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L . M . T R I P A T H I - K . N . M I S H R A 

Jn this paper i t has been established a theorem for the u n i f o r m harmonic 
summabil i ty of the Legendre series. 

The (C,a) and (N,q„) sumrnabilities of Legendre seríes have been discussed 
by a number of researchers like Hobson, Chapman, Haar, Plancherel, Kogbet-
liantz and Tripathi, but nothing seems to have been done so far in the direction 
of the study of Legendre series by uniform harmonic summability method. I n 
attempt to make an advance in this direction, in the present paper we establish 
the following theorem for the uniform harmonic summability of the Legendre 
series. 

1. The Legendre series, associated with a Lebesgue integrable function 
in the interval defined by — 1 ^ x < 1 is 

f(x) ~ 2 a« Pn (*) > 0-1) 

where 
+ 1 

an = jñx)Pa(x)dxt 

— i 
and the n-th Legendre polynomial Pn (x) is defined by the following expansion: 

1 
V/(1 -2xZ + Z2) 

rt=0 

We use the following notations : 

V ( 0 = ¥ (9,0 = / { c o s (9 - 0 } - / ( c o s 6) ; 

V ( 0 = j I \|/(w) j du . 
o 
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2. Let u0 (x) + ui (x) - f u2(x) - f ... be an infinite series, and 

Ua (x) = «0 (x) + ui (x) + w2 (x) + ••• + «„ (*) • (2.1) 

Let {^J be a sequence of constants, real or complex, and let 

Qn = ? 0 + tfl + -•• + g„ • 
The sequence-to-sequence transformation 

n 

f«<*> = 'k- y q»~* (a« * o > ( 2 , 2 ) 

defines the sequence {i„ (x)} of Norlund means ( [ 1 0 ] , [ I 5 ] ) of the sequence 
{Un(x)} generated by the sequence of coefficients {qn} . 

I f there exists a function U U(x), such that 

l im K ( x ) - E / ] = o ( l ) (2.3) 
«->co 

uniformly in a set 75, then we say that the series S (x) is summable (TV, (?„) 
uniformly in is to the sum U. 

The regularity conditions for (TV, <?„) method are [ 4 ] 

3". 
>-m Qn 
l im - q " - = 0 (2.4) 

and 

I f i t is assumed that {qj is real, non-negative and monotonie non-
increasing sequence, then the transformation defined by (2.2) is regular. Also 
the regularity of the method ( T V , qn) implies that Qn_x / Qn - » 1 as n oo . 

Let us write 

? ( * > = 2 ? « x " . ; ô ( ^ ) = 2 e " y ' 
n = 0 » = 0 

Now for I x I < 1 
CO CO CO 

2 < 2 „ * " and 2 ? , * " = 0 - * ) 2 e / 
n=0 « = 0 « = 0 

are convergent. 
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For x > 1, we extend the functions q(x) and Q(x) by linear interpolation 
to monotonic functions, which for x ^ n (n - 1,2,...) take the values q(n) = qn 

and Q(ri) = On respectively. 

I n the special case in which 

<7„ = —\ , , (2-6) 
n - f 1 

Q„ ~ I o S « 

as n —> »o , the Norlund mean reduces to harmonic mean, consequently ( 2 . 3 ) 
is equivalent to 

1 ^ ( 1 -Ui,„ll(x)-Ui = o(l) ( 2 . 7 ) 
log n /Lj \k + 1 

A = 0 

uniformly in a set E, in which U = U{x) is bounded and we shall say that the 

series £ uv is summable by harmonic means uniformly in E to the sum U. 

3 . The Cesàro and Norlund summabilities of Legendre series have been 
discussed by a number of researchers like Hobson [ 6 ] , Chapman p ] , Haar p ] , 
Plancherel [ " ] , Kogbetliantz [ 8 ] and Tripathi [ l 4 ] but nothing seems to have 
been done so far in the direction of the study of Legendre series by uniform 
harmonic summability method. To make an advance in this direction, in the 
present paper we establish the following theorem for the uniform harmonic 
summability of Legendre series. 

Theorem. I f a (t) denotes a function of t, a (f) and t / a ( 0 ultimately 
increases steadly with t, 

log n - G [ a <G B )] , (3 .1) 

and 

J \f(x ± u) -f(x)\dx = o 
La(Ôx)., 

, as t 0 , ( 3 . 2 ) 

where x - - is the integral part of ~ 
t 
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Uniformly in a set E defined in the interval (—1, + 1 ) in which f(x) is bounded 
as / —> + 0 then the series (1.1) is summable by harmonic means uniformly in 
E to the sum f(x). 

