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ON THE UNIFORM HARMONIC SUMMABILITY OF
LEGENDRE SERIES

LM, TRIPATHI - K.N. MISHRA

In this paper it has been established a theorem for the uniform harmonic
summability of the Legendre series.

The (C,0) and (¥,g,) summabilities of Legendre series have been discussed
by a number of researchers like Hobson, Chapman, Haar, Plancherel, Kogbet-
liantz and Tripathi, but nothing seems to have been done so far in the direction
of the study of Legendre series by uniform harmonic summability method. In
attempt to make an advance in this direction, in the present paper we establish
the following theorem for the uniform harmonic summability of the Legendre
series.

1. The Legendre series, associated with a Lebesgue integrable function
in the interval defined by —1 < x < 11s

o0

JG) ~ Z a, P, (x) (L.1)

n=0

where
+1
@, = (n + —;—) f Jx) P, (x) dx,
—1

and the n-th Legendre polynomial P, (x) is defined by the folloWing expansion:

o0

1
Vi—2xZ+2) ZP,,(x)Z )

n=40

We use the following notations :

v (1) =y 0.0) =f{cos (8 — 1)} — f(cos 0) ;

v = [ )| du.
0
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2. Let u, (x) -} u (x) -} 2, (x) + ... be an infinite series, and
U @)=t +u, &+ ux+ .. +u . 2.1)
Let {4} be a sequence of constants, real or complex, and let
O, =q¢+a+ . .. +d,.

The sequence-to-sequence transformation

n

1
L= > 4 u ) (0,40 2
2n gt
defines the sequence {7, (x)} of Né&rlund means (["], [*]) of the sequence
{U, (x)} generated by the sequence of coefficients {g,} .

If there exists a function U = U (x), such that

lim [t, () — U] = o (1) (2.3)

Fads)

uniformly in a set E, then we say that the series Z 4, (x) is summable (N, g,)
uniformly in E to the sum U. ‘

The regularity conditions for (¥, g,) method are [*]

g
lim -7 = 0 2.4
lim - e
and
Zlku:O(lQ;l). 2.5
k=0

If it is assumed that {g,} is real, non-negative and monotonie non-
increasing sequence, then the transformation defined by (2.2) is regular. Also
the regularity of the method (¥, g,) implies that Q,_, /0, — 1 as n— oo .

Let us write

q (x) = i 7,x" . Q&)= i 0, x"

n=0 =0
Now for j x| < 1

o

2, 0u " and iqnf' =) i 0,

u=0 =0 n=0

are convergent,




ON THE UNIFORM HARMONIC SUMMABILITY OF LEGENDRE SERIES 79

Fotr x = 1, we extend the functions g(x) and Q(x) by linear interpolation
to monotonic functions, which for x == n (n = 1,2,..) take the values ¢(n) = ¢,
and Q(n) = ©, respectively.

In the special case in which

!
=, 2.6
W= (2.6)
Q, ~ log n

as n —» oo , the Norlund mean reduces to harmonic mean, consequently (2.3)
is equivalent to

n

1 1 N
o z(k -;)?U,,-k ) U% o (1) @.7)

k=0

uniformly in a set E, in which U/ = U{x) is bounded and we shall say that the

w
i

series Z u, is summable by harmonic means uniformly in E to the sum U,
=0 .

3. The Cesaro and Noérlund summabilities of Legendre series have been
discussed by a number of researchers like Hobson [?], Chapman [*], Haar [*],
Plancherel ['], Kogbetliantz [*] and Tripathi {*] but nothing seems to have
been done so far in the direction of the study of Legendre series by uniform
harmonic summability method. To make an advance in this direction, in the
present paper we establish the following theorem for the wuniform harmonic
summability of Legendre series.

Theorem. If a () denotes a function of ¢ «(¢) and ¢/ a(¢) uvltimately
increases steadly with ¢,

log n==0[a(@)], (3.1)

and

![f(xiu)_f(x)ldx:o[&%-i,ast-aﬁ, 3.2

T

where T = [1—] is the integral part of L .
f t
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Uniformly in a set E defined in the interval (—1, +1) in which f(x) is bounded
as f—> + 0 then the series (1.1) is summable by harmonic means uniformly in
E to the sum f(x).

