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L a i and Pandey [ 6] 0 have investigated the solutions of non-symmetric 
unified field theories in a generalized Peres space-time. In this paper we 
have considered the gauge invariant generalization of Einstein's field equa­
tions as given by Buchdahl , [*]) in a generalized Peres space-time and 

it has been found that under certain conditions the solutions exist. 

1. Introduction. By combin ing the f i e ld theories o f W e y l [*] and Einstein 
[ 2 ] , Buchdahl ( [ 3 ] , [ 4 ] ) introduced another geometry based o n a n asymmetric 
covariant tensor gi} and covariant vector Ks, re lat ing these t o an asymmetric 
l inear connection Tl

Jk i n such a way that the geometry could be regarded equiv-
alently as 'Gauge invar iant generalization o f Einstein's theory ' . 

Buchdahl 's gauge invar iant generalization o f f i e ld theories ( [ 3 J , [ 4 ] ) are 
based u p o n an asymmetric tensor gy,- — h{j + ftj (where is the symmetric 
part o f gjj w h i c h is coincident w i t h the fundamental tensor o f the metric space 
and fij is the skew-symmetric part o f gi}), a covariant vector k{ and a l inear con­
nection r f

7 f c def ined by 

g l j Vlk + gH Ukj - gijik = 0 (,k = dk = didxk , xk = x, y, z, t), (1.1) 

where L ' J k is the l inear connection o f Einstein's non-symmetric theory [ 2 ] , The 
indices i, j , k take the values 1, 2, 3, 4 ; a comma (,) before an index / denotes 
its p a r t i a l d i f ferent iat ion w i t h respect to x'. The simplest f i e l d equations based 
u p o n this theory, as given by Buchdahl [ 4 ] , are 

') Numbers in brackets refer to the references at the end of the paper. 

F'jk ~ Lljk — V'ji jk • 

(1.2) 

0-3) 
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r , s r ^ = o, (1.4) 
V 

G,j = Ntj + V%,k - (Kj.j + KiU) + Vk
u V'kj -2V*ij, Kk = 0 , (1.5) 

+ - + 
where 

NU = - I V + ^ (^„- + £**,.,) + £*„ £ ' w - I ^ , , (1.6) 

and a semi-colon (;) denotes covariant di f ferentiat ion With respect to 
L ' J k . A ' or ' 0 ' sign below an index fixes the posit ion o f covariant index 
k i n connection as L ' , k , L ' k _ , L \ k and a bar (—) and a hook (v) below the i n ­
dices denote the symmetry and skew symmetry respectively between those 
indices. Tensor Gl} and Ni} are the hermit ian tensor o f gauge invariant a n d 
Einstein's usual asymmetric theory respectively. 

LaL and Pandey considered Einstein's f i e ld equations i n a generalized 
Peres space-time [ 5 ] , given by 

ds = - A dx2 - Bdy2 - (1 - E ) dz2 - 2Edzdt + (1 + E ) dt2, (1.7) 

where A = A (z,t), B B (z, t), and E = E (x, y, z, t). 

The non-symmetric g,j [ 5 ] is given by 

(1.8) 

where p, cr are functions o f x, y, z — t. 

The wave solutions o f f i e ld equations o f Buchdahl given by (1 .1 ) - (1 .5 ) , 
have been investigated earlier i n a V2x V2 space-time by L a i and Khare [ 6 ] and 
i n a cyi indrical ly symmetric space-time by L a i and Singh [ 7 ] and the solutions 
have been f o u n d to exist under certain condit ions. I n this paper we propose to 
consider the f i e l d equations (1.1)-(1.5) i n the generalized Peres space-time (1.7) 
w i t h the assumptions 

A = A(z~t),B = B(z-t). (1.9) 

E q u a t i o n (1.1) is the f i r s t equation o f Einstein's uni f ied f i e l d theory and 
i t has been solved i n [ 5 J. I n what fo l lows, the components o f L ' j k are obtained 
f r o m those given i n [ 5 ] by using (1.9), w h i c h together w i t h Vjk give connection 
coefficients i n gauge invar iant theory. 