4. Following lemma are used in proving our theorem: 

Lemma 1 [ 1 2 ] . 

y ( 2v + i ) w p , o-) = o + n ^ W z M i i . W . ( 4 A ) 

¿-4 (y - x) 

This identity is known as Christoffel's formula of summation. 

Lemma 2. Under the condition (3.2) we have 

J [ / { cos (0 - v)} - / ( c o s 6) I rfv = o 
L«(Ö,)J 

as t - > 0, (4.2) 

where x = cos 0 , x + w = cos <p and G — (p = v . 

The proof of this lemma follows on the lines of Foa [2]. 

Lemma 3 f 5 ] . I f 0 < t ^ % , then 

- 1 - ] cos (k + 1) t 
k + 1 

< A 1 + l o g + [ ~ -

k=0 

where A is an absolute constant. 

Lemma 4 [ ! 3 ] . For all values of n and / 

1 
k + 1 

sin (k + 1) f 

k=>Q 
^ 2 

Lemma 5 [ 1 9 J . For 0 ^ a < b ^ c° , 0 < t ^ JC and any /z 

(4.3) 

(4.4) 

< e g , , (4.5) 

where c is an absolute constant. 
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5. Proof of theorem. The n-th partial sum of the series (1.1) is 
n 

2 J (y-x) 

by lemma 1. 

Putting f(y) = 1, i t can be easily seen that 

1 = + V P „ + 1 Q 0 i>„(x)-P„O.Q P„ + , ( x ) 
2 J < > - * ) 

Therefore 

s. W - / W = ^ f t / W - / « ] p « < t o P . t o d y , 
2 J (y ~ *) 

—1 

and so 

= fr-fr+Q V P M (v) Pn_k(x) - P„_k(y) P M (x) d y 

Let us take a positive number S, less than 1 and consider it as the sum of the 
two other positive numbers u, and 8 . Let d be another positive number, such 
that 0 < d < u , and \xx and j v D e t w o continuous functions of x within 
.(— 1 , +1 ) , which lie within the limits d < \ix ^ u , < n^/ < u,. 

Therefore, for — 1 + S s£ x < 1 - St we have 

X J + J + J ] i / w - / w > 
— I X—nx X + [ixr 

6> - *) 
^ >C*(*> + K-kW + ^ ( x ) , (5.1) 

say. 



82 L . M . T R I P A T H I - K . N . M I S H R A 

Hobson [ 7 ] has shown that uniformly for — 1 + S < x ^ 1 — S, 

l im An_k (x) = 0, (5.2) 

and 

l im Cn_k(x)^0, (5.3) 

uniformly in the set E. 

Now we suppose x — cos 0 , y — cos <p , 0 < 0 -< TC , 0 < <p < 7s , 

1 — 8 = cos p , 1 —- (u. + 8) = 1 — S = cos (p 4- 0), 0 < p < — , 0 < a y 

2 
TZ 

p + a < — . Thus i f T) denotes the minimum of 
2 

[arc cos u — arc cos (u + u)] 

for u in (— 1, 1 — p), we have on the lines of Sansone [ I 2 j 
0 + 7) 

Bn_k (cos 9) = ( B ~ ^ + j ) J { / ( c o s 9 ) _ / ( c o s 0 » x 
0 - 7 ) • 

v [ ^ ^ . ( c o s <p)P„_/f (cos 6 ) - P ^ (cos cp)P n_ / c M(cos 6)] 
(cos <p — cos 0) 

in which p + c r ^ 0 < 7 r — (p + cr); 0 < T J < C T . 

With successive transformation we obtain 

B„_k (cos 0) = Dn_k (6) + (0) , (5.4) 

say, where 

K-k «0 = - 4 = |>'-̂  sin (9 _ 9) , 
2 i i y sin 8 J sm i (0 — (p) 

9—7) 

and obviously 

£ U ( e ) - o ( l ) , (5.5> 

as n —> oc , uniformly when x lies within ( - 1 -f- S, I — S) i.e. in the set E. 

Putting (0 — <p) = t} we get 
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1 f / { c o s (9 - 0 } - /(cos 9) 
7i \/ sin 9 

X 
sin 1 1 

X sin {n — k + 1) i \/sin (9 — f j <ft, 

so we have from (5.1) to (5.6) 

i V a ( . ) / ( . ) 1 f / ( - ( « 0 } - / ( c o s O ) x 

(5.6) 

71 \/ sin 9 sin i t 

X sin (« — k + 1) i s/sin (0 — i ) t / i + o (1) . 

