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ON PROJECTIVE TRANSFORMATION OF PSEUDO FPROJECTIVE
'SYMMETRIC SPACES
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Summary : In this paper we study the projectve transformation of
pseudo projective symmetric spaces (PWS),.

PSODO PROJEKTIF SIMETRIK UZAYLARIN PROJEKTIF DONUSUMU
HAKKINDA

Ozet : Bu calismada psddo projecktif simetrik Uzaylarn projektif
donitgiimit incelenmektedir,

1. INTRODUCTION

Let M, be an #(>2) dimensional Riemannian space of class upto any
necessary order with its metric g. Let M be another Riemannian space with
metric g* such that My is obtained by a projective transformation of the M,
that is, the M, and the M, are in geodesic correspondence. The projective
transformation is characterized by the relation of the Christoffel symbols of
the M, and the M7 as follows

[ = {8 +8F ¢, + & 4 (1.1)

where Latin indices take values 1,2,..., n, the symbol * denotes the quantity
of the M, and the ¢; is a gradient vector field associated with the projective
transformation [!].

If the ¢; vanishes, the transformation is affine.

Let Ry, Ry and R denote respectively the curvature tensor, Ricci tensor
and the scalar curvature of the M,. Under the projective transformation (1.1),

as is well known, the projective curvature tensor ng is invariant, that is

uk = VVijk (12)

where ng = Ry — n—if (on Ry — 5_';' Ri) and satisfies
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Wi = — Why (1.3}
Way= Wigg= Wiz =0 (1.4)
Whe + Wiy + Wiy =0 (1.5)

Whiige + Wiite + Way= 0. _ (1.6)

In a recent paper Chaki introduced a type of non-flat Riemannian spacé whose
projective curvature tensor Wf}k satisfies the condition

Wi, = 2N Wi + M W+ hy Wine + A Wiy + A Wiy (1.7

where X, is a non-zero vector. Such a space has been called a pseudo projective
symmetric space [4] and was denoted by (PWS),. If A, becomes zero then the space
reduces to a projective symmetric space [*]. In this paper, we shall study the case
where the M, and M) are pseudo projective symmetric spaces. In section 2, we
shall discuss the case of &, = AJ, that is, the associated vectors of M, and M are
same. In section 3, we shall devote the case of &, » A7, that is, the associated
vector of the M, is different from the one of the M, .

2. THE CASE OF A, = A}

Differentiating (1.2) covariantly and making use of (1.1), we have
Wik 1= Wis — 2 & Wi+ 8 &g Wi — & Wiz — & Wi — e Wi (2.1)
where ; and , denote covariant differentiation with respect to g* and g respectively.
Thén from (2.1) by virtue of (1.7) we have

2 by Wik — 8 & Wik + & Wi+ & Wip + & Wiy =0, 22)
On contraction we get by virtue of (1.4)
W =0 (2> 2. 2.3)
Substituting (2.3) into (2.2), we get |
2 ¢ W:}k + &¢; W?,.-k + & Wh - b Wi =0 (2-4)_
and consequently,
2 &y W -+ ¢ W -+ &5 Whane + & Waipp = 0. (A)

But K. Amur and P. Desai showed in their paper [] that the equation (A) implies
either the space is Einstein or the ¢, is a null vector. Hence we can state the
following theorem:

Teorem 2.1, Let M be a projective transformation of an M,. If the
projective curvature tensors satisfy the condition (A), then the M, and the M)
are Einstein spaces or the transformation is affine.
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First we assume that the M, and M iy are both projective symmetric spaces.

Then we have W,jk =0 and Wuk ;= 0. Since the condition (A) is satisfied,
from Theorem (2.1} we have

v

Theorem 2.2. If a projective symmetric space is transformed into another
projective symmetric one by a projective. transformatlon (1 l), then the spaces
are Einstein or the transformation is affine.

