PROJECTIVE AYFINE MOTION IN A PRF -SPACE, III
A. KUMAR

In this paper the existerce of an infinitesimal affine motion of concircular
form

S E = kv () dn, vigy = B8 By () v

is studied, where B(x) is any function and ¢ j(x) denotes a gradient vector
defined by

Pix) =Py =dj¢.
1. Imtroduction. Let us consider an n-dimensional affinely connected Finsler
space F, [']" having a fundamental positively homogeneous metric function

F(x,x)y which satisfies all the requisite conditions imposed upon it. The fundamen-
tal metric tensor of the space is given by

giy (v, %) & % 8, 0, F(x,%) @1

where é,. = J/axi.

Let us further consider a tensor. field T (x,%) which depends both upon
positional .and directional arguments. The covariant derivative of T (x,X) in
the sense of Berwald with respect to x* is given by

Thigy =03 T)) — 8, T/ G, + T Gy, — T G, 1.2
where G’y (x,X) are called Berwald’s connection coefficients. The commutation

formula involving the above covariant derivative is given by

2T = — 8, TR + Tp Hyy — T By 1.3
where
Hij (%) 882 {8 Gy — Gy yGa + G116 1P (L9

is called Berwald's curvature temsor and satisfies the following relations [‘] :

;)“”Numbers in brackets refer to the references at the end of the paper.
"B 2Apnk] = Ape — Akh
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Hihflc -+ Hif]ch 4 Hikhf =0, (1'5)
Hfh]k(s) —I_ Hikksu) + kasf(k) = Giﬁ’hf H-r.sk + Gi’rhk H'?js —I_ Giﬂ‘;s Hka 3 (1'6)
Hfirik - I{ihkf . (17)

Now, let us congider an infinitesimal point transformation
X =xl 4 vi(0)dt,

where v/ (x) is any vector field and df is an infinitesimal point constant. In
view of the above point transformation and Berwald’s covariant derivative,
Lie-derivatives of T7; (x,%) and G%;, {x,X) are given by

£v T:r,r' — Tij(h) Vk _|_ j"hi vir(j) . f[},h vi(h) + ah T}r‘ Vk(“r) xY (19)
and

£v Gl = Vi o + Hig Vi -+ Gl iy X7 (1.10)

respectively.

If the Berwald’s curvature tensor Hj; (x,x) satisfles the relation
Hikfk = Ay Hiygye s (1.11)

where A, (x} means a non-zero covariant vector then the space F_is called a pro-
Jective recurrent Finsler space or PRF -space and ), (x) is called a projective
recurrent vector, ‘

The present author has studied infinitesimal affine motions of many kinds
in such an PRF -space and obtained the following results [¢]:

An PRE -space is able to admit an infinitesimal affine motion {1.8) charac-
terized by '

7-'1) Vi(;) =0 b) Vi(j) = q');(x) vi . (112)

that is, a contraform and a recurrent form respectively, but PRF -space is
unable to have a motion of concurrent form and special concircular form

respectively [ 5], [%] :

a) vl =p8; (p=non-zero const.),
i i . {1.13)
b} Vi = ¢(x) 8/ (¢ == non-zero function).

In this manuscript we shall study the existence of an infinitesimal affine
motion of concircular form :
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¥ al bV d, Vi =B )V, (1.14)
where P(x) is any function and ¢; (x) denotes a gradient vector defined by
i ()= in=23;¢ - (1.15)

2. Fundamental Results (1). For an infinitesimal projective affine motion,
we have

£v Gy = Vi gy + Hyy, Vi Gl Vh(y) X =0. 2.1

In an PRF, -space, the integrability condition for the above equation is given
by

v Hij = M vi Hiyy — Heyy, vig + Hig v, + Hy vy +
+ Hyj vigy + 35 Hippe ¥y X7 - (22)

During the process of study we shall assume here the existence of projective
affine motion of concircular form as follows :

= vix) dt, Vg =Bx) 8+ ;) v, 2.3)

where p = p(x) is a scalar function and ¢;(x) means a covariant vector depend-
ing only upon the positional arguments. From the above definition, we can
obtain '

Viyw = Pigo ¥V + ¢ b v+ By 8% + B 0, 2.4)

where
Br L By == 9, B ‘ (2.5)
and we have also used the equation (2.3). ' '
In view of the equation (2.4), the formula (2.1) reduces to
Hip, v = ¢y V' + s b V! + By 8 + B 87, (2.6)

