
ON T H E E X I S T E N C E OF S P E C I A L P R O J E C T I V E A F F I N E M O T I O N I N A 
R E C U R R E N T F I N S L E R SPACE + ) 

A . K U M A R a n d J . P . P A N D E Y *) 

A n n-dimensional affinely connected Finsler space Fn whose curvature 
tensor eatisfies a certain relation is called a special projective recurrent 
Finsler space. The subject of this paper is such a space admitting an in

finitesimal point transformation with a certain condition. 

1. I n t r o d u c t i o n . L e t us consider a n n -d imens ional a f f ine ly connected 
Finsler space FN f 1 ] 1 * w i t h In l ine elements (x1, xl)} (i = 1 , 2 , . . . ri), a n d 
a pos i t i ve ly homogeneous m e t r i c f u n c t i o n F(x, x) o f degree one i n xl. T h e 
f u n d a m e n t a l m e t r i c tensor o f the space is de f ined b y 

gij(x, x) = i a; d-j F \ X , i ) , (a; = djdx1). 

The p r o j e c t i v e c o v a r i a n t d e r i v a t i v e [ 8 ] o f a n y tensor f i e l d Tj(x, x) w i t h 
respect t o xfc is g i v e n b y 

(1.2) r j m = dh Tj- (ffm Tj) n% + if flit— ^ n%, 

where 

(1.3) nl
hk{x, x) ^ \ qlk - — i — (24, Gr

k)r + i ' G;kh) 
{ (n + 1 ) 

+ ) Communicated by Prof. Dr . R A M B E H A R I , New Delhi (India). 
*) The author is extremely grateful to D r . H . D . P A N D E for his valuable suggestions 

during the preparation of this manuscript. 

*) The numbers in square brackets refer to the references given at the end of the paper. 
2 ) 2 A[hk] = Ahk — AM and 2 A ^ Ahu + Akh 
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are called t h e pro j e c t i ve connect ion coeff icients a n d satisfy t h e f o l l o w i n g 
re la t ions : 

(1.4) a) njlhr-^d-hniT, h ) nijk^ = o and c) nik^nih. 

I n v o l v i n g t h e p r o j e c t i v e c o v a r i a n t d e r i v a t i v e , we have t h e f o l l o w i n g c o m m u 
t a t i o n f o rmulae : 

( i - 5 ) - & Tj)m = T;n*hk-TinjiA 

and 

(1.6) 2 Ty [ ( ( A j ) f t f c j j j •= — dr Tj Qr
shk x" + Tj Ql

shk — T s ' Qjbk , 

where 

(1.7) x) ^ 2 {dlk n;lh - nlhU + n'h[j ni]r] 

is cal led t h e pro j e c t i ve e n t i t y and satisfies t h e f o l l o w i n g ident i t i es : 

Q " 8 ) (?W» + QiMU)) + = 0 

a n d 

(1-9) *) QU=~Qhtj and b ) 

I f t h e c u r v a t u r e tensor ^ / ,^ (* , #) o f t h e space satisfies t h e r e l a t i o n 

(1.10) < ? W » = A ' 

where fis{x) means a non-zero c o v a r i a n t vec tor , t h e space is cal led a special 
pro j e c t i ve r e c u r r e n t F ins ler space or S-PR Fn . 

L e t us consider a n i n f i n i t e s i m a l p o i n t t r a n s f o r m a t i o n 

(1.11) ~ x* = xl -r v\x) dt, 

where v*(x) i s a n y vec tor f i e l d a n d dt is a n i n f i n i t e s i m a l p o i n t constant . T h e 
above t r a n s f o r m a t i o n w h i c h is considered a t each p o i n t i n t h e space is cal led 
a special p r o j e c t i v e a f f ine m o t i o n w h e n and o n l y w h e n , we have 
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(1.12) £„ njk 0, 

wl iere £ v denote t l i e w e l l k n o w n L i e - d e r i v a t i v e w i t h respect t o t h e i n f i n i t e 

s i m a l t r a n s f o r m a t i o n g i v e n above. I n v i e w o f (1.11) a n d t h e pro jec t ive 

c o v a r i a n t d e r i v a t i v e t h e L i e - d e r i v a t i v e s o f Tj(x, x) a n d t h e pro j e c t i ve 

connect ion coeff icients IJjk(x> #) a r e g i v e n b y [ 2 ] : 

(1-13) K Tj - Tjm)vh + T* v\m Tf v\{h)) + ffb Tj * f ( r ) ) ¿ ' 

and 

(1.14) £„ njk = v { u ) ) m + Q}I;U vh + n¡jk v¡(r)) ë 

respect ivelv . 

