ON THE EXISTENCE OF SPECIAL PROJECTIVE AFFINE MOTION IN A
RECURRENT FINSLER SPACE "

P

A. KUMAR and J. P. PANDEY ®

An n-dimensional affinely connected Finsler space Fj whose curvature

tensor satisfies a certain relation iz called a special projective recurrent

Finsler space. The subject of this paper is such a space admitting an in-
finitesimal point transformation with a certain condition,

1. Introduction. Let us consider an n-dimensional affinely connected
Finsler space F, [1] D with 27 line elements («, ), ( =1,2,...n), and
a positively homogeneous metric function F(x, x) of degree one in %, The
fundamental metric tensor of the space is defined by

1.1 gi{x, %) = % 8; §; F2(x, x), (8; = /o).

The projective covariant derivative [°] of any tensor field Tj(x, x) with
respect to x* is given by

(1.2) Tiay = 0 T;— @, T np s + T} Iy, — Tf 1T,
where

1 r i T ’
(1'3) Hhk(x’ x) th ( o+ 1) ( 5(h kyr +x _Grkh)

+) Communicated by Prof. Dr. RaM BeHARI, New Delhi {India).
#) The author is extremely grateful to Dr. H. D. PANDE for his valuable suggestions
during the preparation of this manuscript.
1) The numbers in square brackets refer to the references given at the end of the paper
2 A[hk] Ape — Ay, and 2 Agyy = A.w; + Apg .
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are called the projective connection coefficients and satisfy the following
relations :

(14') a) Hlfkr = afl Hl::r 4 h) H»’I:jk ;ch =10 and C) H!ik = HFI;J'I '

Involving the projective covariant derivative, we have the following comamu-

tation formulae :

(1.5) (T — @, Ty = Tf My, — Ti O,

and

(1.6) 2 T;[((h))((k))] = 3; T_f Qe x* + T; Qima— Tsi- Q}hk >
where

(L.7) Qg %) &5 2{8y, MMy — My Ty + iy Ty}

is called the projective entity and satisfies the following identities :

{1.8) Q;;jk{(s)) + Qlil.ks((j)) + Q;:cé:j((l.-)) =0
and
1.9 &) Qp=—0Cy and b) Qi =0

If the curvature tensor Qf,jk(x, ) of the space satisfies the relation

(1.10) Q;.ljk((s)) = ity Qs

where g (x) means a non-zero covariant vector, the space is called a special
projective recurrent Fingler space or . S-PR F, .

Let us consider an infinitesimal point transformation

a1y ' R L R P

where vi(x) is any vector field: and d¢ is an infinitesimal point constant. The
above transformation which is considered at each point in the space is called
a special projective affine motion when and only when, we have
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(1.12) £, I, = 0,

wlhere £, denote the well known Lie-derivative with respect to the infinite-
simal transformation given above. In view of (1.11) and the projective

covariant derivative the Lie-derivatives of T;(x, x) and the projective

connection coefficients ij(x, x) are given by [*] :

L1y & T = Tiay o* + Tivigy — T} vy + & T v 2"

and

(1.14) £, I, = vigyan + Qo' + I vy
respectively.

We have also the following commutation formmulae :

(1.15) £(0, TH — (&, TH = 0,

1.16) (&, Tiq) — € Tay = Th & T — To &, 1; — T} £, I

and
(1.17) (&, fh)((k)) — (£, Hlﬁh)((j)) =£, Q;;jk 4 2a° Hfh{ ; &, Iy, -

Hence, from (1.16), we can easily see that for a special projective affine

motion, the operators £, and ((k)) are commutative with each other.

By virtue of the equations (1.12) and (1.17), we obtain
(1.18) £, Qi = 0.