Since /(.*) is bounded on the set E, so o(l) wi l l tend to zero for any x uniformly 
in E. 

Now 

log g n (k + 1) 

1 1 1 f / {cos (0 - 0 } - / (cos 6) 
log n /—i (k - f 1) 7i \/ sin 0 sin i i 

X 

X sin (n — k + 1) t \jsm (0 — /) c/i + o (1) 

uniformly in E, 
D 

= - — L f [/{cos (0 0 } - / ( c o s 0)] s/sin (0 - t) X 
n Vsin 0 J 

o 

1 V 1 sin (n - A: + 1) / 
X - — > — — at + o ( l ) , 

log n Z-4 {k + 1) s i n i t 

uniformly i n E, 
•n 

= o[j\y(t)\\Nn(t)\di\ + o(l), 
0 

uniformly i n E, 

= ° [ J " l v ( 0 | | ^ ( O I * 
0 

uniformly in E, 

O ' j\y(t)\\Nn(t)\dt] + o(l), 
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say, where 
= O ( I t ) + O ( I 2 ) + o(l), 

1 sin (n - k + 1) t 
log n Z—i (k + 1) sin i t 

(5 .7) 

I n order to prove our theorem, we have to show that, under our assump
tions 

I , = o(l) and I 2 = o(l) 
as n —>• oo , uniformly in the set E. 

Now uniformly in 0 < t < — 

so 
N„{t) = 0(n), 

/, = fv(t)Na(t)dt 
o 

„ - L 

(ft 

1 1 
o \ n 

n a(2„)J 
= f ( D (5-8) 

as n —> uniformly in E. 
I n order to show that 7 2 = o(l) , uniformly in E, we require a suitable 

estimation for the kernel JV„ ( i ) , in the interval (tT1, TJ). 

Since 

Nn(t) = 1 
log « sin £ i 

— cos (n + 2) i 

by using lemma 3 and 4, we get 

sin (n -+- 2) t cos (k + 1) t 
fc + 1 

sin (& + 1) i 
* I 1 

&=0 

= of—— j i + iog+fl 
[ t log « ( \ t 

o - 4 - i o g f - L 
/ log « \ i 

because log 4" f — j = log j — ] for every f e in 1 , rj) . 
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Therefore 
'1 

/2 = j\y(t)Nn(t)dt = 

J° I v l O I I ^ O I ^ 

¥(0| 

o 

= o log « 
1 i 1 — log — 
t t 

dt 

- O 
1 C 1 1 

\|/(/) — l o g —> 
log « ( f i 

0 log n ¥(0 
1 + log 

= /, + J 2 say. 

Now 
1 

J, = O ¥ J - log 1 J + 0 
log « ( " T] T ] ) J L^°g / Z V w 

= J u i + J \ . i s a y> 
1 

* Y f — 1 n log « 

1 1 n / i 

— a e 
log « 

- o (1) 
as « —> oo . 

J U 2 = O 

= o 

1 ( 1 1 
log n ^ n a (Q,) 

1 « (G„) 

n log ni 

logra a(Q„)_ 

1 
log R 

= o (1) 
as » - » oo . Therefore 
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J l — + J 1.2 ~ 

= 0 (1 ) + 0 ( 1 ) = 

= 0 ( 1 ) . 

Again 

/, = 0 
1 f V ( i ) 

log n J t 
dt O 

V (0 log (T) 
log « 

= O 
» J a ( ß T ) i 2 log 

0 
log 

_ r _ _ i _ ± l o g i 
« J a ( ö . ) t2 { t 

dt 

log n I 
o—1 

H o g | — ) o ( ß T ) 

i _ r 1 a ( g T ) 
« J * a ( ß T ) . l og 

(ft 

o 
1 f o ( 0 ^ ) J _ 1 

« J a (Q T ) i log log (1/0 — f 1 

l og« J t 

dt 

O 
log« M o g [ _ 

dt 
log« J i 

O 
(log log • 

log n 

1 1" 

l / i - i 
+ 0 

l o g « L - t 

= o ( l ) 

uniformly in E. 

By virtue of ( 5 . 7 ) - ( 5 . 9 ) the theorem is completely proved. 

( 5 . 9 ) 
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Ö Z E T 

B u çalışmada, Legendre serisinin düzgün harmonik toplanabilirliğîne dair 
b ir teorem ispat edilmektedir. 