W e have also the f o l l o w i n g c o m m u t a t i o n f o rmulae : 

(1.15) Uà'i Tj) - < m Tj) = 0, 

(1.16) (£„ T j m ) ) - (£„ T ^ m = TJ . £„ J7¿ - ~ T ¿ £„ Z7j¡ - T j s &v Wkl 

a n d 

(1.17) (£ , n $ m (£ B / 4 )< ( J - » = £ u + nlh[j £„ /7£ ] s . 

Hence , f r o m (1.16), we can easily see t h a t f o r a special p ro j e c t i ve af f ine 

m o t i o n , t h e operators £ v and ((/s)) are c o m m u t a t i v e w i t h each other . 

B y v i r t u e o f t h e equations (1.12) a n d (1.17), we o b t a i n 

(1.18) K Qijk = o. 

A p p l y i n g £„ t o t h e b o t h side o f (1.10) a n d using t h e equations (1.12), (1.16) 

a n d (1.18), we get 

(1-19) (£„ / O Qijk = o. 

Since t h e space is a n o n - f l a t one (i .e. Q)t-h 4= 0) , we have 
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(1.20) £vfis = 0 

i.e. t h e recurrence vec tor fts o f t h e space m u s t be L i e - i n v a r i a n t one. 

I n w h a t fo l lows , we shal l s t u d y a space S-PR Fn a d m i t t i n g a n i n f i n i 

tes imal p o i n t t r a n s f o r m a t i o n xl = #l + v'(x)dt w h i c h satisfies (1.20). W e 

shall ca l l such a r e s t r i c t e d space, f or b r e v i t y , a Fn* space. 

2. The v a n i s h i n g o f £„ Q\jk(x, x). F i r s t o f a l l , l e t us prove t h e f o l l o w i n g : 

L e m m a ( 2 . 1 ) . In an Fn* space, the recurrence vector fts(x) *s a gradient 

one, we have fis v* = const. 

Proof . F o r b r e v i t y , l e t us p u t 

(2.1) ft = ft, vs. 

T h e n , f r o m t h e cond i t i ons (1.13) and (1.20), we get 

(2.2) £ u nm = ; i m ( ( s ) ) vs -f fi9 v\{m)) = 0 

and the assumpt ion fim^s)) = fts({m)) > w e c a 1 1 s e e s t r a i g h t l y — 0. T h i s 
completes t h e p r o o f . 

I n v i e w o f (1.13), t h e L i e - d e r i v a t i v e of t h e c u r v a t u r e tensor Q\jk is 
g iven b y 

(2.3) £„ Q)ljk = Qims)) vs + Qljk v s
m + QU v*m + 

W i t h t h e he lp of t h e equations (1.10) a n d (2.1), t h e above r e l a t i o n reduces t o 

(2-4) £v Qijk = + Q!
sjk vFm + QU v*m + Qij3 v>m -

— Qljk 4.» + ff* Qhjk V((r)) ^ • 

A p p l y i n g t h e c o m m u t a t i o n f o r m u l a (1.6) t o t h e c u r v a t u r e tensor Qljk(x, x), 
we o b t a i n 
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(2.5) 2 Qijk[({l)){(m))] = dr Qhjk Qdm X" + Qljk Qllm Qljk Qllm 

QLk Qjlm Qhjs Qllm 

w h i c h i n v i ew o f t h e d e f i n i t i o n (1.10) reduces t o 

(2.6) ( % n i ) ) - M m m ) Qijk = - a; Qijk Qilm «• + Qljk QL -

Qljk Qllm QLk Qjlm Qhjs Qllm • 

N e x t , l e t us assume t h a t £ is n o t a constant . T h e n , f r o m t h e L e m m a (2.1), 

we can see 

(2-7) Elm(x) ^ ( % m ) ) - * 0. 