By virtue of the fact #7,; v/ vk = 0, transvecting the above equation by v¥,
we have '

bry VI VE A+ by Py VIVE A By v+ B 8 vE =0 (V)]
Contracting the above equation with respect to the indices 7 and 7, we get

Py VIVE @y by v VE L+ By v+ mP vE = 0. (2.8)

Now, transvecting the result (2.7) by v/, we obtain

i V VI 4 @y VEVE VI B v+ B vhkvli=0, 29
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And for a non-vanishing vi(x), the above equation yields

Giy VE VI by VEV + PV B vE =0, (2.10)
Now comparing the equations (2.8) and (2.10), we get
7 — DB vE=0 .11
or
Bev =0 (= 1). (2.12)

Thus, we have ;

Lemma (2.1). If an n:dimensional PRF -space admits a projective affine
motion of a torse-forming form
F=x V), Vi =p) &+ ¢ (v
then the scalar function B(x) must be a Lie-invariant-one or £vp =0,

In view of the above lemma and the non-vanishing property of the vector
vl (x), the equation (2.7) can be written like

iy V¢ + by i vE + B, = 0. (2.13)
The above formula can also be written in a compact form :
(qu Vj) W) = 0, (2- 14)

where we have used (2.3) and the fact that ¢,qy = ¢y . Thus, we have :

Lemma (2.2). If an n-dimensional PRF -space admits an projective affine
motion of concircular form, ¢; v/ must be a constant,

Contracting the equation (2.4) with respect to the indices i and &, we have

V'oyw = iy V' - ¢ 0B + ¢y v 1 By (2.15)
Substituting (2.13) into the right hand side of the equation (2.15), we get
Viyay = (1 — 1) B + By (2.16)

Differentiating the equation (2.6) covariantly with respect to x* and using
the equations (1.11) and (2.3), we obtain

O + &) Hijpy Vi 4 BH jps = 1960 V' + iy Vieg + i b vV +
+ G o ¥V + by bp Vi + Be 5 8%+ Bebiy 8% + Buen 8- 2.17)
Contracting the above equation with respect to the indices { and j, we have
O+ ) Hiyg v+ BH e, = iy oV + bt Vo T b5 duy vV +
+ ¢ p Vi + B i + By + 1Prcy - : (2.18)
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Now, differentiating (2.13) covariantly with respect to x* and arrangiﬁgmindices
appearing in its result suitably, we pget

Py ¥Vt Gry Vi T Prn @V + Gu iy YV F by b Vi o+
+ Bs ¢k + Bd)k(s) - 0 . (219)

If we compare these two equations (2.18) and (2.19) with each other and
use the property ¢y, = ¢y . We obtain

(;\‘s + 055) ‘H[J']dl vh + [—J’Hifk.v = anU) . | (220)

Using commutativity of B,(, with respect to its indices, we can get an
equality

(s + ) Higy vi -+ BIL == Qb + b HY v+ BHY, @21

or
BH = O + D) Hipgy v — (g + @) HYyy v, (2.22)
where we have used (1.7).

Transvecting the equation (2.22) by v and noting the fact that
Hpy vivk =0, we obtain

BH v =+ d) H v v _ (2.23)
or _
Hiyo v QB 1 My v+ ¢, v1) = 0. (2.24)
If we assume H', v* = 0, the above equation reduces to
2B+ My V¥ + ¢y vh = 0. . @.25)

In view of the commutation formula (1.3) and the latter part of (2.3), we
can construct the relation

VO H = Pl 8 — i ) + (B 8 — B, 8 (2.20)
Contracting the above formula with respect to the indices i and &, we have
ViH =@ — DB, — B)- . (2.27)

By virtue of the lemma (2.1) transvecting the above equation by v/, and
summing over the index j, we obtain

Hvivi=@m— D)pg;vi. v {2.28)

Differentiating (2.28) covariantly with respect to x™, we have
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‘Hrfhjf'(m) vi v H[hji vh(m) v+ Hifijl' vk Vj(m) = (T’l - 1) {Bm ‘nbj v+
+ B';bﬂm) vl + ﬁqu vj(n:)} . (229)

In view of the equations (1.11), (2.3), (2.13) and (2.28), the above relation
can be written like

(n 1) (25(,’5)", + ﬁ?“m - ﬁm) ij vi= ij (Himfi + Hifml) ‘ (230)

Transvecting the above equation by v™ and using the equation (2.27) and
lemma (2.1), we obtain

(1 — 1) @B, +Br, — B VIV =20 DR, V" @31)
or

Ch, v+ X, VP L 2BPP;vi=0 (ns=1). (2.32)

Substituting the equation (2.25) into the left hand side of the above formu-
la, we get

Bl v i, v) = 0. (2.33)

Hence, we get the two cases being B =0 or ¢, vi=10.