Applying £, to the both side of (1.10) and using the equations (1.12), (1.16)
and (1.18), we get '

(1.19) (€, 1) Qi = 0

Since the space is a non-flat one (i.e. Q}lﬂl % ), we have
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(1.20) £ u =10
i.e. the recurrence vector y, of the space must be Lie-invariant one,

In what follows, we shall study a space S-PR F, admitting an infini-
tesimal point transformation x' = &' + v'(x)dt which satisfies (1.20). We
shall call such a restricted space, for brevity, a F,* space,

2. The vanishing of £, Q};jk(x, x). First of all, Iet us prove the following :

Lemma (2.1). In an F * space, the recurrence vector p(x) is a gradient

one, twe have j, v° = const,

Proof. For brevity, let us put

2.1) B=un

Then, from the conditions (1.13) and (1.20), we get

(2'2) £v Hy = !’tm((s)) v’ + H vz(m)) =0

and the assumption ) = fmy» We can see straightly i, = 0. This
completes the proof.

In view of (1.13), the Lie-derivative of the curvature tensor Qijk is
given by

2.3) £, Qriljk = Q}ijk((s)) v - Qijk Vigy - Qh vy
+ Qs Vigy — O en 1 &2 Qi ey "
With the help of the equations (1.10) and (2.1), the above relation reduces to
24 £ Q;;jk =f Q;;jk + Qijk "f(n)) + Q;.uk ”f(j)) + Q;;js ”f(fg)) -
— Qe vy + 0 Qi iy &7 -

Applying the commutation formula (1.6) to the curvature tensor Qf,jk(x, x),

we obtain
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2.5) 2 Qhireyem = — O Qi Qoim %° -+ Qigre Corm — Qe it —
- Q;:sk Qa_;im - Q;'ajs Q?tlm
which in view of the definition (1.10) reduces to
(2.6) (o m)) —‘#m((z))) Qli:jk =—9 Qii:jk Qo 2° + ik :Im -
((
- Qijk Qzlm - Q;ask ;Im - Qijs Qilm .

Next, let us assume that § is not a constant. Then, from the Lemma (2.1),

we can sce

(2.7) E(®) &L (i) — Baqay) + 0-
Let us take

@8) Qi P* = viay

for a suitable non-symmetric tensor p-i", then multiplying (2.6) by p"" and

summing over I and m, we get

2.9 Ey, ™ Qi = — 8, Qi vip & + Oin Ofep — Qi Vigy —
— Qb i — Qg 2t -

Comparing the last equation with (2.4), we obtain

(2.10) £, Qi = QB — P Ey)»

which vanishes when and only when § = p™ E, .

For B + const. and FE,, # 0, from (2.4) and (2.0), we can make the
'fo]lowing identity s

(2.11) E, &, Q;.g'k = Qijk(ﬁ ,Qilm _ 'Elm '{‘E(s))) — Qiﬂs(ﬁ Qlam — Fi ”f(h))) -
- Qisk(ﬁ Q_;Im — By, ‘”f(j))) - in.js(ﬁ Oitm — Eim ”f(k))) -

— &, Qlijk(ﬁ Q;lm — Ky, ‘”'('(s))). a
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Thus, for £, Q;yk = 0, the above relation casily yields [*]

(2.12) B Qi = Ej vigy, »
where ¥ does not mean a parallel vector.
We put here the

e

Definition (2.1). .in F,* space satisfying p, v" + const. is called a

special one of the first kind.

Next, let us turn back again to the case y, +™ = const. of the foregoing
Lemma (2.1). Then, (2.6) is replaced by

(2.13) — 3, Qs O ®° + Qs Ol — Ol Qb —
- Qisk Q;Im o Q;zjx Qilm = 0.

By virtue of (2.8) transvecting the above relation by p™ and summing

over I and m, we get
(2.14) — 8, Qi Vien ®* + Qiga vion — Qe Vg —

— Char P~ Qs Yiap = O
Introducing the last equation into (2.4), we obtain
2.15) £, Qjn = B Qi -
Hence, when the arbitrary constant f vanishes, we have £, Qf‘jk = 0.
We put the

Definition (2.2). When p, v™ = const. holds good, an F,* is called a

Fi

special one of the second kind.

