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P R O J E C T I V E A F F I N E M O T I O N IN A PRFn-SPACE, V 

A. K U M A R 

In this paper has been investigated in a PRFn-space the existence of 
projective affine motion characterized by 

x* = x1 + vi (x) dt 

and £ « G ' ; t = 0 of several types. 

1. INTRODUCTION 

Let Fn [ 'J' 1 be an n-dimensional affinely connected and non-flat Finsler 
space equipped with symmetric Berwald's connection coefficient G'Jk (x,x). 
The covaiiant derivative of any tensor field Tf (x,x) with respect to xk in the 
sense of Berwald is given by 

TJod = 3* V ~ L Tf G"\k x- + Tf G'sk - 77 G*Jk . (1.1) 

The commutation formula involving the Berwald's covariant derivative is gi
ven by t 1 ] : 

2 T')m(k}] = - 3 T TfH\hkx* + Tf tfshk - Tj H<Jhk, » (1.2) 

where 

&m (*> ^ 2 Oifc Ginn < ? U G\u * + <7r*y G'\ly} (1.3) 

is called Berwald's curvature tensor and satisfies the following identities [*] : 

0.4) 
^ + ^ M + ^ W = 0 (1.5) 

and 

# V i = tfw. (1.6) 

Let us consider an infinitesimal point transformation 

x1 = x* + d(x)dt, (1.7) 

') Numbers in brackets refer to the references at the end of the paper. 
*> 2 A [ M ] = Ahk — Akh. 
3> a , s 3 / 3 i i and 3,== 9/3*'. 
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where v' (x) is any vector field and dt is an infinitesimal point constant. I n view 
of the above point transformation and Eerwald's covariant derivative, the Lie 
derivatives of Tf (x, x) and G'jk (x, x) respectively are given by [ 2 ] : 

and 

U G'}k = v'a) a ) - H*m v" + G>dA VM x* , (1.9) 

where = dsGl

Jk. 

I n an Fn i f the Berwald's curvature tensor field Whjk (x, x) satisfies the 
relation 

= (1.10) 

where Xs(x) is any covariant vector then the space is called projective recurrent 
Finsler space of first order or PRFn-space. The present author has investiga
ted in an PRFn-space the existence of projective affine motion characterized 
by (1.7) and £v G'jk ~ 0 of the following several types [ 4 ] , [ 5 ] , [ 6 ] : 

(A) Contra-form characterized by v\j} — 0, 

(B) Concurrent form defined by v ' { i ) = aS/ (a = const.), 

(C) Special concircular-form introduced by = y (x) 5/, 

(p) Projective recurrent-form characterized by v!

(j) = \pj (x) t>', 

(E) Concircular form satisfying the condition : v'a) = cr (x) 8/ + yj (x) v' 

(¥ / = gradient vector). 

However, these types are contained, as a special case respectively in the 
condition 

vi

a}=a(x)8j + Vj(x)vi, (1.11) 

where a(x) means any function and \\fj denotes a certain covariant vector. The 
vector field (?/) defined by such a condition wil l be called a torse-forming field. 
Then, as the most general case, in this paper, the author wi l l discuss about the 
projective affine motion of torse-forming form defined by 

x! = xl + v' (x) dt, v'V) = cr (x) 8/ + (x) v1 . (1.12) 

2. P R O J E C T I V E A F F I N E M O T I O N AND T H R E E C A S E S 

I n what follows we shall assume the existence of projective affine motions 
of torse-forming form (1.12). Then, we come to.assume two conditions : 
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a) £ * ( ? A = 0 or b) v\n { k ) = Wjkh v" - G'dk * M i T (2.1) 

that is the equation of projective affine motion and its integrability condition 

£v H!

hJk = e* X, H'h}k H\ik v'(s) + H'sik « * w + v\i} + 

+ &His «•(*) + 9, * ( T > I T = 0- (2-2) 