2. Solution of the Field Equation (1.2). We shall use Hlavaty 's [ a ] method 
to solve equation (1.2). M i s h r a [ 9 ] has proved that Vk

ij can be p u t i n the f o r m 

- A 0 - 9 ~ P 
0 - B cr — cr 

- P — 0* - ( ! - £ ) - E 
P cr - E + 
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V k
i j = H k

i j + S k
i j + C / ' V (2-1) 

where 

£ / * v = 2 A * » S ' m </ ;>/- (2.2) 

= \ **' (K' hn + ^ * « - Kt hij), (2.3) 

S * M = V*VA = + 2 W , i J - ( 2 - 4 ) 

JS:',^ = JT,^ + 2 / . ft, (2.5a) 

Km = (JSO/ft + - Ai/ifc) • (2.5b) 

Since fij obtained f r o m (1.8) are o f class t h i r d i n the sense o f H lavaty [ 8 ] , 
we have so lut ion o f (2.4) as 

S\j = h<HK'in - 2 T o KiUnf,") • (2-6) 

U s i n g (1.8) i n equations (2.3) and (2.5b), we get the components o f Hk
u 

( = and Km (= - Kjn) as fol lows : 

Hk
n [Kt/2, - K2A\2B, (K, A\2 - EA (K, + J Q / 2 ) , 

^ 2 2 [ - j ^ 5 / 2 / i , K2/2, (~K3B/2 ~ E B (K3 + K4)/2) , 

(K4B/2 - E B (K3 + KA)I2)] , (2.7) 

# f c
3 3 E- K i 0 ~ - E ) / 2 J - ^ 2 0 - £ ) / 2 B , ( * 3 / 2 - *T 4£/2 + £ 2 (JST3 + i Q / 2 ) , 

(£" 4/2 - K2Ej2 ~K,E+E2 (K3 + K4)/2)] , 

H*M [K, (1 + E)\2, K2 (1 + E)/2, (KJ2 + * 3 £ + K4Ej2 + £ 2 ( X 3 + 7 Q / 2 ) , 

<AT4/2 + J t 3 / i / 2 + E> (K3 + A - 4 ) / 2 ) ] , 

H*l2[K2/2rKJ2l 0, 0 ] , 

s imilar expressions for / / * ] 3 , i f f c
u , / T / c

2 3 , Hk
2A, Hk

zA are omitted f or brevity 's 

sake, where k takes the values 1, 2, 3, 4. A n d 

^ 1 3 1 = — KU\ = PKl> K232 = — K242 = ^K2 ' 

^ 3 4 2 = ~ + ^ ) / 2 > ^ 1 3 2 = ~ * , 4 2 = ^ 3 1 = " ^ 2 4 1 = + p i Q / 2 , 

^ l 3 3 = pA-3, AT 3 4 l = - p ( ^ 3 + i Q / 2 , K23i = cr/£ 3 , (2.8) 

* I M = ^ . 4 3 = P(^4 - * 3 ) i % ^ 2 3 4 * 2 4 3 = * < * 4 ™ ^ -

K2H = - o-/^/2 . 
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Using equations (2.7) and (2.8) i n (2.5a), we f i n d the values o f 
K'iJk (= - K'Jik) as fo l lows : 

^ ' i 3 1 = = (<yK2A/2B), K'2n = - K ' 2 4 2 = (pK^flA) , 

K'i4i = — K'i44 = <p* , /2 + p £ ( J ^ + j r 4 ) / 2 ) . 

