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I n this paper the existence of an infinitesimal affine motion of concircular 
form 

x' = xl - I - V' (x) dt, v!(j) = P5''y + <pj (x) v f 

is studied, where 3(.v) is any function and 0 j(x) denotes a gradient vector 
defined by 

cPj(x) = 00") = dj 0 . -

1. Introduct ion. L e t us consider an n-dimensional af f inely connected Finsler 
space Fn [ ' ] , } having a fundamental positively homogeneous metric funct ion 
F(x,x) w h i c h satisfies a l l the requisite conditions imposed u p o n i t . The fundamen
t a l metric tensor o f the space is given by 

ft,(*,*)S&i_a, dj P(x,x) (1.1) 

where 3, = 3 /3i ' ' . 

Let us further consider a tensor f i e l d Tf (x,x) w h i c h depends b o t h u p o n 
pos i t ional and direct ional arguments. The covariant derivative o f Tf (x,x) i n 
the sense o f Berwald w i t h respect to xk is given by 

T'm = 3* V - 3 m Tj Gk"' + Tf G'sk - TJ G% , (1.2) 

where G'jlc (x,x) are called Berwald's connection coefficients. The commutat i on 
f o r m u l a invo lv ing the above covariant derivative is given by 

2 r ' y [ W W i = - 3 T T/ H\k + Tf Wshk ~ TJ H*Jl)k , (1.3) 

where 

&hjk (x,x) m 2 {3 lk<?jyt - G\h „<?\, + Gh< vG\h}^ (1.4) 

is called Berwald's curvature tensor and satisfies the f o l l o w i n g relations [*] : 

') Numbers in brackets refer to the references at the end of the paper. 
2) 2A\_hk\ = Ahk — Akh 
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^ + ^ + ^ = 0 , (1.5) 

+ H'hksU) + WhsKk) = G>yhJ H\k + G' T j u f e Wh + G' T *. , (1.6) 

^ * A = - - f f W - 0 -7 ) 

N o w , let us consider an inf in i tes imal po in t transformation 

3c' = x f + v f' (x) dt, 

where v f (x) is any vector f i e l d and dt is an inf inites imal p o i n t constant. I n 
view o f the above po in t t rans format ion and Berwald's covariant derivative, 
Lie-derivatives o f T'j (x,x) and G'Jk (x,x) are given by 

£v TJ = T*m v" + TV v * 0 ) - Tf v ^ + a* T/ v * M V (1.9) 

and 

£v G'J J f c = v W ) + v* + G'/iJk v» ( Y , * Y (1.10) 

respectively. 

I f the Berwald's curvature tensor H'hjk (x,x) satisfies the re lat ion 

^ W « = ^ ^ . d . i i ) 

where Xs (x) means a non-zero covariant vector then the space Fn is called a p r o 
jective recurrent Finsler space or PRF ( 1-space and Xs (x) is called a projective 
recurrent vector. 

The present author has studied inf in i tes imal aff ine mot ions o f many k inds 
i n such an PRF^-space and obtained the f o l l o w i n g results [ 6 ] : 

A n PRF n -space is able to admi t an inf in i tes imal aff ine m o t i o n (1.8) charac
terized by 

a) v ' ( / ) = 0 b) v ;
w = <£;(*) v ( (1.12) 

that is, a contra form and a recurrent f o r m respectively, bu t PRF n -space is 
unable to have a m o t i o n o f concurrent f o r m and special concircular f o r m 
respectively [ 5 ] , [ 6 ] : 

a) v 'yj = p 5 / (p = non-zero const.) , 
0 -13) 

b ) y'(J) = •M*) 5 / (<f> ~": non-zero funct ion) . 

I n this manuscript we shall study the existence o f an in f in i tes imal af f ine 
m o t i o n o f concircular f o r m : 
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x' = x¡ + V" (x) dt, V'0) - p 5/' + 4>j (x) v'", (1.14) 

where p(;c) is any funct ion and <f>] (x) denotes a gradient vector defined by 

& ( x ) = ¿ ( , ) = 3 y ¿ . 0 .15) 

2. Fundamenta! Results (1). F o r an inf inites imal projective affine m o t i o n , 
we have 

£v & J k - v'y, ( k ) + v* + G>hjk v * ( T ) i T = 0 . (2.1) 

I n an PRF n -space, the integrabi l i ty condi t ion for the above equation is given 
by 