From the latter part of (1.12), we can construct 

v'(j) ft) = °* 5 / + V; tt)»' + Vy ( a V + *>') > (2-3) 

where 

^ = 0 - ^ = 3 ^ . (2.4) 

Introducing the latter part of (1.2) and (2.3) into the equation (2.1), we have 

ff'ikh^ = Vya>»' + VjVkv' + crA 5 / + c r 8 ; / . (2.5) 

Transvecting the last formula by vk and using the fact that H'jkh vk vh = 0, 
we get 

\\ij(k)Vivk + \\fj \\fk v'vk + ak 8/ f A - f cr — 0. (2.6) 

For the non-zero property of the vector v'(x) the last relation reduces to 

ik) v k + Yy ¥ f c » / c + ff Vy = 0, (2.7) 

where we have used the relation I 6 ] : 

£v cr (x) = 0 or cr/; vh = 0. (2.8) 

Equating the indices i and k of the formula (2.5), we obtain 

H'M v1' = yj (/() vk + yj \yk vk + cr, + ncr i|/y • (2-9) 

Introducing (2.7) into the above relation, we find 

ffV»* = ( « - l ) f f V j + ffy- (2-10) 

Differentiating covariantly the above formula with respect to xs and taking 
care of the equations (1.10) and the latter part of (1.12), we have 

( y , + Xs) H'Jlh v" + cr H'Jht = (« - 1) (cr, V, + ff (,)) + <Tj w . (2.11) 

Substituting (2.10) into the left-hand side of the above equation, we get 

(¥ , + \ ) { (» - 1) ff Vy + ffy } + cr H>Jts = (w - 1) (cr, y y + cr \fj + <Tj <sy (2.12) 

Transvecting the above formula by vs and noting the equations (2.7), (2.8) and 
(2.10), we obtain 
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{n — 1) cr M>; (2 Ws vs + X, + 2cr) + cr, (\\ts vs + Xs vs + 2cr) - 0. (2.13) 

Now, again transvecting the formula (2.13) by vJ and using the equation (2.8), 
we find 

(n - 1) cr »/ (2 ys v" + \ s vs + 2a) = 0. (2.14) 

Consequently, i t is seen from (2.14) that in order to discuss the possibility o f 
torse-forming projective affine motion in an PRFn-space i t is necessary to in
vestigate the three cases for n > 2 : 

a) c r = 0 , b) yjVJ=0 and c) 2 y a v« + Xs vs + 2cr = 0. (2.15) 

3. THE CASE OF cr - 0 

I n view of this case the projective affine motion (1.12) under considera
tion is degenerated into 

xl = x* + v1' (x) dt, v\}) = \\fj (x) v'\ (3.1> 

But the above case has been already discussed deeply by the author in the 
papers [ 5 ] and [ 7 j .This is projective recurrent affine motion form. 

4. T H E C A S E O F ysvs = 0 

Differentiating covariantly (2.5) with respect to x'" and taking notice o f 
the equations (1.10) and the latter part of (1.12), we have 

(K + Y m ) &jkh vh + a- # ' A m - V; (,„) vf + xtj tt) v1

 CmJ + yj C m ) % v< + 

+ VyVftOH)*' + W A ^ G * ) + o- V J C A ' + o ^ v A ' + ffA(m)S/. (4.1) 

Contracting the above formula wi th respect to the indices i and y we get 

(K + ¥,„) vh + cr 1 ^ = (ft, ( m ) + \ft w v' ( m ) + V / ( m ) ¥ a + 

+ V* V* *>'(„,) + Vft ( m ) + crM \fk + n cr/c ( m ) , (4.2) 

where we have used the fact that 

V/, = 0. (4.3) 

Wi th the help of the above formula we can deduce 

V*w«* + V*«*w = 0. (4.4) 

Again differentiating covariantly the last formula with respect to xm and using 
the latter part of (1.12) we f ind 
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"Vh M (*o v'' + V A G) ^(„0 + V A L M ) ^V) + VA (ff S/ + vA »*) ( w ) = 0 (4.5) 

or 

V F T G> (M) vh + VA W H- VA («> ¥ . + ff y f (,„) + a„, % + V , % v\m) = 0, (4.6) 

where we have used (2.4) and (4.3). 