3, Fundamental Resuits (2). In the previous section, we have obtained
two cases B =0 or ¢;v/ = 0, but, unfortunately, the latter condition becomes
the former condition. In this section, we shall prove this fact,

In an affinely connected Finsler space, Bianchi identity for Berwald’s cur-
vature tensor HY,, (x, X) is given by

hie
Heypjeoy + Hiyoty + Hipjag = 0. 3.1
By virtue of the equaticns (1.7) and (1.11), the above formula yields
A H ifrjk — A Hiyg + M H if:.yj =0. (3.2)
Transvecting the above result by v* and summing over the index‘ k, we get

¢ k k. ik JFi
)"s Ihjkv 7\’.f thskv } 7\’.Tc v I—phs.f

—0. G.3)
By virtue of the equations (2.1) and (3.3) we can get
A Oy (p + Gy Viy £7) = Xy W 9 + Glyps Vip 37 +
g VE T, =0 (.4)

Contracting the above equation with respect to the indices i and %, we have
after little simplification

A Vigyoy — M Vg @+ M VR HR; =0 (3.5
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For ¢, v" = 0, the formula (2.25) takes the form :
A, v = —2p. 3.6
Therefore, in view of the above equation the formula (3.5) takes the form :
s Vigy iy — M Vi o — 2BH; = 0. G

Contracting the latter part of (2.3) with respect to the indices / and j, we
obtain

Vigy = 1B + ¢y vi = nf . (3.8)
Differentiating the above equation covariantly with respect to x", we have
| Vi i = B ' (3.9)
Substituting the above equatioﬁ into the left hand side of (3.7), we get
28HY,; = 0 By — MBS ‘ (3.10)
Equating the two equations, (2.22) and (3.10), we obtain
nh By A B) = O -+ @) By v — 4y + ¢)) By, V"
=+ ¢ Vi — Oy T @) Vi G.11)
=n,+ @B —nh;+ ¢ B,

or
Bih, — P, =0, (3.12)

where we have used the equations (2.1) and (3.9) in the process of calculation.
Consequently, there exists a function p = p(x) such that

¢, = 1Py . (3.13)

Making a cyclic interchange in the (3.4) with respect to the indices /4, s and
j, we get two more similar results. Adding the two equations thus obtained with
(3.4), we have

MG — Yo T MEHhe Yo T Ton— Vew =0, G.14)
where we have used the Bianchi identity (1.5) during the process of calculation,
In view of the equation (2.4), the above relation reduces to
ls (Bqﬁk ESij + 5} Si]r - Bd)l Sib - 5]; Si:j) + ?Lj'; (B¢)J Bi.r + Bs Bij - I-))qsa Bij - Bj 8:'5)
+ }'j (5¢s aih + Bh Si.s‘ — B¢h 6!"? —-Bs Biil) =0 ’ (3'15)

where we have used ¢, = ¢j) -
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Contracting the above equation with respect to the indices 7 and A, we get

o —2 (B — WP +BO,E — A9} =0. (3.16)
Thus, for n = 3, the above formula reduces to -
BOy b, — A b))+ 2B, —A,B; = 0. @3.17)
Introducing (3.13) into the left hand side of the above equation, we have
@ -+ 1) (B, — A, B) =0. (3.18)

Therefore, we get here thz following two cases :
ay Bp=—1 and by A B~ A B,=0. (.19

On substituting (3.19b) into the right hand side of the formula (3.10), we
obtain

pHh, =0, (3.20)

So we have here §ff* v/ = 0 for a non-zero vector vi. But we have assumed

H*Y vl ¢ 0, therefore from this conclusion, we get B = 0, that is, ¢, vk =0

yields § = 0.
4. Main Biscourse. For the case of B =0, the equation of motion (2.3)
takes the form :
= X+ vi(x) dt, Vigy = ;0 v, 4.1)
but such a case was investigaied by the author in [6].