L e t us t a k e 

(2.8) Qijk P
j k = v\(b)) 

f o r a suitable n o n - s y m m e t r i c tensor p*h, t h e n m u l t i p l y i n g (2.6) b y plm and 

s u m m i n g over I and m, we get 

(2.9) Eim P
l m Qijk = - a; «{(f)) + *{(.,, - (&* -

Compar ing t h e las t e q u a t i o n w i t h (2.4), we o b t a i n 

(2.10) £»Qijk = Qijk(P-p'mEim), 

w h i c h vanishes w h e n a n d o n l y w h e n /J = plm Elm . 

F o r fi 4= const, a n d Elm 4= 0, f r o m (2.4) a n d (2.6), we can make t h e 

f o l l o w i n g i d e n t i t y 

(2.11) E!m £„ Qijk = Qs
kjkW Qi[m - Elm v\(s))) - QljkW Qs

k!m E l m ^ -

- QlkW Qjim - E l m v'm) - Qijs((i Qllm - Elm vs
m) -

-KQljk(PQrsim-Eimvr
m)*s-
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T h u s , for £v Q\jk = 0, t h e above r e l a t i o n easily y ie lds [ 7 ] 

(2-12) PQijk = Ejkv\{k)), 

where vl does n o t mean a para l l e l vector . 

W e p u t here t h e 

D e f i n i t i o n ( 2 . 1 ) . An Fn* space satisfying fim v'" 4= const, is called a 

special one of the first kind. 

N e x t , let us t u r n back again to t h e case fjm vm = const, o f t h e foregoing 

L e m m a (2.1). T h e n , (2.6) is replaced b y 

(2.13) - a; Qijk Q:,m x° + Qs
kjk Ql

slm ~ Qijk Qjllm -

~~ QLlc Qjlm ~ Qhjs Qklm = ®' 

B y v i r t u e o f (2.8) t r a n s v e c t i n g t h e above r e l a t i o n b y ptm and s u m m i n g 

over I and m, we get 

(2.14) - fff Qijk x< -f Qljk 4 S ) ) - Qljk tfm -

I n t r o d u c i n g t h e las t e q u a t i o n i n t o (2.4), we o b t a i n 

(2-15) £ „ < ? U 

Hence , w h e n t h e a r b i t r a r y constant p vanishes, we have £v Q)tjk = 0. 

W e pxxt t h e 

D e f i n i t i o n ( 2 . 2 ) . When //„, v"1 = const, holds good, an Fn* is called a 

special one of the. second kind. 

T h e n , s u m m a r i s i n g t h e above results , we have t h e f o l l o w i n g theorems. 

T h e o r e m ( 2 . 1 ) . In an Fn* space of the first hind, if the space has the 

resolved curvature tensor Q\jk(xt x) of the form (2.12), &v Q)^k = 0 holds good. 
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Theorem ( 2 . 2 ) . In an F n * space of the second kind, if the arbitrary con

stant //m vm vanishes, tie have £„ Ql
hjk = 0. 

F r o m T h e o r e m (2.2) as a case o f f.im — 0, t h e d e f i n i t i o n (1.10) yields 

Corol lary ( 2 . 1 ) . In a projective symmetric F lNSLER space [ 9 ] 

(i .e. Q^^)) = 0 ) , £„ Qv
hjk = 0 is satisfied identically. 

3. Complete cond i t i on . W e sha l l o b t a i n a necessary and suf f i c ient con
d i t i o n f or (2.12). F r o m t h e a s s u m p t i o n (1.20), we have 

(3.1) £u fim = ftm((s)) vs + (fts v\m)) — fis{(m)) vs = 0. 

W i t h t h e help o f t h e equat ions (2.1) and (2.7), t h e above r e l a t i o n reduces t o 

(3-2) / i ( ( m ) ) + Emsv* « 0 . 

I n v i e w of t h e equat ion (1.13), t h e L i e - d e r i v a t i v e o f Elm(x) is g i ven b y 

(3.3) £ , E!m = E l m m vs + Esm v>m + Els ^,n)) . 

B y v i r t u e o f t h e c o m m u t a t i o n f o r m u l a (1.16), we have 

(3-4) £v(Mm{{s))) — (£v / 0 « s ) > = — ft £ , n L 

w h i c h i n v i e w o f t h e equat ions (1.4)c, (1.20) and (2.7) reduces t o 

(3.5) £„ Ems = 0. 