£v H\]k = ka v s H'hJk - fi"v* v 'w + Hljk v r
C i l» + # W Vu) + 

+ v-V) + 3, # W v * w ¿ Y • (2-2) 

D u r i n g the process o f study we shall assume here the existence o f projective 
af f ine m o t i o n o f concircular f o r m as fo l lows : 

x¡ = x!-\- v¡(x) dt, V'Ü) - P(r) §'j + <j>,(x) V , (2.3) 

where p = p(x) is a scalar funct ion and (j>j(x) means a covariant vector depend
i n g only u p o n the posit ional arguments. F r o m the above de f in i t i on , we can 
ob ta in 

v ' w ft) = 4>J ft) V + <í>j 4>K V" + P 4>i S'* + P* 5 ' y , (2.4) 
where 

P * ^ P ( « - 3 t P (2.5) 

a n d we have also used the equation (2.3). 

I n view o f the equation (2.4), the f o rmula (2.1) reduces to 

H'jkk - 4>m V'' + & fa V + H i 8'* + W 80 • (2-6) 
By v ir tue o f the fact v J ' v f t = 0, transvecting the above equation by v f c , 

we have 

$m v ' ' v * + 4>J 4>u V v f t + p¿, V + PA 5V v* = 0 . (2.7) 

Contract ing the above equation w i t h respect to the indices i a n d w e get 

4>M v> y'c + <!>} <¿A V v* + P .̂i v> + n$k v' c = 0 . (2.8) 

N o w , transvecting the result (2.7) by v-*, we obta in 

4>M V v f t v> + <f>j <j>k V v* v> + p0y V v ' + p / £ v A V ' = 0 . (2.9) 
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A n d for a non-vanishing v^x), the above equation yields 

4>m vk v + 4>J 4>K v f c v ' + HJ yJ + P* v* - o. (2.10) 

N o w compar ing the equations (2.8) and (2.10), we get 

( « - l ) p V v ' c = 0 (2.11) 
or 

P f ev f t = 0 (n^l). (2.12) 
Thus, we have : 

Lemma (2.1). I f an n-dimensional PRF f l-space admits a projective a f f ine 
m o t i o n o f a torse- forming f o r m 

x' = x1 + v'' (x) dt, Y0) = p(x) 50 + 4>j (x) V 

then the scalar funct ion $(x) must be a Lie- invariant-one or £vp — 0. 

I n view o f the above lemma and the non-vanishing property o f the vector 
v f (x), the equat ion (2.7) can be w r i t t e n l ike 

4>m v * + ^ fa v* + P0, = 0 . (2.13) 

The above f o rmula can also be wr i t t en i n a compact f o r m : 

( & v O t t ) = 0 , (2.14) 

where we have used (2.3) and the fact that <£,-(A) = 0 / i ( / ) . Thus , we have : 

Lemma (2.2). I f an n-dimensional PRF i (-space admits an projective af f ine 
m o t i o n o f concircular f o r m , <j>jvi must be a constant. 

Contract ing the equation (2.4) w i t h respect to the indices i and k, we have 

A J ) oo = 4>M
 v ' ' + 4>J («P + fa v*) + h • ( 2-15) 

Substituting (2.13) i n t o the r i ght h a n d side o f the equation (2.15), we get 

v*0 ) ( W = ( « - l ) ^ + P;- (2.16) 

Di f ferent iat ing the equation (2.6) covariantly w i t h respect to xs and us ing 
the equations (1.11) and (2.3), we obta in 

(Xs + ^,) H'M v* + P-ffOt, = $m o ) v ' + 4>m v'(.o + & w & V + 

+ ^ V + 0, 0 , v * w + Ps 0,SF, + p0,-(s) S'ft + p / i G ) 80 . (2.17) 

Contract ing the above equation w i t h respect to the indices /' and j , we have 

(Xs + 0, ) H'ikll v* + p f f ' / f a = 4>mUi + < t e v ' ( s ) + ^ 0 A W V + 

+ 4>i 4>K V w + p, 0 / c + P0 / c ( s ) + BP 4 ( 0 • (2.18) 
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N o w , dif ferentiating (2.13) covariantly w i t h respect to xs and arranging i indices 
appearing i n its result suitably, we get 

4>w CO V'' + 0uo v ' w + </>*W 4>tv'' + 0A v ' + 0 A + 

+ P > * + P*«.) = 0 • (.2.19) 

I f we compare these t w o equations (2.18) and (2.19) w i t h each other and 
use the property <f>J(k) = (pk(j), we obtain 

(K + & ) &M v* + P^' M , = «p A U ) . (2.20) 

Using commutat iv i ty o f w i t h respect to its indices, we can get an 
equality 

(K + <AJ H'm v* + p//',*, = a * + <PK) &UH v* + <2.2i) 

or 

= (X , + fa) ffUh v* - (A. + 0.) i / ' / t f t v* , (2.22) 

where we have used (1.7). 