^243 = — K'244 = ( c ^ 3 / 2 + c r i ? ( ^ + J Q / 2 ) , 

K'l3Z = ~ ^'|34 

K'323 = — ^ ' 3 2 4 - <- vKJ2 + <?E(K3 + K4)I2) , (2.9) 

K\ll = — - '̂344 = (- pKJIA - aK2l2B), 

K'i32 = — K'i42 = ( c r ^ - 9KJ2 ) , K'23l = - * ' 2 4 1 = ( p i : 2 - t r ^ / 2 ) , 

^ ' m = + K4) A/2, K'2n = - p f i ( ¿ 3 + ^ ) / 2 , 

K'UI = ^' l23 = ^'|24 = 0 • 

Subst i tut ing f r o m equations (1.8) and (2.9) i n (2.6) we f i n d that the last term 
on the r ight hand side o f equation (2.6) is identically zero and equation (2.6) 
reduces t o 

S%. = h^K'l}l, (2.10) 

E q u a t i o n (2.2) reduces to 

Uk,j = 0 (2.11) 

w i t h the help o f equations (1.8), (2.9) and (2.10). 
Thus we have solved equations (2.2), (2.3) and (2.4) i n terms o f gij and Ks. 

U s i n g equations (2.7), (2.9), (2.10) and (2.11) i n equation (2.1) we f i n d the com­
ponents o f Vkjj as fol lows : 

Vki\[KJ2, - K2A/2B, ~ (K3A/2 - EA (K3 + K^jl), 

(K4A/2 - EA (K3 + tfJ/2] , 

Vk
22 [ - ^ , 5 / 2 , 4 , K2/2, ( - K3B/2 - EB (K3 + K4) / 2), 

(K4B/2 - EB(K3 + j g / 2 ) ] , (2.12) 

Vk
33 [ - Kx (1 - E)!2A, - K 2 { \ - E)/2B, (K3/2 - K4E/2 + E2 {K3 + K4)/2), 

(KJ2 - K3EJ2 - K4E + E2 (K3 + K4)!2] , 

Vk
44 [Kt (1 + E)/2A, K2 (1 + E)/2B, (K3/2 + K3E + K4E/2 + E2 (K3 + j g / 2 ) , 

(JK</2 + A , £ / 2 + £ 2 (iC, + 2 ^ / 2 ) ] , 

^ 1 2 K * 2 / 2 ± * {K> + * 4 ) / 2 ) - ( ^ / 2 + P (JK3 + J Q / 2 ) , 0, 0 ] , 
21 

similar expressions f o r K* 1 3 , Vk
u, Vk

23, Vk
24, Vk

u are ommit ted f o r brevity 's 
31 41 32 42 43 

sake. 
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Thus the solutions o f equation (1.2) i n the space-time (1.7) under the assump­
t i o n (1.9) are given by (2.12). 

3. Tensors G ; J and N ( V - . The gauge invar iant Einstein tensor G,-j as given 
by Buchdahl [ 4 ] , is 

G„ = Nu - (K,,j + KJJ - 2KtVu) - 2Vt, Kt + V<IJTI + Vnj, V"v - L M
U V*mj-

~ L'"u + Vmu Vimj (3.1) 

and Njj, the Einstein tensor o f Einstein's usual asymmetric theory w i t h L \ as 
l inear connection, is given by 

#u = ~ H U J + \ ( L l u . J + i ' / w ) + L ' n J L \ - Dmt V u . (3.2) 

T o calculate G f j- and N,-j more easily we f i n d out V-tj as fol lows : 

VM = VU = °> VM = " VM = &I2A + 5/2S> • <3-3> 

Using (3.3) and the components o f L k
u f r o m [ 5 ] i n view o f (1.9) i n (3.2), we 

get the components o f JVy as fo l lows : 

^ 3 = - = Bxw - I - P, N3i = - N t l = dxw-P, (3.4) 

- ^ 2 3 = - ^ 2 4 = Byw + G, N32 = - N 4 2 = dyw~Q; 

N33 = M+R(l~E), 

N34 = - M + E R , (3.5) 

