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PROJECTIVE CURVATURE COLLINEATION AND SPECIAL
PROJECTIVE MOTION IN A FINSLER SPACE

A. KUMAR

In this paper it has been discussed the conditions under which a special
projective motion becomes a projective curvatare collineation.

1. INTRODUCTION

Let us consider an n-dimensional Finsler space Fn [']" having fundamen-
tal homogeneous metric function F(x x) of degree one in its directional argu-

i
ments The fundamenta! metric tensor &ij {x,x)de‘" o 8 3 ; F2 (x,x) of the space

is symmetric in its lower indices. The covariant and contravariant metric
tensors satisfy : : : : . o

g,kgkf—"fij (LD

where 8/ is Kronecker deltas. The projective covariant [¥] derivative of a
vector field X/ (x,%) with respect to x* is given by

Xigy = 8 X' — (3, X) T + X I, (i)
where
, ; 1
Hihk (x,X)déf' Glhk - T_‘_I)_(Z 8(” GTk)T + x G* Tk.’i) (].3)

are called projective connection coefficients and are also positively homogene-
ous function of degreé zero in %' and satisfy the following relations :

a) Iy, ¥ =05 h) é_ilnin":;k = I, and c) Tl % =TI, 1.4)

Also, like the Berwald’s covariant derivative the projective covariant deriva-
tives of X' and 3,' vanishes. ‘

¥} The numbers in square brackets refer to the references given at the end of the paper.
% §,z= ofox' and 9; = 9foxi.
B 24y = Ang + Agn and 2 Agpg = Ape — Agp -
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The following commutation formulae involving the projective covariant
derivative are given by

3n i) — @ Ty = T Wy, — T, (1.5)
and
2 Thgweon = — @y T) Qe + 17 Qe = T4/ Qs - (16)
where o
O gy (0,080 2 {3y, My — IV g 1Ly 4 Iy TP} 7

are called projective entities and satidfy the following relations :
a) Qo= Ol ¥, B) Qi = Q' ¥ = Q' X1 3% and ©) Qi = Q. (1.8)
Let us consider an infinitesimal point transformation
X e xt ol () dE, (1.9)

where o' (x) denotes components of contravariant vector and df means an
infinitesimal constant, When the point transformation (1.9) transforms the
system of geodesies into the same system, (1.9) is called infinitesimal projective
motion. The necessary and sufficient condition that (1.9) be a special projective
motion in Fn is that the Lie-derivative of Il%;, (x,X) with respect to (1.9) itself
has the form

£0 Iy (x,X) = 80, + 8,7 o, - (119
for any. NON-ZEeTo .cova.riant vecitor o, . | | -
We have the following commutation formulae :
£ (@, T)) — 3, (fv Tj) = 0, (1.11)
fo (T'-j((,'i))} — (v T ji)((k)) - TJ” v H_ikh - Thi £o Hhkf - (é}r TJ‘)*E” »kkx = (1.12)
and
£0 (W) oy~ (€0 Wik = £0 Qe + (v 1) Wy 61— (80 I) MWy, 51, (1.13)
In view of (1.41)), (];40) and the commutation formula (1.11) the equation (1.10)
yields two more equations '
o Il (x,%) = ¥ o, + 8,/c, % ¢ (114
and .
Eo Iy (0 X) = 80, + 8loy, - - - (1.15)

where
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a) o, (0,80 9,0, and b) o, (x D) =0, . (116

We shall now mention here some definitions which will be used in latter
discussions.

Projective Curvature Collineation (Pande and Kumar [']D. A Finsler space
is said to admit a projective curvature collineation if there exists a vector
v'(x) such that

£’U Qiffﬂf — 0 . (1.17) '

Ricci Projective Curvature Collineation (Pande and Kumar [*]). An Fn is
said to admit a Ricci projective curvature collineation if there exists a vector
v (x) such that

£ 0y — 0. (1.18)

2. PROJECTIVE CURVATURE COLLINEATION

We shall now here discuss the conditions under which a special projec-
tive motion becomes a projective curvature collineation. In view of equation
(1.10), the commutation formula (1.13) reduces to

v Qe (5% = 2 {S@ 81 + 84 Stion} . (2.1)
Introducing (1.17) in the above equation, we get
S 851 + 8 Opgon = 0 (2.2)
Let us make a contraction with respect to indices 7 and j in (2.2), we obtain
N Cyup = Tty = 0+ - - (2.3)
Thus, we have: '

Theorem 2.I. In a Finsler spac2 Fn if a special projective motion becomes
a projective curvature collineation, the equation- (2.3} holds.

“Contracting (2.1) with respect to the indices / and & and using (1.8¢c), we
have '

£9 051 = Sy — 1 Ouiiy > (2.4)

where we have made use of the fact that the operations of contraction and
Lie-differentiations are commutative. In view of (1.8), the equation (2.4) yields

Ty — A Oein = 0 5 (2.9

which gives :
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Theorem 2.2. In an Fr if special projective motion becomes a Ricci pro-
fective curvature collineation, the equation (2.5) holds.

3. PROJECTIVE SYMMETRIC SPACE

Definition’ 3.1. A Finsler space Fr is said to be a projective symmetric
space if its projective covariant derivative of Q% (x,X) satisfies

Qlery = 0 @1
which immediately yields A

Oljiien = 0 (3.2
and ‘

Qleery = 0 (3.3)

Using the commutation formula (1.12) to the projective entity @} (x,%) and
noting equations (1. 10) and (3.3), we get

Ev Oy =10/ 0, — Q8 o) -+ X* (9 O/ o, + 3, Qfo} - .9
Contracting {3.4) with respect to indices i and 7, we obtain ‘

(Ev Oy = ¥ {@. ) o, + (3, 0 5} - (3.5

Thus, we have:

Theorem 3.1. If a projective symmetric Finsler space admits a special
projective motion, the equation (3.5) holds.

For the projective covariant derivative, the commutation formula is given
by

élz (Qifk{(m))) - (éh Qifk)((m)) = Qsjk Hifrms T 2 Qi.s[.’c Hjslhm » (36)
which in view of equations (3.1) and (3.2) yields
Qsjk Hifmls -2 Qi.s[k Hsj]!rm = 0. ) | (37)

In view of equation (1.8a) transvecting (2.1) by %" and using the fact that
fo X =0, we get

£0 Ol (6%) = 2 {Oyn 851 # -+ & Gy} - -G8

In view of equatlons (1.4a), (1.15) and (3.8) taking the Lie-derivative of (3.7),
we obtain
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O 8t o + O 0 — 2 {00 i + Ot Ot —
: 3.9
— {Oyqn ¥ 8 — ¥ Oy — T <an>)} Wapy = 0%

Transvecting (3.9) by £™ and using equations (1.4a), (1.8b) and (1.16b), we get
0% O X+ Qg0 — 2{ Q% 0n + Qo) = 0. (3.10)

Thus, we have ;
Theorem 3.3. If a projective symmetric Finsler space admits a special

projective motion characterized by infinitesimal point transformation (1.9},
the equation (3.10) holds. '
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9  The indices in < > are free from symmeti:ic and skew-symmetric parts,
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