Then, summarising the above results, we have the following theorems,

Theorem (2.1). In an F,* space of the first hind, if the space has the

n

resolved curvature tensor Q,';jk'(x, %) of the Jorm (2.12), £, Qf;jk = 0 holds good.
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Theorem (2.2). In an F. * space of the second kind, if the arbitrary con-
stant y, v™ vonishes, we have £, Qf,jk = {,

From Theorem (2.2) as a case of g, = 0, the definition (1.10) yields

Corollary (2.3). In a projective symmelric FINSLER space [9]
(i.e. in:jk((s)) =), £, Q;:jk = 0 is sotisfied identically.

3. Complete condition. We shall obtain a necessary and sufflicient con-

dition for (2.12). From the assumptien (1.20), we have

@.1) Lo tim =ty U F Uty gy — Higemy v = 0-

With the help of the equations (2.1) and (2.7), the above relation reduces to
G2 Biayy + Ens 0" =

In view of the equation (1.13), the Lie-derivative of E, (x) is given by

(3.3) £, B = By ¥* 1 B vy 1 iy gy -

By virtue of the commutation formula (1.16), we have

(3.4) £u(ﬂm((s))) — (&, .pm)((s)) =—u & I,

which in view of the equations (l.4)e, (1.20) and (2.7) reduces to

3.5) ‘ £ E, =0

Differentiating (2.6) projective covariantly with respect to x" and using
the equations (1.5), (1.10), (2.6) and (2.7), we obtain

(3.6) By @it = #o B G + Qo Qi 15, —
— Qi iy — Qi T — Qs 1130) 2

Transvecting the last relation by a* and using (1.4)b, we get after little

simplifications :
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G A ) R o By = to Eppn -

Thus, with the help of the equations (3.3), (3.5) and (3.7), we obtain
(38) ‘ ﬁEIm -+ Esm T"E(I)) + Efs vZ{m)) = (.

Nt;xt, from (3.2), we get -

(3-9) . ‘ 2ﬁ{((ml»({n))] = — (Fpps Oy -+ Es Ny »

B being a non-constant scalar function, this becomes

(3'10) Ems vz(n)) - Esn ?.?Z(m)) = T H, ‘Ems v+ J1 Ens v,

where we have used (3.7 and K, == — E_ . Introducing the above relation

into the left hand side of (3.8) and noting the equation (3.2), we obtain

(3'11) - ] ﬁEmn. =Tl ﬁ((m)) + tm ﬁ((n)) .
By virtue of the equations (1.9)a (1.10) .the identity (1.8) reduces to
(3'12) ﬁQ;'mm = )”n Q;.;ms e Him Q;'ms o'
Hence, from (3.11) and (3.12), we can make
(3'13) - ﬁ(ﬁ Qjmm - Emn'vé(h))) = Jun(ﬁ Q;mw v+ ﬁ((m)) vz(h)))
— B Qhns V" By vl
Consequently (2.12) follows when and only when, we have
(3.14) B Qhns ¥+ By iy =t Ni»

where N,‘; means a suitable tensor. Multiplying the last relation by ¢™ and
summing over m by virtue of (Qj,, v"¢" = 0 and By ¥ = 0 derived

from (3.2) we get

(3.15) BN; =0,
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where, we have used (2.1). Since § # 0, therefore, the last relation yields
Ni = 0.

Thus, from (3.14), we get

(3'16) inmzs vs + ﬁn; vz(h)) = 0, (rgm = ﬁ((m)) ] ﬁ)- . . f

In this way, we have the

Theorem (3.1} In order that we have (2.12) (3.16) is necessary and
sufficient.

Now the equation (3.16) suggests the concrete form of the tensor p™
uscd in the first half of § 2. In fact f§,, + O there exists a suitable vector g™
such that

(3.17) B, & = 1.