D i f f e r e n t i a t i n g (2.6) p ro j e c t i ve c o v a r i a n t l y w i t h respect t o xn and us ing 

t h e equations (1.5), (1.10), (2.6) a n d (2.7), we o b t a i n 

(3-6) Elm({n)) Q[jk pn Elm Q)ljtc + QltJQijk -

Qljk H/im Qlsk Hjm Qkjs ttkrn) 

T r a n s v e c t i n g t h e las t r e l a t i o n b y x" a n d us ing (1.4)b, we get a f ter l i t t l e 

s i m p l i f i c a t i o n s : 
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T h u s , w i t h t h e he lp o f t h e equations (3 .3) , (3.5) and (3.7), w e o b t a i n 

N e x t , f r o m (3.2) , we get 

/ i be ing a non-constant scalar f u n c t i o n , t h i s becomes 

(3.10) E m s vs
((n)) E s n t ^ ( m ) ) = — //„ £ m s + fim E n 3 v\ 

where we have used (3.7) and E m s = — E s m . I n t r o d u c i n g t h e above re la t i on 
i n t o t h e le f t h a n d side o f (3.8) and n o t i n g t h e e q u a t i o n (3.2), we o b t a i n 

( 3 . H ) . PEmn = ~ ft, % , » + fim %,)> • 

B y v i r t u e o f the equations (1.9)a (1.10) t h e i d e n t i t y (1.8) reduces t o 

(3.12) JS Qlm = fln QLs vs ~ Pm Q L »*• 

Hence , f r o m (3.11) a n d (3.12), we can m a k e 

(3.13) HPQLn — Em»-V\(k))) = Mn(fi<&n» «' + %.)> 

— lUfiQL* + /W *«*>>>• 

Consequently (2.12) fol lows w h e n a n d o n l y w h e n , we have 

(3-14) J? <?L, ^ + Pffyn)) 4 » = ft» > 

where JV£ means a suitable tensor. M u l t i p l y i n g t h e last r e l a t i o n b y vm and 

s u m m i n g over m b y v i r t u e o f Q\mn vm vn =^ 0 and P^m)) vm = 0 der ived 

f r o m (3.2) we get 

(3.15) fiNl = 0, 
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where , we have used (2.1). Since /? 4= 0, there fore , t h e las t r e la t i on y ie lds 

T h u s , f r o m (3.14), we get 

(3.16) Q[ms v> + Pm v\{h)) = 0, (fim = /? ( ( m ) ) | P). 

I n t h i s w a y , we have t h e 

Theorem (3 ,1 ) . In order that ive have (2.12) (3.16) is necessary and 

sufficient. 

N o w t h e equat ion (3.16) suggests the concrete f o r m of t h e tensor p,m 

used i n the f i r s t h a l f o f § 2. I n fact /?nl 4= 0 there exists a suitable vector e m 

such t h a t 

(3.17) Pm e»> - 1 . 

T h e n , t r a n s v e c t i u g (3.16) b y e'" a n d n o t i n g (3.17), we get 

(3-18) - QLnifiP-

I f , we i n t r o d u c e p'm b y 

(3.19) plm ^vlEm 

t h e n Elm = Elm vl a» = p{{m)) £"* = PPm a™ = p. 

T h a t is , f r o m (3.16) and (2.12), we have 

(3.20) P-E]mP,m 

s t r a i g h t l y . There fore , we can t a k e (3.19) concrete ly . Hence i n order t o have 

t h e concrete f o r m of p I m , (3.16) shou ld be t a k e n as a basic c o n d i t i o n i n our 

t h e o r y . I f t h i s is done, we are able t o have (2.12) a lways so £v Qkjk = 0 

ho lds good. 

T h u s , we have 



1 1 6 A . K U M A R A N D J . P . P A N D E Y 

T h e o r e m ( 3 , 2 ) . If we introduce by (3.16), £ v Q j y 7 c = 0 is satisfied 

identically. 

4. Appendices. A t f i r s t , i n a special Fn* space of t h e f i r s t k i n d , we shal l 
show concrete ly t h e existence of special pro jec t ive a f f ine m o t i o n . F o r t h i s 
purpose, l e t us t a k e u p (2.12) be ing écr ivaient t o (3.16) w h i c h has been i n 
t roduced f or t h e purpose of g e t t i n g f o r m of . I n t h i s case, according t o 
T h e o r e m (2.1) or (3.2) , we have £v Q)ljk = 0 i d e n t i c a l l y so £v Iljk = 0 o u g h t 
t o be considered. H o w e v e r , i n w h a t fo l lows , we shal l s t u d y t h i s fac t i n d e t a i l . 