Transvecting the equation (2.22) by v s and not ing the fact that 
H'uik y } y / i = ®' w e °btain 

2$H>iks v* = (X, + fa) H'ikb * v" (2.23) 

or 

H'IK, v s (2|3 + X , v" + fa, v*) = 0 . (2.24) 

I f we assume H'iks\s ^ 0, the above equation reduces to 

2p + X / i v / ' + 0 / ,v / ' = O. (2.25) 

I n view o f the commutat i on f o rmula (1.3) and the latter part o f (2.3), we 
can construct the re lat ion 

v* &hjk - $(fa h\ ~ fa 80) + (P, 50 - p, 8'*) . (2.26) 

Contract ing the above f o r m u l a w i t h respect to the indices / and k, we have 

y"H'hj! = (n-l)^fa~^). , (2.27) 

By v ir tue o f the lemma (2.1) transvecting the above equation by \ J , and 
summing over the index j , we obta in 

HL
HH v'' v> = (n - 1) Pfa v> . 1 : (2.28) 

Dif ferent iat ing (2.28) covariantly w i t h respect to xm, we have 
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^ W d v* vj + H'hH v " ( m ) v' + H'm v* V ' ( B 0 = (n - 1) {p,„ V + 

+ P ^ » ) V > + P^v> ( l I f )} . (2.29) 

I n view o f the equations (1.11), (2.3), (2.13) and (2.28), the above re lat ion 
can be w r i t t e n l ike 

(n ~ 1) (2M>m + paff l - P,„) fa V = PV (H'mJl + H - ' j J • (2.30) 

Transvecting the above equation by v'" and using the equation (2.27) and 
lemma (2.1), we obta in 

(n - 1) (2fS0,(J + &km - fa v ' v"1 = 2 ( „ - 1) p 2 </;,„ v'" (2.31) 

or 

(2<f>,„ v'" + Xm Vn + 2P) p^- yi - 0 (n ^ 1) . (2.32) 

Substituting the equation (2.25) into the left hand side o f the above f o r m u 
la , we get 

p ( ^ v 0 ^ m V n ) = 0 . (2.33) 

Hence, we get the t w o cases being p = 0 or <fij v J ' = 0 . 

2). I n the previous section, we have obtained 
t w o cases p — 0 or <p} v-7 = 0, but , unfortunately , the latter condi t ion becomes 
the former condi t ion . I n this section, we shall prove this fact. 

I n an af f inely connected Finsler space, Bianchi ident i ty for Berwald's cur
vature tensor H'llJk (x, x) is given by 

^ ) + ^ ) + ^ U = 0 - ( 3 - 0 

By v ir tue o f the equations (1.7) and (1.11), the above f o rmula yields 

K Wl
m - h Hin* + K = 0 • (3.2) 

Transvecting the above result by yk and summing over the index k, we get 

K Hl
hjk v* - Xj &h5k v* + Xk v* Whsj = 0 . (3.3) 

By virtue o f the equations (2.1) and (3.3) we can get 

K (v ' tt , ( „ + G'<nl;j v " ( Y ) x~<) - Xj (v\!t) w + v " ( Y ) **) + 

+ = (3.4) 

Contract ing the above equation wi th respect to the indices / and h, we have 
after l i t t l e s impl i f i cat ion 

K v'',„) o) - Xj y\u) w - f Xk v* = 0 . (3.5) 
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For fa v A = 0, the f o r m u l a (2.25) takes the f o r m : 

X , v * = - 2 ß . (3.6) 

Therefore, i n view o f the above equation the f o rmula (3.5) takes the f o r m : 

K A , ) u) - h v V ) (,) - 2ßifV, = 0 . (3.7) 

Contract ing the latter part o f (2.3) w i t h respect to the indices i and ,/', we 
obtain 

v* t o ) = nß + 0 A v* = nß . (3.8) 

Di f ferent iat ing the above equation covariantly w i t h respect to x'", we have 