Next we' assume that the M, and the M are both pseudo projective
symmetric spaces with the same associated vector A, Then we have from (1.7)

erk.'—z;\q a,-k—l-w W.rukJr?L Wf, + Ay W;rk-l-?bk ur'

Consequently the condition (A) is satisfied owmg to (1 2). Thus from theorem
(2.1) we have

Theorem 2.3, If a pseudo projective symmetric space is transformed into
another pseudo projective symmetric space with the same associated vector by a
projective transformation (1.1), then the spaces are Einstein  or the transforma-
tion is affine,

" 3. THE CASE OF %, # A}
We assume that the M, and M, are both pseudo projéctive symmetric spaces

with the different associated wvectors. Then we. have

Wﬁkll =20 Wi + M Wy + 0, Wi -+ by Wi + 0 W i

and
Wit:1=20 Wit + 2% Wige + M Wit + % Wit + A Wiy
Substituting these equations into (2.1) and using (1.2} we get
200 — A) Whe = O — M0 W + (0 — A) Whe +
+ Oy — M) Wi + Qe — M) Wiy = — 26, Whe + (31)
87 by Wik — b Wine — &y Win — &, Wi,

Transvecting (3.1) with g% we have

200 — M) W+ Q0 — 09 Wy + O — My Wi +
F T =M W O — MW =24, Wi+ (32)
487 b, Wi — & Wi — & Wix — & W1

where
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1
(n—1
H/J'j:gia sz pVJr'

W= g Wl = (n Ri — R&M,
or
2 — M) Wiee 4+ On — ) Wi + (9 — &%) Wigar +
4+ (A" — A Wiase - O — A Wit = — 26 Wi -+ (3.3)
+ 8w bs Wi — & Whise — ¢° Wian — &y Wt .

Interchanging # and k in (3.3) and substracting it from (3.3) and then transvec-
ting with g it is found

(e — A% Wie = (1 — 1) ¢ Wi . (3.4)
Contracting (3.1) we get
30 —A) W= (n—2) ¢, Wi . (3.5)

From (3.4) and (3.5) we get
¢* Wae = 0. (3.6)
Transvecting (3.1) with 3 (JL;. — &,;) and applying (3.5) ve get
2(n —2) (M — M) by Wik = — 3 (i — M) (A% — M) Wi —
— (=D — M) b Wi — (1—2) (O — A §, Wik —
— (=D ~ M) S Wl — 201 —D b, ¢, Wi — (3.7
—(n—2)%; 0, Wi —(n—2)¢; b, Wip —
—(n—2) e b, Win 30— N) d, Wi .
Again using (1.3), (1.5) and (1.6) we get from (3.1)
200 — M) Wik + 20 — &) Wi+ 2 (e — M) Wiy =
== 20— Ag) Wi — 2 (M — M) Wi — (3.8)
2 (0 — M) Wiy — 87 &y Wi — 8 Wiy — 87 &, Wiy,

Now multiplying (3.8) by (n — 2) ¢, and using (3.7) and transvecting with g¥
we get

BT =)+ -2 ¢ Wiy=0  [by (3.6). (3.9)
Then either
¢, Wi =0 (3.10)

or
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3T =M1+ (-2 d =0 (3.11)
Now using (3.6) and (3.10) in (3.3) it follows that
(o — A,) ¢° Wiy, = 0. (3.12)

Thus we have the following

Lemma. If a pseudo projective symmetric space M, with the associate
vector A, is transformed into another pseudo projective symmetric space My
with the associated vector Af by a projective transformation (1.1), then one of
the following cases occurs

3N — At (m—2) ¢ =0 (3.13)
(hp — A $* =0 (3.14)
Wy =0, thatis, the M is an Einstein space. (3.15)

Now we consider the equation (3.13). ¥rom (3.5) and (3.13) we get
20 =D &, Wise =0
or
b, Wip =0, since n>2.

This relation holds in (3.10). Hence either (3.14) or (3.15) holds.

Thus we can state the following

Theorem 3.1. If a pseudo projective symmetric space M, with the asso-
ciated vector A, is transformed into another pseudo projective symmetric

space M with the associated vector Af by a projective transformation (1.1),
then one of the following cases occurs:

(i) Either M, is an Einstein space or
(i) (ha—hp) ¢ =0.
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