I n v i e w o f t h e equat ions (1.10) a n d (3.7), d i f f e r e n t i a t i n g (2.12) p ro j e c t i ve 
c o v a r i a n t l y w i t h respect t o xm, we get 

(4-1) % > » Qijk = Ejk v ((k))(H) • 

M u l t i p l y i n g t l i e l as t r e l a t i o n b y vh and n o t i n g t h e e q u a t i o n (3.2), 

we o b t a i n 

(4.2) P«m))Qijk<? = - % ) 4 " » ( H ) 

w h i c h i n v i e w o f t h e e q u a t i o n (3.16) reduces t o 

(4-3) /? ( { m ) ) Pj v l
m = 0 m v\m{m)) 

f r o m w h i c h , because o f ft 4= const. , we have 

(4-4) Pm 4ft» = 4 ' 0XH) " 

Hence b y v i r t u e o f t h e e q u a t i o n (3.16) and (4.4), we get 

(4-5) v\m(m)) + Ql
hms v" = pm v>m - pm v{m = 0 . 

I n t r o d u c i n g t h e above r e l a t i o n i n t o (1.14), we o b t a i n 

(4-6) £vnl,m = n;hmvi{r))X\ 

T h u s , we have 
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Theorem ( 4 . 1 ) . An Fn* space satisfying £v / t n i = 0, }inivm 4= const., and 
having the resolved curvature tensor Ql

hjk of the form (2.12) admits naturally a 
non-special projective affine motion (i.e. £ u TIjk 4= 0) . 

Secondly, l e t us consider t h e space o f t h e second l a n d h a v i n g 
ft = fim vm = 0. I n t h i s case accord ing t o T h e o r e m (2.2) , we have 
£v Qfcjfc = 0 necessarily. T h e n l e t us s t u d y t h e poss ib i l i t y o f £,, 77JFC = 0. W i t h 
t h e help of t h e i d e n t i t y (1.8) a n d e q u a t i o n (1.10), w e get 

(4-7) fij Q}lkl vl = fik Qifl 

f r o m w h i c h , t a k i n g care o f fij 4= 0, w e can p u t 

(4-8) QiuJ-Eito. 

N o w , being ¡1- 4= 0. there exists a sui table vec tor ek such t h a t fik ek = 1 . 
T r a n s v e c t i n g (4.8) b y £ , w e get 

(4-9) QLiBkvl = E'h. 

T h e n i n t r o d u c i n g a n o n - s y m m e t r i c tensor pu considered i n t h e las t h a l f o f 
§ 2 b y pkl = vk Gl f r o m (4 .8) , we have 

(4-10) ~Qilkpkl =E}t. 

B y v i r t u e of t h e e q u a t i o n (2.8), t h e above r e l a t i o n reduces t o 

(4-11) v'm = - E > . 

Consequently (4.8) takes t h e f o r m 

(4.12) G J H * 1 = 

I n t r o d u c i n g (4.12) i n t o (1.14), w e h a v e 

(4.13) £„ n;k = v{umh)) - nh v\u)) + nijk « j ( r ) ) 'xr. 

Therefore , where denotes a r e c u r r e n t tensor w i t h respect t o t h e g r a d i e n t 
r e current v e c t o r / ^ , we h a v e 

(4.14) £„775, = n;jkvi(r))xT. 

T h u s , w e have 
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T h e o r e m ( 4 . 2 ) . An Fn* space defined by a gradient recurrence vector 
fim and characterized by £v pm = 0 and fjm vm — 0, admits a non-special pro
jective affine motion when the space has a recurrent tensor with 
respect to fxk. 
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Ö Z E T 

Eğrilik Tansörü belirli bir münasebeti gerçekleyen re-boyutlu ve affin ba
ğımlı bir Finsler uzayına bir özel projektif tekrar]amali Finsler uzayı denir. 

B u çalışmanın konusu, belirli bir şarta uyan bir infinitesimal nokta trans
formasyonunu kabûl eden bu tip bir uzaydu - . 