Now, introducing the equation (4.6) into the right-hand side of the 
formula (4.2), we obtain 

0 v + ¥„,) H-ikh vh + a t f ' f t m = n vk ( m ) . • (4.7) 

Commutating the last relation with respect to the indices k and m and using 
the fact that aklm) = <smQd, we have 

(K + H'ikh v* + cr H ' I A ( J 1 = n <rk . (4.8) 

The above formula can also be re-written as 

2 cr JPlkm = (X / c + ¥A) / J H A «* - (km + y,„) <*„ ** . (4.9) 

Transvecting the last result by vm and using the fact that H'ikm vk vm = 0, 
we get 

{2G+\mvm)Wikhv* = V, (4.10) 

where we have used (4.3). 

Hence, we have two cases to be discussed: 

B<ikllv^0 (4.11) 

and 

2<r+ Xmvm^0. (4.12) 

PROJECTIVE AFFINE M O T I O N GIVEN BY (4.11) 

I n such a case, from (2.1), we have 

* W > = ° . < 4 - 1 3 > 

Thus, by virtue of the equations (2.3) and (4.13), we can get 

«<rft + VAOt) + ff V A = 0. (4.14) 

I n view of the equations (1.12) and (4.3), the last formula takes the form 

n <rk - \yh (cr St* + «*) + * V* = 0 (4-15) 

or 
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vk = 0. (4.16) 

Then, we shall have proved \\tj = 0. I n what follows we shall always use (4.3) 
and (4.16). From the formula (2.3), we can get 

v\j) (0 = °V + Y; (0 d + n cr \fj. , (4.17) 

By virtue of (4.3), the equation (2.7) takes the form 

ffVy^-Vjft)^. (4.18) 

Introducing the last result into the right-hand side of the formula (4.17), we 
obtain 

v\}) w - [n — 1) cr \\fj + Cj. (4.19) 

But, with the help of the equation (4.16), the last relation reduces to 

f'o)t0 = ( « - ! ) ff^j- • (4-20) 

From the equations (2.1) and (4.11), we can construct 

^(0« = ^ « * » * = 0- <4.21) 

Therefore, commutating the formula (4.20) with respect to the indices j and 
/ and using the equations (1.2) and (4.21), we have 

(n - 1) ff Vy = -v* Hl&. (4.22) 

Differentiating covariantly the above formula with respect to xm and taking 
notice of the equations (1.10), the latter part of (1.12) and (4.16) we get 

- iK + Y,„) vs H># - cr H'-inJi = (n ~ 1) cr Y j ( m ) . (4.23) 

With the help of the equations (4.22) and (4.23), we can obtain 

(K + Y j (n - 1) tr Yj - a H'mji = (n - 1) ff Y; ( m ) • (4.24) 

Now, transvecting the above result by vj and taking care of the equation (1.4) 
and (4.3), we find 

aBt

m,ivi=(n-l)a^J(m)vi. (4.25) 

I n view of the equation (2.1), the last formula takes the form 

o- ^C,„) (/> = (n - 1) <r Y; M

 v J (4-26) 

or 

' ^ ' ( M ) ( 0 ^ ( » - l ) Y ; f m , ^ , - (4.27) 

where we have neglected the non-vanishing cr (x). 

Introducing (4.20) into the left-hand side of the above result, we have 
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(n - 1) <r ym = in - 1) ^ M V (4.28) 

or 

o- ¥„, = ¥J („,) ^ = (M>j f ' ) („,) - ¥ ; « J ' ( m ) = - Vy (ff 8,,/ + v m «0 = - cr y m (4.29) 

or 

2o-v f f l = 0. (4.30) 

Hence, by virtue of a # 0, we get ym = 0. This completes the proof of desired 
property. Thus, in this case the equation (1.12) becomes 

x' = x' + vl(x) dt, i>'<j> = ff V (o- = const.). (4.31) 

This is a concurrent form and such a motion is unable to exist in a general 
PRFn-space. This fact was shown by the author in the paper [ 3] .. 