Substituting the above equation i n t o the left hand side o f (3.7), we get 

2ßf f* J W = » ( * , ß y - ^ ß - > - (3.10) 

Equat ing the two equations, (2.22) and (3.10), we obta in " 

n {Xt ß, - Xj ß,) = + fa) H\jin v '" - {Xj + fa) H\sm v'" 

= a , + fa) v * w ) 0 ) - a , + 0,) v * ( , ) W (3.11) 

= « a i + ^ , ) ß ; - n (Xj±fa) ßs 

or 

ß ^ - ß ^ ^ O , (3.12) 

where we have used the equations (2.1) and (3.9) i n the process o f calculation. 
Consequently, there exists a function u. = u{x) such that 

fa = ^h- 0 -13) 

M a k i n g a cyclic interchange i n the (3.4) w i t h respect to the indices h, s and 
j , we get t w o more s imilar results. A d d i n g the t w o equations thus obtained w i t h 
(3.4), we have 

K ( V ' ( A ) (,-> - y\n + K (AD « - v ' w (j)) + h <y\s) 00 - v'oo ( , 0 ) - o , (3.14) 

where we have used the Bianchi ident i ty (1.5) d u r i n g the process o f calculation. 

I n view o f the equation (2.4), the above relat ion reduces t o 

K <M>H 5''y + ß; 5 f
A - Ht S'A ß Ä 8',) + X.A < ß ^ 50 + ß s 5' ; - f>fa 50 - ß; 50) 

+ ^ (ß05 5'", + ß, 8', - ß0 / ; 50 - ß , 50) = 0 , (3.15) 

where we have used <phKj) = (pjQ,-) • 
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Contract ing the above equation w i t h respect to the indices i and h, we get 

(n - 2) {Xj p , - X, fa - I - P (Xj fa-Xsfa)} = 0. (3.16) 

Thus, f o r n r ' : 3, the above f o rmula reduces to 

P (Xj fa - ^ fa) + ^, P , - X, P ; = 0 . (3.17) 

I n t r o d u c i n g (3.13) into the left hand side o f the above equation, we have 

(Pli + l ) & , P , - X , P , ) = 0 . (3.18) 

Therefore, we get here t h i f o l l owing t w o cases : 

a) P M = - 1 and b) Xj^s - Xs = 0 . (3.19) 

O n subst itut ing (3.19b) i n t o the r ight hand side o f the formula (3.10), we 
obta in 

P 0 . (3.20) 

So we have here $Hh
]nj \' = 0 for a non-zero vector v j . But we have assumed 

Hh,isj \' ^ 0, therefore f rom this conclusion, we get p = 0, that is, tf>fl vb = 0 
yields p = 0. 

4. Maiss Discourse. For the case o f p = 0, the equation o f m o t i o n (2.3) 
takes the f o r m : 

x'= x'+V(x)dt, v w = fa(x)v'\ (4.1) 

b u t such a case was investigated by the author i n [6] . 

Hence, we have to discuss, f r o m now, remained case where (3.19a) holds 
good. I n such a case, the m o t i o n to be studied becomes 

x f = x1' + \'(x) dt, v'a) = - - p,. V + P5 ' y . (4.2) 

Here, n o w let us introduce a contravariant vector r j ' such that 

V = pv'". (4.3) 

Thus, we can n o w consider another inf inites imal po in t transformation 

xl = xl + (x) dt. (4.4) 

Then , rf becomes to define a special concircular f i e l d , for , we have 
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I n t r o d u c i n g the latter part o f (4.2) into the above equation, we obtain 

tfu) = M < + (3 (- j p , V + P5',j - P2 5 ' y . (4.6) 

Thus , the system (4.2) may be reduced to a special concircnlar f o r m : 

5? = x* + rf,(x)dt, n ' ( y ) = p 2 5 0 , p ^ O . (4.7) 
This case has been deeply studied by the author i n [ 5 ] . 

