ON GENERALIZED 2 - RECURRENT SPECIAL
KAWAGUCHI SPACE

H.D, PANDE and H.S. SHUKLA

A generalized 2-recurvvent special Kawaguchi space is defined and the

properties exhibited by such an n-space are discussed. A necessary and suf-

ficient condition for a special Kawaguchi space with generalized 2-recurrent

tensor field I(J,'k to be a generalized 2-recurrent special Kawaguchi space
is also established.

S. Kawaguchi [*}" has introduced the recurrent curvature tensor in a spe-
cial Kawaguchi space and investigated necessary conditions of a special Kawa-
guchi space of recurrent curvature. A recurrent special Kawaguchi space of
second order has been defined and studied by S.P. Singh [*]. In the present pa-
per, we define a generalized 2-recurrent special Kawaguchi space and discuss
the properties exhibited by such an n-space. We have also found a necessary
and sufficient condition for a special Kawaguchi space with generalized 2-re-
current tensor field K’ to be a generalized 2-recurrent special Kawaguchi
space.

1. Introduction : An n-dimensional metric space equipped with the special
integral

S =114, (xx)x"+ B, xNWPdr, , (.1

where s is the arc-length of a curve x' = xi (f) in the above space, is called an
n-dimensional special Kawaguchi space. A. Kawaguchi ([!], [ has defined
a connection in this space by applying the Craig vector of the function
F = A; x4+ B. The Craig vector is defined by

T; = (Apy — 2 Aigy) x™ — 2 A, x™* + By, (1.2)

1) Numbers in square brackets refer to the references at the end of the paper.
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where

a4 04; B
Ay == —,k r A T By = ——
ox' ox ox’!

.

When 2p == 3, we have the relation

F= A, xl {1.3)
where
X2W = X L T, 21V = (24, XK — Byy) G, Gy = 2d,55 — Aygy, Gy G = 8«

The covariant derivative of a vector field v' which is homopgeneous of
degree zero with respect to x’' is given by

avi vt , . avt
Y, V! —_ e I‘k . + T i V.’c s V_’ yi — . 1.4
i g/ ax'k 0y [16)] j ax't (1.4)
It follows from (1.4) that
V,x"=0-. : (1.4

From the parenthesis of Poisson for covariant derivatives we find the cur-
vature tensors as folfows :

ViV, —V, V) vi= — Rgi Vi K;i'V,/ v/}, (1.5)
V)V =V V) vie= — Byi v . ‘ (1.6)
where
Biil' = My (1.7)
. Ryi = ajé”\),} - 'a%{? + T o D wm —
— T Tow + TG Towa — e Poow (1.8)

8 1_".(7.-')7 . _a F'.(,U

K 1f —
ik
dxk ox/

+ T Ty — oo Tlnen (1.9)

These curvature tensor fields satisfy the identities
Ru + Rii=90, Rit+ R+ Rl =0, (1.10)
Ki=Rix", Ril=Kiy=V/ Ki, (1.11)

Biixt=0- (1.12)
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The Bianchi identities satisfied by R};}'f and Kjk' are given by
V, Riiit -+ V) Risl + V, Rii + K" Biiy + Kil Biy + Kil By =0, (L.I3)
Vo Kil + ViKip -V, Kij =0 (L.14)
2. Generalized 2-Recmrent Special Kawaguchi Space : Let us assume that

R,'-}\.}i = 0 and V,, R,'-j;f; s2¢ 0, Let the curvature tensor field RJ‘-j..'}, satisfy the
relation ‘

V, V. R = @, Riiiy + 2 V., R 2.0

where a,,, is a non-zero tensor field and 2, is a non-zero vector field. We call
a,, and %, the associated recurrent tensor and vector fields respectively. An
n-dimensional special Kawaguchi space with the condition (2.1) will be called
generalized 2-recurrent special Kawaguchi space. If %, is zero, the condition
(2.1) reduces to the second order recurrence condition.