Then, transvecting (3.16) by & and noting (3.17), we get

(3.18) . "”i(h)) = Qs v° &
If, we introduce p’"’ by
(3.19) le _ ,vl "

then Elm sz = EIm vl g = ﬂ((m)) g = ﬁ m g = ﬂ'
That is, from (3.16) and (2.12), we have
(3.20) | ﬁ = EIm le

straightly. Ther'efore, we can take (3.19) concretelﬁr. Hence in order to have
the concrete form of p™, (3.16) should be taken as a basic condition in our
theory. If this is done, we are able to have (2.12) always so £, injk =0
holds good. '

Thus, we have
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Theorem (3.2). If we intreduce ”Z(h)) by (3.16), £, Q;;jk = 0 is salisfied
identically.

4. Appendices. Atfirst, in a special F,_* space of the fivst kind, we shall
show coneretely the existence of special projective affine motion, For this
purpose, let us take up (2.12) being equivalent to (3.16) which has been in-

troduced for the purpose of getting form of 'v%(h» . In this case, according to

Theorem (2.1) or (3.2), we have £, @}, = 0 identically so £, IT} = 0 ought

to be considered. However, in what follows, we shall study this fact in detail.

In view of the equations (1.10} and (3.7), differentiating (2.12} prejective

covariantly with respect to ™, we get

(4.1) By Qe = Ee Vg ooy -

I

Multiplying the last relation by #° and neting the equation (3.2},

we obtain

ik i
(4.2) By Qi ¥ = — Beeiy P oy
which in view of the equation (3.16) reduces to
(.3) By B Yon = Biin ey
from which, because of 8§ & const,, we have
(4.4) B ”E'(n)) = ”f(h))((m)) -
Hence by virtue of the equation (3.16) and (4.4), we get
(4.5) Ty T Qs ¥ = B gy — B vy = 0-
Introducing the above relation into (1.14), we obtain
(4"6) £'u H;;m = Hsihm ’U;(r)) .'.K’-

Thus, we have
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Theorem (4.1y. An F_* space satisfying £, p,, = 0, [t V™ < const., and
having the resolved curvature tensor Qii:jk of the form (2.12) admits naturally o
non-special projective affine motion (i.e. £, j"k % 0),

Secondly, let us consider the space of the second kind having
B =g 1v" =0. In this case according to Theorem (2.2), we have
£, Qijk == 0 necegsarily. Then let us study the possibility of £, H_;k = 0. With
the help of the identity (1.8) and equation (1.10), we get

(4.7) #; Q:':lkl ot = Hy Qri.fr
from which, taking care of u * 0, we can put
(4.8) Oht v = B 1y -

Now, being ; + 0. there exists a suitable vector " such that g, & = 1.
Transveeting (4.8) by &, we get

4.9) Qi &8V = Ef .

Then introducing a non-symmetric tensor p* considered in the last half of
§2 by p™ = o ¢! from (4.8), we have

(4.10) — Qe P" = Ej.

By virtue of the equation (2.8), the above relation reduces to

(4.11) 'Uz(h)) = — E]; .

Consequently (4.8) takes the form

(4.12) Qi @' = — i, ‘UZ(h)) .
Introducing (4.12) into (1.14), we have

(4.13) % i = vy — Mvion + Ho Vien #

Therefore, wheve ’UI'(]-)) denotes a recurrent tensor with respect to the gradient
recurrent veetor 4, , we have

(4.14) £, T, = ITj vy &',

4

Thus, we have
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Theorem (4.2). An F,* space defined by a gradient recurrence vector
Hy, and charvacterized by £, u,, = 0 and p, v™ = 0, admits a non-special pro-
Jeetive affine motion when the space has a recurrent tensor v(i(j)) with
respect to .
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"DZET

Egrilik Tanstrii belivli bir miinasebeti ger¢ekleyen n-boyutlu ve affin ba-

gl bir Finsler uzayma-bir Gzel projektif tekrarlamal: Finsler uzay: denir.

Bu ¢alismamn konusu, belirli bir garta uyan bir infinitesimal nokta trans-
formasyonunu kabdl eden bu tip bir uzaydu.