N« = M-R{\ + E ) , 

where 

w = ( 3 Z + 3,) E,P= (dxx pi A + (3^ p + 3 W cr)/25 - pi?) , 

g = (B„<r/B + O ^ o - + dxyp)/2A - cri?), A = ( 3 , + 3,) W 2 , 

ifef - 1/2.4- - ÛllAf + 1 / 2 5 - (7Ï /25) 2 - ( 3 , p / ^ ) 2 - ( S y r / i i ) 2 -

- 0 , P + dx^fi2AB - (A/2A + B/2B) w/2 - 3^ E/2A - 3 „ £ / 2 5 + 

+ (21 A ) 3 a / 3 x + ( 2 / 5 ) 30 /3 v , 

a = (p/A) dxp + (cr/25) ( 6 , p + 3 , o), 

3 = ( f f / i ) 3 / r + (p /2^) (dyp + 3,cr). 

Us ing (2.12), (3.3) and the components o f L k
i } f r o m [ 5 ] i n equation (3.1), 

we get the components o f G,y as fol lows : 
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Gn = - 2 (K^-A (K,+K4)!4+K2
2Ai2B + EA (K3+KAfl2+A(K2-K2)i2 -

- BA ( A r 3 + 7 Q / 4 5 - p 3 ( * 3 + J Q / 2 + ( 7 ^ -

- (EA (AT3 + X 4 ) / 2 ) , 3 + (KAA/2)A-(EA (K3+K4)!2\4 , 

G22 = - 2(K2)i2~B(K3+KA)j4+Kl
2Bf2A+EB(^ -

- AB{K,+K4)14A-^(KZ+K,)I2+(K^ -

- (EBiK^JQ/^H^B/^-im^+^y^ , (3.6) 

Gl2 = - (K,l2\x-(K2i2lx-(dyp-d^) (K,+K4)I2~KXK212 -

- p f f ( ^ 3 + W 2 ± ( f f ( A r 3 + i Q ) / 2 ) ( 1 T ( p ( A : 3 + ^ 4 ) / 2 ) , 2 

G 3 3 = 7 v - 3 3 - 2 ( i Q , 3 - ^ 4
2 / 2 + ^ £ ( ^ -

- ( A 4 8 , E + A 3 3 f £ + 2 A 4 8 l £ ) - ( i : 3 + A 4 ) 3 ^ -

- £ ( ( ^ ) , 3 + ( ^ 3 X 4 + 2 ( ^ ) , 4 ) / 2 + ^ + A + r i l , 

similar expressions for G 4 4 , G 3 4 , G 1 3 , G 1 4 , G 2 3 , G 3 4 are omit ted for the sake 
43 3! 41 32 42 

o f brevity , where 

Tx = (Z/2,4 + 5 / 2 5 ) ( CRT3 - 7 Q / 2 + E(K3 + i Q / 2 ) - K2E\2A - K2
2E/2B -

- E> (K, + K 4 ) 2 / 2 + ( / i ^ / 2 ^ ) , 1 + (EK2I2B\2 + ( £ ^ 3 + _fiT4)/2) i 3 + 

+ (E2 (K, + J Q / 2 ) , 4 + ( ^ / 2 ) , 3 + (KJ2\4 -

- ( ( p X i W + ( c r ^ / 5 ) 2 + per A , i T 2 / ^ 5 ) / 2 , 

/ , = - <AT,/2^) r l - (KJ2B)i2 + ^ , 2 / 2 ,4 + JRT 2
2/25, 

Tn = pK{ By<r/AB + aK2 3 ^ / ^ 5 - 0 ^ + 3 ^ ) ^ , / 2 / 1 5 - ( 3 ^ + 3 ^ ) pKJ2AB -

- Kx (pBjfA + cr (3,p + dxv)/2B) - (ffdjr/B + p (dyp + 3 , f f ) / 2 i i ) , 

similar expressions for T2, T3, T4, J 2 , 7 3 , J 4 > T21, T33, TIA, J 2 2 , J 2 3 , / 4 4 are omit ted 
f o r brevity sake. 