2. PROJECTIVE AFFINE M O T I O N GIVEN BY (4.12) 

From the equations (1.12) and (4.3) we can.conclude 

(»,) ** + V A V f f l »* + cr V,„ = 0- (4.32) 

Subtracting the last formula with (2.7), we have 

V* &,d »* = V f f l ( 4 - 3 3 > 

By virtue of the equations (1.4) and (1.6), the formula (2.10) can be're-written 
as 

- . f f A i * = ( n - l)crv|>y + cr,. (4.34) 

Differentiating covariantly wi th respect to xs and using the equations (1.10) 
and the latter part of (1.12), we get 

- ( y , + X,) J/ J 7 i «* - cr = (n - 1) {cr, V j + ffifc w + cr;- M ) . (4.35) 

Commutating the above formula with respect to the indices j and 5 and taking 
care of the fact that (<Tj(s) = cr, (./)), we obtain 

- (V, + >0 - cr Hjs - (n - 1) (cr, + cr f j ) ) = 
= - (Vy + Xj) * A - cr - (n - 1) (cr,- y s + <r y , ( / ) ) . (4.36) 

Now, transvecting the above formula by v'] and remembering the relations (2.8) 
and (4.3), we find 

- ( ¥ , + X a) HJh v* vh - a Hjs vt - (n - 1) cr v' = 

= -\Jv3ffillv*-crIisjvJ-(n-l)<?ys0)vj. • • - (4.37) 

By virtue of (4.33) and the hypothesis (4.12), the above equation reduces to 
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- ( y s + \ ) Hj„vJ v" - cr Hjs vi = oHsj . (4.38) 

I n view of the equations (1.2), (2.1), (2.3), (2.8) and (4.3), we can deduce : 

- Hjk vJ v>< = - H'Jht v^v"^- (v*(/l) w - v*<s) (h)) v" = 

= ~ t(ff V + Y A A,) - ( m + ¥ s = 
= - !>/, + YAW f* + VA i m + V * ^ S ) ~ na„] v'' = 

= - ¥A(,) = (VA V A u* + ¥ A ) * a = 0. (4.39) 

Thus, introducing the last result into the left-hand side of the formula (4.38) 
and neglecting the non-zero CT(A") } we have 

{HJs + Hsj)vJ = 0 ( c r # 0 ) . (4.40) 

Differentiating the above formula covariantly with respect to x"' and taking 
notice of the equations (1.10), (1.12) and (4.40) itself, we get 

Hms + Hsm . (4.41) 

On the other hand contracting the Bianchi's identity (1.5) for the Berwald's cur
vature tensor H'hik(x, x) with respect to the indices i and k, we obtain 

H'nn + H^ + H^j. (4.42) 

By virtue of the above identity and (1.6), we f ind 

2 0'jli + H'lAt = O. (4.43) 

From the last formula, we can also have 

(2&M + H'ih})vJ=0. (4.44) 

I n view of the equations (2.1 b) and (2.3), we can construct 

H'M v j = - vJ H!

JHI = v\h) ( 0 - v\ty Ul) = in - 1) (cr yh - cr„). (4.45) 

Next, introducing the above result into (4.44), we get 

2 (« - 1) (cr y / ( - cr,) + v>m m = 0 (4.46) 

or 

2 (« - 1) (<r. - cr,,) + (nz + v\h) = 0. (4.47) 

Thus, we obtain , 

^Yr\~-^r\(dM (4-48> 
2{n — 1) cr 2(n — 1) 

namely, we have found at last that y\th denotes a gradient vector. I n this way, 
in the present case, we could f ind that the motion (1.12) under consideration 
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be a concircular projective affine motion. Such a motion has been investigated 
in detail by the author in [ 6 ] , 