Transvecting (2.1) by x* and using ([.4)! and.(l.1[), we have
VI Vm Kl-’fi: alm K..'"" + ?\'f Vm KP-’C, . (22)
We shall now prove the following theorems :
Theorem (2.1). In a generalised 2-recurrent special Kawaguchi space, we
have
{(Vfr’ a[i}l) Klkl + (Vh’ lr) (Vm Kh’fr)} x,h =0. (23)
Proof. Applying V,” to (2.2) and noting (1.1I), we have
Vh’ Vl Vrn K.'t'fr = (Vk’ ahn) I(J'-";E + Dt RJ-"':" + (2 4)
+ M) (Vo Ki) + 0 (V) KilY -

With the help of the commutation formula (1.6) and the equation (2.1), the
equation (2.4) yields .

V) @, Kil + V) M) (Y, Ki) = V (Ki” By

— Kl By — Kii By + (V,, Ki) Bii! 2s
— (V, Ki) Biix — (V,, Ky Biif — (V. Kii) Biiik @
— W (Kii¥ Biity — Kiit Buity — K Biih) .

Transvecting (2.5) by x" and noting (1.4} and (1.12), we have (2.3).
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Theorem (2.2). In a generalized 2-recurrent special Kawaguchi space, we
have

(V) @ — Vo @) Kl + {0V M) (V Kid) — (9, 2) (V, K
—{(V,. Ki") Biig — (Y, Kii™) Bioas} + (V, K Byl (2.6)
— (V, Ko Bidy + (Vo K2 Biit — (V, KD Binid = 0

Proof. Interchanging the indices m and % in (2.5) and subtracting from
it the result thus obtained, we get (2.6) because of the symmetry of Bj; in j, k, /.

Corollary (2.1). In a generalized 2-recurrent special Kawaguchi space,
if Bjyj =0, then

(Vh’ an’m) lKJ"‘r + (Vk’ ll) (Vm Krki) =0. (27)
Proof, It is obvious from (2.5).

Theorem (2.3). In a generalized 2-recurrent special Kawaguchi space,
we have

UV @) Pry — (V) ap,) Pyt + apy (V3 Py — V) Pry) +{(V M) (Y, Piy) —
- (Vf’ ;\"I) (Vm Pkb)} + lf (Vk’ Vm P.ib - Vj’ VmPkb) + {(V‘\: be) ‘BML - (28)

— (V3 Pop) Biimd] xt=0,

where
pydef T pea Ria | (2.9)
= w— 1 ek ) - ] kaj - .
Proof. Let us put

Qe = Vi (P ). (2.10)
It can be shown that the tensors P;, and (;, satisfy the following relation :
Pip — Pry= Qs — Oy - (2.11).

With the help of (2.9) and (2.1), we have
Vn’ Vm PJ"I: = gy Pik + 1‘1' Vm P.fk - (212)

Hence from (2.11), we have

V! Vm (Qik - Qki) = (ka - Qic.r') + }'I Vm (Q_l'k - Q!d') . (213)
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On the other hand, from (2.10), we have
Vi Vo On = {(V," a,) Pip + 2y, Vi Pr) + (V) (V, Py)
+ 2 (V" V,, P + (V4 Py Biin + (Y, Pry) Biif 2.14)
+ V, (P B} X% + ay, P + MV, Py
where we have used (2.12), (1.6) and (1.12).

From (2.14), we can deduce
ViV, @y~ Q) = a,) Py, — (Vi ay,) P}
+ a1, (V" Py — Vi'Pry) + {1V &) (V,,, Py)
— VAV P} + MYV, Py — VSV, P (2.15)
+ {(Vy Pjp) Bixy, — (Vy Pyy) Biin}] 57
+ @, @ — Q) + 2V, @ — Cui) -
Substituting (2.13) into (2.15), we get (2.8).