Hence, we have to discuss, from now, remained case where (3.19a) holds
good. In such-a case, the motion to be studied becomes

— . . o i . .
X' =x - vixydt, vi,=— 1)) B, v + B¥;. 4.2)

Here, now let us introduce a contravariant vector 1 such that
n =pv. “.3)
Thus, we can now consider another infinitesimal point transformation
X=xt+gEd. . 4.4
Then, %' becomes. to define a special concircular field, for, we have

NWep =PV + Pviy - . (4.5
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Introducing the latter part of (4.2) into the above equation, we obtain
| S .
iy =Byt B (B 6] = S +6)

Thus, the system (4.2) may be reduced to a special concircular form :
F=x4 i G)d, v,=p08;, p=0. %))
This case has been deeply studied by the author in [5]. ‘
In concluding this paper, we shall speak of an exceptional case, where
Hy v =0, 4.8)

If it will be the case, we can get from the equation (3.8), the following
relation :

Vi 9 = (@ Vo + 1B, = 0. “.9)
In view of the lemma (2.2), the above equation reduces to
p,=0 or B = Const. (4.10)
By virtue of the above formula, the equation (2.27) takes the form :
VIH = — 1) B, . (4.11)

Differentiating (4.11) covariantly with respect to x™ and noting the equa-
tions (1.11) and (2.3), we have

vh Hffi'ff (}Lm + ¢n) + BHhm.ifr - (I’I'— 1) B‘i)j(m) : (412)
Introducing the left hand side of (4.11) into (4.12), we get
(n - 1) B¢j (?\'m -+- qu) + BHI‘JM}J’: = (]I - ]‘) B4)i(m) ’ (413)

In view of the equation (1.7) transvecting the above relation by v/ and sum-
ming over the index j, we obtain
(n =1 B(i)J v/ O“m =+ qu) - ﬁvh(m) = (n — 1 quj(m) vl (414)

For a non-vanishing $, the above equation yields

(r— D vy + G — Vi = — D yp v (4.15)

By virtue of the equations (2.13), (2.16) and (4.10), the above equation
reduces to

1_1) B, BBV =—2(,V+Pd,. 16

}“m tfb.i v = (f)jlm) vl — B¢m - —a -
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According to the lemma (2.2) and the equation (4.10), vy =¢,v/ + p and

p = ¢, v/ means a constant respectively. And the equation (4.16) can be written
like

HA,, = — 2vd,, . . 4.i7)

The case of p =0 gives B =0, so the point transformation becomes one
of the special recurrent form : '

F=x+v@)dt, V=,V ($,: gradient vector). (4.18)
Next, we consider that i % 0. For this case, A, becomes a gradient vector
and £v H'; = 0 gives
€@, v+ 2 Hyy — 2B — A4, =0, (4.19)
where

gdel — 23/n . 7 4.20)

But A, v* + 2B =0 or ¢ =0 implies A, = 0. In non-zero case, we can
write

H,; = d), }; (d = non-zero const.). @2

By virtue of the definition (1.11) differentiating covariantly with respect
to x™, we obtain |

?\'m Hh.i = d(lh(m) 7\'1’ =+ A’h K_."(m)) . (422)

Again differentiating the above equation covariantly with respect to x*
and using the relation (1.11), we get

7\‘m ?"S H:’aj + lm(s) Hrfu‘ = d(xfr(m) (8) K_r' + A’h(m) KJ(S) +
+ Xt My M Ay i) - (4.23)

By virtue of the commutation formula (1.3) commutating the above equa-
tion with respect to the indices m and 5, we have

Ay HY o + Ay Ay HY

Rims

=0. (4.24)

By virtue of the equations (2.1), (4.24) and the fact that e, = 2,, we
can conclude

s

Ay VRN, HY,  — 0. (4.25)

Hence, we get A, v* =0 or A, HY; —=0. If 4, v =0, holds, by virtue
of (4.17), &, =0 and if A, HF"; = 0 holds, A, means a parallel vector field.
Therefore, in view of the equations (4.21) and (4.22), we can see ‘
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Ay =0. (4.26)

Thus, we have;

Theorem (4.1). If a non-symmetric PRF -space (that is, A; > 0) admits
a projective affine motion of concircular form

=X Vi) de, vigy = ¢;x) v+ pé,
¢ = gradient vector, [ = scalar function

then P(x) must be zero function. Consequently the motion should be a recurrent
form. ’

Theorem (4.2). If an n-dimensional PRF -space admits a non-recurrent
concircular projective affine motion (2.3) with ¢; v/ non-zero constant, the space
must be a projective symmetric space,
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INDIA

OZET

Bu ¢alismada

= x4 eI (x) df, vigy = B8+ gy () vE
formunda bir infinitezimal afin hareketin varligi incelenmektedir. Burada
B(x) herhangi bir fonksiyonu, ¢ ;(x)te

hil) =g =359

ile tanimlanan bir gradiyent vektdril gdstermektedir.