5. THE CASE OF Xs V + 2^, vs + 2a = 0 

I n this case the equation (2.13) can be written as 

o- / ( i l / ,^ ; 2o)- (). . (5:1) 

So, we have two cases : 

<Tj — 0 or cr (A) = non-zero const., (5.2) 

V, v* + ~XS & + "2cr = 0 . (5.3) 

But in view of the case (2.15 c), the condition (5.3) reduces to 

vs - 0 (5.4) 

and such a case has been discussed in § 4. So, we except this case. 

Thus in what follows, we shall study the possibility of projective affine 
motion under (5.2). By virtue of this case the formula (2.12) becomes 

(n - 1) V j ( y , + \ ) + H'Ht = (« - 1) Y/G), (5.5) 

where we have neglected the non-zero a (x). 

With the help of the last equation we get the following commutation equality: 

(«- l ) V j C v . + W + ^ - i B - l ) v , (vj+Xji-H^j = ( ^ - ^ a , ) - (5.6) 

From the identity (1.5) we can deduce 

H!

iis - H'sU - I F u j 0 . (5.7) 

Thus, by virtue of the above identity the formula (5.6) takes the form 

H'ih = ( « - ! ) (Vyw ~ + V* • (5.8) 

Introducing the latter part of (1.12) into the equation (2.2), we have 

{if X, - f 2cr) Whik - yft v' H'm + y„ i f Hl

sJk + V y * i / ^ + yk »» /Y',,, = 0. (5.9) 

Now, contracting the above formula with respect to the indices / and h we get 

(«• X, + 2cr) i f ' ^ + v/ ** H'isk + y A «- # ( f A = 0. (5.10) 

On the other hand, introducing (5.8) into the left-hand side of the above 
equality and neglecting (n — 1) ^ 0, we obtain 
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(v° Xs+2<j) (ym - VftO) — ¥y X f t + ¥ * >v)+Vy ( V i f t ) - V j W f f ) - X,) -\-

+ YA ̂ S (VJU) ~ VsW - ¥y K + ¥ s X;) = 0. (5.11> 

Now, introducing the hypothesis (2.15 c) into the above formula, we find 

™ vs (ym - wkin ~ ¥y Xk + ¥A Xj) + ¥y (¥,</<> ~ ¥ / l U ) - ¥ s X f c + ¥ * + 

+ ¥A ^ (¥y« - ¥ i W ~ ¥y X, + ¥ A " ) = 0. . • . . (5.12> 

After little simplification, the above relation can also be re-written as 

V, [ - 2 (»|/ y ( t ) - x^o,) + ¥y X* - y A Xy] + ¥y & (V s ( f c) - ¥*<,)) + 

+ V * ^ ( V J U ) - Y , o > ) = 0 - < 5 " 1 3 > 
I n view of the equation (2.7) the last formula yields 

V, v s [ - 2 OiOfc) - ¥«/>) + ¥y Xfc - ¥/ f >*y] + ¥y & \\fs(k) - ¥* «s ^ ( / ) -

- ¥y ( - ¥ s ¥, c V - cr ¥A) + ¥A ( - ¥y ¥ s ^ - cr Vy) - 0 (5.14) 

or 

V [ - 2 (ym - + Xk ~ \\fk Xy] + vs ( v , y i ( W - ¥ / c - 0. (5.15). 

Transvecting the above formula by vk and taking care of (2.7), we have 

¥s- & (¥fc(y) - ¥* vk Xj) - \\>j \\ik » f t — cr v» = 0 . (5.16) 

From the above result, neglecting the non-vanishing term \\fsys, we get 

V * f t < r * - Y * ^ ( ^ + Yj) + ffY/ = p . . (5.17) 

Now, subtracting the formula (2.7) with the last equation, we obtain 

¥A (y) vk ~ Vyc*) ̂  ~ h ¥A *>'( + ¥y K *>k = 0, (5.18) 

where we have used the hypothesis (2.15 c). 