4. Following lemma are used in proving our theorem:

Lemma 1 [*].

§ (2V + 1) P, (,\) Pv (y) — (ﬁ+l) Pn-H(y) Pn{ix) — P;(y) Pn—l—l_;(_x_) . (41)
y — X
ve=1

This identity is known as Christoffel’s formula of summation.

Lemma 2. Under the condition (3.2) we have

f [f{cos (0~} —f(cosB)|dv=o0 {IJ ast — 0, {4.2)
: : a (9.)

where x =cos0, x4+ u=—cosq and 0 — ¢ =wv.
The proof of this lemma follows on the lines of Foa [2].

Lemma 3 [°]. 0 <t < n, then

(1 e
lZ(kJrl)cos(kJrl)t'<A[1+10g (rﬂ 4.3)
Jr

where A4 is an absolute constant.

Lemma 4 ['*]. For all values of » and ¢

l Z(kir 1) sin (k1) ¢
k=0

Lemma 5[] For 0€a<bgee,0<t<mand any n

i
< (7) 1. (4.4

b

. q e (n—k) ¢
E n

k=a

<eQu 4.5)

where ¢ is an absoluie constant.
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5. Proof of theorem. The n-th partial sum of the series (1.1) is

n

S, (v) = Z a, P, (x)

y=1

(H I_I)J‘f{) nH(y)P (x)ﬁp (y)Pn+l(x) d
(y—X)
by lemma 1.

Putting f(3») = 1, it can be easily seen that

+1
1 = (n + 1) f Prr+1 (y)P”()C) _ Pn(y) Pn+l(x)” dy
r—x)

Therefore

&ﬁ%JM*w+?ﬁm0fﬂ}mmﬂm_ﬂ@ﬂMﬁ@
v —x

and so
Srrl—ic (’x) ﬁ_" f (X) =

+1
_ (n“_;(+ 1) f [f(y) . f(x)] Pu—-k—H (V) Pn—fc (’x) n—n'( (y) Pn-—k+l ('x) d

o

Let us take a positive number S, less than 1 and consider it as the sum of the
two other positive numbers p and 8. Let d be another positivé number, such

that 0 << d <u, and p, and p be two continuous functions of x within
(—1, 1), which lie within the limits d € i, < p, d <N, S [

Therefore, for —1 + S < x <1 —.5, we have

x—py Xtpyr H1

wﬂﬂfﬂmmkHWf [+ jhmpﬂmx

Xy X+pgr
e ‘Prr—k-l-l (y) -Pn—k (X} n —k (V) Prr—-k+l ('x) d
Oo—x
s A L@+ B+ C (), (5.1)

say.
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Hobson [’} has shown that uniformly for —1 +S<€<x<1— S5,

lim 4, (x)=0, (5.2)

nke
and
lim C,_, (x) =0, (5.3)
uniformly in the set E.
Now we suppose x=2c0s0, y=cos p, 0 <0<, 0<oo <z,
1 -&=cosp, 1l —(u+8=1—S=cos(p-+a), 0<p<%, 0<o,

pto< g— . Thus if 1 denotes the minimum of

[arc cos u — arc cos (u + w)]

for # in (— 1, 1 — p), we have on the lines of Sansone ["2]

947
B,y (eos 0) = E 2 [ f7cos ) — reeos 0))

o—n -

[Py 1 (cos ) P,y (cos 8) — P, (c0s ¢) P, ., (cos 6)]

* sing do,
(cos ¢ — cos ) eae
in which p+o<€0g€ns—(p+o);0<ng0a.
With successive transformation we obtain
Bn*k (COS 0) = Dn—k (9) + En—-k (O) > (54‘)
say, where
T | 9
D, ® = (o3 9) = 705D i (k) (0 — ) S0 dp,

27 4/ sin © sin % (0 — @)

6—n

and obviously
E, (®)=o(), (5.5)

as n—>» o , uniformly when x lies within (— 14 5,1 —5) i.e. in the set E.

