Z) = 0. 

Thus, we have 

Theorem (4.1). In a Kjp the integrability condition (4.6) reduces to 
(4.8) if and only if there exists a projective change for which 'Kj'k = 0. 

The projective curvature tensor Wfh{x, x') [ 2 ] is given by 

(4.9) W\k = Kjjj + (^ Kka
a - d'k Kg) + 

ft ~i~ A + 
n + 1 i t X 1 

file://�/vhere
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Contracting (4.9) w i t h respect to indices i, h and i, j and differentiating 
both the equations covariantly w i t h respect to xk and x3' and by adding, 
we get 

(4.10) V f e K;:* + v> + -~— { V j i - v* ^ 
71 -r" X 

+ (V,- * ' 6 ) - V. *")}] = 0. 

Using the relation (1.6)c i n (4.10), we obtain 

(4.11) vi + " ^ V (V; * 2 - V & Ky} 4-
TI X 

+ (V; Kg - V* ^ 7 ) = 0. n -\- i 

Differentiating (4.9) covariantly w i t h respect to xm and contracting the 
obtained relation w i t h respect to indices i, m; we get 

(4.12) V i H = V; K£ + V i ( * $ - + 

71 *—~" X /*' •" •" X 

Using the Bianchi identi ty (1.6)a for the curvature tensor Rj^jfa, x'), we get 

(4.13) V / J C S - ^ ) = (v« - v ( jgs *' J ' 

+ Va K,™« + ( K £ - ^a/ , r ) 

"With the help of equations (4.12) and (4.13), we obtain 
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(4.14) (n + 1) V l - Wjk = n V i K£ + - (y,. I Q - y* fQj) *" 
TV ~ • X 

n — 1 

Using equations (1.5) f, (1.7), (1.8), (4.11) and (4.14), we get 

(4.15) (n - I - 1) V i Wik = - ~ ~ n { ( V j - 1 Q - V* Kg) + 

- v. .^°) + («7 B ^ - * ï 

For i f projective deviation tensor Wj(x, x) vanishes, then so doss WjJc and 

its covariant derivative, then the equation (4.15) reduces to the iategrabi-

l i t y condition (4.8) only when y . K'ka
a —- y,. K'-'a

a — 0. Thus, we get 

Theorem (4.2). In a protectively flat Kjp the integrability condition 
(4.8) exists only when (y . K'k"* — y f t Kja

a) vanishes. 

Analogous to the idea of S. KAWAGUCHI [ 3 ] the conformai curvature 

tensor Cjk\(x, x') is defined by 

(4.16) Wl = C'L x'k 

Hence, we have : 

Corollary (4.1). In a conformally flat Kjp(i.c. C*kh = 0) the integra-

bility condition (4.8) exists only when (y;- ICka" — y f e Kja
a) — 0, 



86 H . D . P A N D E - B . S I N G H 

R E F E R E N C E S 

[*] K A W A G U C H I , A, 

[ Z] K A W A G U C H I , S . 

[ 3 ] K A W A G U C H I , S. 

F) K A N O , C . 

t 5] O K U M U R A , M . 

[Ö] P A N D E , IT . D . 

[ 7 ] P A N D E , H . D . 

A N D 

S I N G H , B . 

t8] R U N D , H . 

Die Géométrie des Integrals J (A^ x"* + B ) ï ' p dt, Proc. of Imp. 
Acad. 12 (1936), 205-208. 

On a special Kawaguchi space of recurrent curvature, Tensor 
N.S. 15, 2 (1964), 145-158. 

On some properties of projective curvature tensor in a special 
Kawaguchi space, Tensor, N.S. 13 (1963), 83-88. 

Conformai geometry in an n-dimensional space tvith arc length 
3~Î(Ai x"1 + B)llp dt, Tensor N.S. 5, 3 (1956), 187-196. 

On some remarks of special Kaivaguchi space, Tensor N.S. 11 
(1961), 154-160. 

The conformai transformation in a Finsler space, Mathematische 
Nacm-icliten 41 (1969), 247-252. 

On projective recurrent Finsler spaces of the first order, Acad. 
Naz,, 24-25, IV (1974), 3-8. 

The differential geometry of Finsler space, S P R I N G E R V E R L A G 
(1959). 

Ö Z E T 

Bu çaîıgmanın amacı, projektif düz özel Kawaguchi uzayının konform 
özellikleriyle ilgili bazı özdeşlikler bularak onları incelemektir. 
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