A single and double overhead bar (—) denote the par t ia l di f ferentiat ion 
w i t h respect to (z-t) once and twice respectively. 

4. Solution of the Field Equation (1.4). Us ing the components o f L k
r , f r o m 

[ 5 ] and Vkij f r o m (2.12) i n equation (1.4), we f i n d that when i = 1, 2, equation 
T V j 7 = o gives 

JC, + ^ = 0 , (4.1) 

while when / = 3, 4 equation T^j = 0 gives 
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- ( 9 K , B + <TK2A) - f B dxp + ABya = 0. (4.2) 

Thus (4.1) and (4.2) are necessary conditions i n order that the gauge inva ­
riant generalized second f i e ld equations be satisfied i n a generalized Peres 
space-time. 

5. Solution of equation (1.5). Us ing equation (4.1) i n (3.6), equat ion (1.5) 
yields 

- 2 ( ^ ] ) , l + 7 ^ 7 7 / 2 / l + ( ^ 

- 2 ( ; Q , 2 - ^ 5 / 2 ^ + ( ^ / 2 ) i 2 - ^ ^ ^ 0, 

- ( ^ / 2 ) , 2 - (i^/2), , - K X K2j2 = 0 , 

N33 = 2 a r 3 ) i 3 + K?il + Kz (A/2A + B/2B) + 

+ (K4dzE + K3 d,E + 2K4 dtE)i2 + 

+ E((K^ + (K,)A + 2(7C 4), 4)/2 - T/ - J / - Tn', 

N44 = 2 ( K 4 ) A + K3
2/2 - K 4 (A/2A + B/2B) -

- ( £ 3 dzE + K4 d2E + 2 ^ dzE)/2 -

- E((K3)A + (K4\3 + 2 ( 7 Q , 3 ) / 2 - 7 y - J , ' - Tn', 

Nu = (K312\A + ( 7 y 2 ) i 3 + ^ 3 . ^ / 2 + E((K3\3 - (K4)A)/2 + 

+ (K3 dzE - K4 dtE)j2 - T2' - J 2 ' - T22' + J 2 2 ' , 

N43 = (7<T3/2)>4 + (A- 4 /2), 3 + ^ 3 KJ2 + £ ((iQ,3 - (iQ , 4 ) /2 + 

+ (K3 dzE - K4 d,E)j2 - T2' + J 2 ' - 7 , / + 7 , / , 

Nn = ( ^ 1 / 2 ) , 3 + ( i i : 3 / 2 ) , 1 + 7 C 1 ^ 3 / 2 ± ( p Z 4 / 2 X 3 ± ( p ^ 4 / 2 ) , 4 - r 3 ' + / 3 ' , 
3t 

Nl4 = (7C 1 /2) j 4+(7C 4 /2), l+ir i ^ 4 / 2 ± ( p ^ 3 / 2 ) , 3 ± ( p ^ 3 / 2 ) , 4 + I ,
3 ' ± / 3 ' J 

41 
N73 = ( 7 i 2 / 2 ) , 3 + ( Z 3 / 2 ) , 2 + ^ 2 K3/2±(GKJ2\3±(CKJ2)a-T4' + J 4 ' , 

32 
i V 2 4 = ( ^ 2 / 2 ) , 4 + ( ^ 4 / 2 ) , 2 + ^ 2 ^ 4 / 2 ± ( o - ^ 3 / 2 ) ) 3 ± ( c r ^ 3 / 2 ) , 4 + r 4 ' ± / 4 ' . 

42 

(5.1) 

(5.2) 

(5.3) 

Here dashed TVs and / , 's are the corresponding values o f TVs and J / s u n ­
der the condi t ion (4.1). 