I n conc luding this paper, we shall speak o f an exceptional case, where 

H\sm v'" = 0 . (4.8) 

I f i t w i l l be the case, we can get f r o m the equation (3.8), the f o l l owing 
re la t i on : 

v V ) W = ( ^ A i ) + " P , = 0 . (4.9) 

I n v iew o f the lemma (2.2), the above equat ion reduces to 

p s = 0 or p = Const. (4.10) 

B y v ir tue o f the above formula , the equation (2.27) takes the f o r m : 

v" = (4.31) 

Di f ferent iat ing (4.11) covariantly w i t h respect t o x'" and not ing the equa
t ions (1.11) and (2.3), we have 

v* H'bji (?,,„ + fa) + $H»mJll = (n- 1) $fa(m). (4.12) 

In t roduc ing the left hand side o f (4.11) into (4.12), we get 

(n - 1) Uj (K + « + f ^ ' U = ( « - 0 P * A » ) • (4.13) 

I n view o f the equation (1.7) transvecting the above relat ion by v-7 and sum
m i n g over the index j , we obtain 

(n - 1) ptfv yJ (Xm - I - 4>J - pv" ( ,„ } m = (n - 1) WJM V . (4.14) 

F o r a non-vanishing p\ the above equation yields 

0z - 1) fa v> a m + 4>J - v * ( m ) ( W = (n - 1) fa(lll) yJ . (4.15) 

By virtue o f the equations (2.13), (2.16) and (4.10), the above equation 
reduces t o 

K 4>j v ' = fau„) V - Wm ~ ~r K - K Py V = - 2 (fa yi + P) 4>M. (4.16) 
(n — 1) 
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According to the l emma (2.2) and the equation (4.10), y = 0 / v i + p and 
u, — <pj vj means a constant respectively. A n d the equation (4.16) can be w r i t t e n 
l ike 

&m=-*t4>m- <4-i7> 
The case o f \x = 0 gives p = 0, so the po in t t rans format ion becomes one 

o f the special recurrent f o r m : 

x1 = xf + v' (x) dt, v'(j) = 4>j v !' (4>j '• gradient vector). (4.18) 

Next , we consider that ir 5 ^ 0. F o r this case, Xs becomes a gradient vector 
and £v H 1 , ^ = 0 gives 

e 2 (XS v* + 2p) H B J - 2p (n ~ 1) XH Xj = 0, (4.19) 
where 

em - 2Xf\i . (4.20) 

B u t XS v s + 2p — 0 or g = 0 implies XH = 0. I n non-zero case, we can 
write 

H H J = dXh Xj ( d = non-zero const.). (4.21) 

By v ir tue o f the de f in i t i on (1.11) di f ferentiating covariantly w i t h respect 
to xm , we obtain 

K HHJ - a*co h + K hi,,*) - (4-22) 

A g a i n dif ferentiating the above equation covariantly w i t h respect to xs 

and using the re lat ion (1.11), we get 

\n K Hhj + ^m(s) HhJ ~ d&h(m) W h + hii,m) hto + 

+ KM hu) + hi h(m) is)) • (4.23) 

By virtue o f the c o m m u t a t i o n f o r m u l a (1.3) commutat ing the above equa
t i o n w i t h respect to the indices m and s, we have 

h K H\™ + h K # = 0 - (4-24) 
By v ir tue o f the equations (2.1), (4.24) and the fact that Z ^ J — X J , we 

can conclude 

X6v*Xrirjml = 0. (4.25) 

Hence, we get Xh vb = 0 or Xr H Y
J M S = 0. I f Xh \h = 0, holds, by v i r t u e 

o f (4.17), X,, = 0 and i f Xr i i r
j n i s = 0 holds, Xs means a parallel vector f i e l d . 

Therefore, i n view o f the equations (4.21) and (4.22), we can see 
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5 1 = 0 (4-26) 

Thus, we have: 

Theorem (4.3). I f a non-symmetric PRF, r space (that is, Xj ^ 0) admits 
a projective affine m o t i o n o f concircular f o r m 

x' = x! + v ' (x) dt, v ' a ) — <j)j (x) v'' + p8 ' y 

<j> = gradient vector, p = scalar funct ion 

then p(x) must be zero funct ion . Consequently the m o t i o n should be a recurrent 
f o r m . 

Theorem (4.2). I f an n-dimensional PRF n -space admits a non-recurrent 
concircular projective af f ine m o t i o n (2.3) w i t h (f>} v j non-zero constant, the space 
must be a projective symmetric space. 
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Ö Z E T 

B u çalışmada 
x* = X1 + V " (x) di, V\j) = 05*7 + 0y (x) v* 

formunda bir infinitezimal afin hareketin varlığı incelenmektedir. Burada 
(3(x) herhangi bir fonksiyonu, <pj(x) te 

0/00 = 0 ü) = 3/ <p 
ile tanımlanan bir gradiyent vektörü göstermektedir. 