Putting (0 — @) =1, we get
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o Flcos (@ — )} — f(cos )
D, .0 — nvmef X

sin £ ¢

X sin{n—k + 1) t \/sin @ — ) dt, (5.6)
so we have from (5.1) to (5.6)

Sy () — f () = —pom f{cos @ — 0} —f(e0s )

T /sme sin L ¢
0

Xsin(er—k+1)tysin®—)dt + o0 (1).
Since f(x) is bounded on the set E, so o(1) will tend to zero for any x uniformly
in E.

Now

@:Z TEETE (Sie &) =0} =

_1N - Fleos®— ) ~f(eosO)
710gn (k—i—l)an/smﬂf sint

X sin (n — k + 1) £v/sin (0 — #) dt + 0 (1)

uniformly in E,

= % - f [f{cos @ — 1)} — f(cos 8)] y/sin (9 —f) X
n \/snB
0

Z o sin (n — k+1)tdt+ok(1),
logn (k—l—l) smzt

uniformly in F,

= o[f|\p(r)||1v,,(r)|dz]+o(1),

uniformly in E,

n—L

—0[fIWUHINGNﬁ]-+O[fM4m|NU)ﬁ}+oﬂ%

1

uniformly in E,
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=0d)+0d)+o(), (.7

say, where

n

N.@) = 1 Z 1 sin(n—k+1)¢
? log n (k+ 1) sin § ¢
k=0

In order to prove our theorem, we have to show that, under our assump-

tions
Li=o(l) and I, = o(l)

as n~> oo, uﬁiformly in the set E.
Now uniformly in 0 < ¢ < —
n
N,(5)=0m,

50
L

~ [vo N, @ a
0

p—

n—L

:O[rzf]qf(t”dt:\
0

")
el 0 n — e —
n a(Q,)
= of) 69
as n-> eo uniformly in E.
In order to show that 7, — ofl), uniformly in £, we require a suitable
estimation for the kernel W, (¢), in the interval (a1, 7).

Since
1

lognsintt k1

k=0

k+1 ’

k=0

by using lemma 3 and 4, we get

o=l i+

= e e (7))
tlogn t

because logt (%) = log (i) for every te(nt,n).

-
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Therefore
Kl

I, :f\pu)N,,(z) dt =

n—t

_O[I|W(f)||Nn(¢)|di} =

n-

dz]—
M
1+ log-
1 too1 w] 1 f R p
=0l YO T8, | T O g VO

ki
I i1 !
o[ fivol| st
log t t

—L
=J, + J, say.
Now

ol e ] ol |
logn 1 | logn n

= J[.; + J,, say,

. 1 1 I 1
'Il-[ = () 1 * i — o Q (___)
logn aQ (_) 1

1
N
log n

= g (1)
as n—> oo .
1 1 1
- S TR | —
fiz =0 | log n 311 a(Q”)n o8 ng]
-0 1 LQ,,)] _
_ Llogn a(Q)
ol
|\ log

=0o()

as n — oo . Therefore




86 LM. TRIPATHI - K.N. MISHRA

Jy=Jd,+ =
— o).

Again

n E

; v (1) log (i)

- 1 v () 1 :
=0 - m =
2 [logn f Z d‘] 0 togn f g A=

—~—1 —1

:0[1 f ! idt]+o[1 f d ilog(i)dz]——
logn J a(Q,) ¢* logn J a(Q,) 2 t

u—L n—1

. 1
log (—) n
1 1 1
., ALY +O[ f o (Q.) dt]=

log n log (—:-)Q(QT) lognrl t a(Q)
_of ! }m“(Qf)i LI Y . f—l~dt =
| logn J a(Q) ¢t log(l/f) logn_ t

_ % 7
~ o[ L —i—o[ . fid;}:
log n tlog(_) logn J t

] a

L &
B 1y~ 1y)»
log log 7 log (—)
=01 fjJ— +ol|)—- :
|{ logn a—l logn Y-t
= o (1) (5.9

uniformly in F,

By virtue of (5.7) - (5.9) the theorem is completely proved.
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OZET

Bu c¢aligmada, Legendre serisinin diizglin harmonik toplanabilirligine dair

bir teorem ispat edilmektedir.