The above formula can also be re-written as 

( ¥ * « ~ ¥y(,() ~h^k + K ¥y) vk - 0. (5.19) 

Comparing the last relation with (5.8), we find 

H'lJsvJ = 0 (5.20) 

or 

»'(0W = 0 ' or ncr, + \ | / ; u ) »'"4- 'cr ¥ , + ' ¥ / '¥ , = ' 0 ' (5.21) 

or 

mrt + ¥ / W Pf + M'/ (? W + ¥ , «0 = 0 . . (5.22) 

Since cr = const, therefore the above formula reduces to 
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(¥,• v % ) = 0 o r ¥ i v i = const., (5.23) 

where we have used the latter part of (1.12). The last result can also be 

re-written as 

V A y ) vk + ¥* <<r 6 / + ¥ ; «*) = 0. (5.24) 

Comparing the above equation with (2.7), we find 

> A A ) » * = V*u)»*- (5-25) 

Introducing the above relation in (5.18), we have 

hVkvk = Kh*k. . (5-26) 

Since cr and y3vs denotes a non-zero constant respectively, so from the hypoth
esis (2.15 c), we obtain . , 

= const. (5.27) 

From (5.26) we can put 

PXy = a v / , (5.28) 

where 

a) 3 = ylc vh = non-zero const, and b) a = Xk tA = const. (5.29) 

Differentiating covariantly (5.20) by x"1 and taking care of the equations (1.10), 
(1.12) and (5.20) itself, we get 

ffJïf

#M,= 0 . (5.30) 

For the non-vanishing property of the function a(x) the last formula yields 

(5.31) 

By virtue of thé last formula and the fact that (« — 1) # 0, the relation (5.8) 
takes the form 

¥/(*) - ¥,0") ~ Vj\ + ¥ s > v = 0 . (5.32) 

Prom (5.28), we can deduce 

(* (*vu> ~ Kai> - « (yKm) - v r a ( / ) ) . (5.33) 

I n view of the equation (5.32), the above result reduces to 

3 - W = 3 (¥y K - ¥„, V ) • (5-34) 

W i t h the help of (5.28) the above formula becomes 
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3 (XJ(j,ö - XlllU)) = 3 X, Xm - 3 X„, X; = o (5.35) 

or 

Thus, we can say that Xj is a gradient vector. 

(5.36) 

By virtue of (5.36) the formula (5.33) takes the form 

(5.37) 

Thus, from (5.28) and (5.37), we can consider the two cases : 

0 The case of a = 0. I n this case we have Xj = 0. Therefore from the 
fundamental definition (1.10), we can say that the space under consideration 
becomes symmetric (i.G.-H'J;jk= 0). • • : 

ii) The case of a ¥= 0. I n this case from (5.37), we can f ind 

Hence the transformation (1.7) characterized by (1.12) becomes one of the 
concircular form. 

From all the discussions above we can state : 

Theorem 5.1. I f a general PRFn-space admits a projective affine motion 
of torse-forming form, the following three cases occur : 

1. The case of a 0. I n this case, the motion is degenerated into a 
recurrent motion (rt ^ 2). 

2. The case of \\fs v" = 0 and Xs vs + 2cr = 0. I n this case only one 
projective affine motion of concircular form may be considered (n ^ 3). 

3. The case of Xs if -f- 2 \\fs vs - f 2 T = 0. I n this case the motion must be a 
special one satisfying CT = const, and furthermore .we can regard the space 
reduces to a symmetric space or the motion can be degenerated into, concircular 
motion (n ^ 2). 

¥,-(„,) = (5.38) 
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Ö Z E T 

Bu çalışmada, bir PRFn uzayında 

x* = xi + t)'(x) dt 

ve £ H Gijic = 0 ile karakterize edilen çeşitli tiplerdeki projektif afin 
hareketin varlığı incelenmektedir. 