Theorem (24). In a generalized 2-recurrent special Kawaguchi space, we
have

ViV, (V) Rii) = ay,, (V) Rii) + 2V, (¥, Rii) (2.16)
if and only if
vV, a1,) Riits + (V" %) (Y, Rii) + M(Brsr Rk — B Ry —
— By Rk — By Piid) — V, By il — Byt Righ, —
— B Rish — Bug Risy) — Bipe (V. Riid) + Biph (V. Rjis)
+ Byl (V, Riia) + Bl (Vo Risi) + Bigh (¥, Ri) = 0. (2.17)
Proof. Applying V,” to (2.1), we get
V) ViV, Rii = (Y, ay,) Riii + @, (V," Riia)

+ 7 MYV, Riin) + %y (V7 Y, Rii) (2.18)
By the repeated application of the formula (1.6) in (2.18), we get
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V, V., (V) i) — a, (Y, Riia) — %, V,, (Y, Riin) = (Y, an,,} Riii

+ (V" M) (Y, Rit) -+ &y Ry Rich — Bt Ry — Bk Risi

— By Rty — YV (Biigly Rih ~ B Riity — By Biih —

— By Rih) — Biyi (V,, Riih) + Bigm (Vy Riich) +

+ Biy] (Y, Rii) + Bk (Vo i) -+ By (9, Riiip) (2.19)

From (2.19), the theorem (2.4) follows.

Theorem (2.5). In a generalized 2-recurrent special Kawaguchi space,
we have

amk Rki + am] -Rn'rhi' + Aok Rhﬂ 7‘*," (K'u BRI‘: "]L [(ﬂcv BM:'
+ I(kr BJ’IT) { Vm (-Kiu Bl'f["{ + K’}k BMT + K’(h le'r) =0, (220)

Proof. Applying V,, to Bianchi identity (1.13) and using (2.1) and (1.13),
we get (2.20).

Corollary (2.2). In a generalized 2-recurrent special Kawaguchi space, the
tensor field @, satisfies the relation

A ka‘ + pj ‘K.fd: + L) ‘Kf;}l =0. (2.2])

Proof. Transvecting (2.20) by x! and using (1.11) (1.12), we get (2.21).

Theorem (2.6). A special Kawaguchi space admitting (2,2) is a generalized
2-recurrent special Kawaguchi space if and only if the associated recurrent
tensor and vector fields, @, and X, satisfy

v, ar,) 'KJk + M (Bn:lw i B Ky — B K )
+ (V) ) (Y, Ki) = Vi (B, K, i — Bk Ky
Binive K57) + Biiy (V,, Ki'y — Bt (V. K;il)
— Biif (V,, K;i) — Bink (V,, K. (2.22)

Proof, Applying the commutation formula (1.6) successively and noting
(1.11), the equation (2.4) yields
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ViV, Rjic}f — @, R ;.'m AV k.ﬁ = (V) a;,) K,
+ M (Biiier K — Byl K+}§ — Byt Kif
+ (Vi 2 (Y Kf};’) — Vi(Biie Ki' — Biip Ko
B Kiy) - l.'z*r (V,,, Ki") + B (V, K}k)
+ Bii¥ (Y, K+) —|— Bl (V,, Kﬂ) . (2.23)

If the space under consideration is generalized 2-recurrent the left-hand
side of (2.23) vanishes and we have (2.22). Conversely, if (2.22) holds in our
space, the right-hand side of (2.23) is zero and consequently the space is genera-
lized 2-recurrent. Thus, we have the theorem (2.6).

Theorem (2.7). A neéessary and sufficient condition for a special Kawa-
guchi space to admit (2.2) is that (2.3) holds.

Proof. Transvecting (2.23) by x'* and noting (1.12), (1.4)! and (1.11), we
have

VI V'" &k a‘r"" xz V K"" - {(Vft a!m) IYJR
+ (Vb, ll) (Vm JKJ-QEJ} x’k ’ (224)
which proves the theorem (2.7).

Note (2.1). It may be seen from (2.24) that the validity of (2.3) is not a
sufficient condition for a special Kawaguchi space admitting (2.2) to become
a generalized 2-recurrent special Kawaguchi space.
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OZET

Genellestirilmis bir ¢ift indirgemeli 8zel Kawaguchi uzayr tammlanmalta,
bu uzaya Gzgi ozellikler sunulmaktadir. Uzerinde genellestirilmis bir gift
indirgemeli I{,:,;i tansdr alaninin tanimlanabildigi bir 6zel Kawaguchi uza-
yinin genellestirilmis ¢ift indirgemeli bir zel Kawaguchi uzayr olabilmesi
i¢in gerek ve yeter kosul verilmelctedir.
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