There are various possibilities under which the solut ion o f f i e l d equation 
(1.5) may be considered. However i n this paper we shall consider the solut ion 
i n the case when 

K, = K2 = 0 (5.4) 
and 
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K3=~K4 = K(z,t). (5.5) 

Here (5.5) is no t assumed b u t is i m p l i e d by the condit ion (4.1). U s i n g (5.4) 
and (5.5), equat ion (5.1) yields 

(KA\3 + ( £ 4 X 4 = 0 , 

(KB\3 + (KB)A = 0 . 

E q u a t i o n (5.6) gives 

(K),3 + (K)A = 0 , (5.7) 

w h i c h implies t h a t 

K = - K(z~t) (5.8) 

i.e. K is a funct ion o f (z — t). 

Further using (5.4) and (5.8) i n (5.2) and (5.3), we get 

N33 = - N34 = - N43 = N44 = K + ^ 2 / 2 - ^H>/2 (5.9) 

and 

= * 3 l = ^ . 4 = * 4 1 = ^ 2 3 = ^ 3 2 = ^ 2 4 = ^ 4 2 = 0 (5.10) 

respectively. 

Equat ing the expressions f or the same components o f Ny f r o m (3.4), (3.5) 
and (5.9), (5.10), we f i n d that 

M + R(l-E) = K + K2/2 ~K(dz + 9,) E\2, 

M — RE — K + K2/2 -K(dx + d,) E/2 , (5.11) 

M-R(l+E) = K + &I2 - K(d2 + 8,) E/2 

and 

8 ^ + P = 0, Sxw - P = 0 , 

3,w + e = 0, 8 ^ - 2 = 0 . 

S impl i fy ing (5.11), we get 

( 8 Z + 8 , ) H ' = 0 , (5.13) 

1/2,4 - (A/2A)2 + f / 2 5 - (B/2B)2 - ( 3 , p M ) 2 ™ -

- 0 , P + dx<rf/2AB - (Â/2A + J / 2 B ) w/2 - 8 ^ E/2A - (5.14) 

- 8 ^ / 2 5 + (21 A) dx* + (2jB) dy$ = K+ K2\2 - Kw/2 . 

(5.12) 
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E q u a t i o n (5.12) implies that dxw = 0, P = 0 and Byw = 0, Q = 0 i.e. 

a) 0 , + 3 f ) a ^ = o, 
b) (Bz±B,)ByE=0 

(5.15) 

and 

a) Bxxp/A f OyyP + 3^o-)/2 B - p O x + a,) w = 0 , 

b) 3 , ^ / 5 + O w f f + 3^p) /2 A - a ( 3 , + 3 ( ) w = 0 . 

Integrat ing (5.13), (5.15) a), b) we f i n d that the f o r m o f E is given by 

(5.16) 

E={x + y + z)fi(z-1) + / < * , y)f2 (z - 0 
o r (5.17) 

j ; , z - 0 + 2 / i ( ^ - i ) . 
U s i n g equation (4.2) and (5.13), equation (5.16) is further s impl i f ied as 

3*,ffM + B„ff/B = 0 . 

Thus K, given by ^T, = K2 = 0 and K3 = — £ 4 = A" (z — i ) , the g j 7 given 
by (1.8) along w i t h the equations (5.14), (5.17) and (5.18) can be said to con­
stitute the wave solutions o f Buchdahl 's f ie ld equations i n the generalized Peres 
space-time. 

W h e n Kt = K2 = 0 and K3= — KA = K(z — r ) , then al l the components 
o f the skew symmetric Fy = BK-jBxj — BKjfBxi, defined i n [ 3 ] reduce to zero, 
thereby showing that g^ may be associated w i t h the electromagnetic f i e ld 

V 

tensor i n the Buchdahl 's gauge invar iant theory. 
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D E P A R T M E N T O F M A T H E M A T I C S 
U N I V E R S I T Y O F G O R A K H P U R 
G O R A K H P U R - ' I N D I A 

Ö Z E T 

B u çalışmada Buchdahl tarafından verilen, Einstein alan denklemlerinin 
ölçüyü sabit bn -akan bir genelleştirilmesi incelenmektedir. 


