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THERMAL INSTABILITY OF COMPRESSIBLE FLUIDS WITII HALL
CURRENTS THROUGH POROUS MEDIUM

R.C. SHARMA - K.C, SHARMA

In this paper it has been found the effect of compressibility to be stabilizing

and the Hall currents having a destabilizing effect, The case of overstability

has been also considered and the sufficient conditions for the nonexist-
ence of overstability have been investigated.

The thermal instability of compressible fluids in the presence of Hall cur-
rents through porous medium is considered, The effect of compressibility is
found to be stabilizing and the Hall currenis have a destabilizing effect. The

. ¢ ) .
system is stable for =@ < 1; ¢, g and B denoting the specific heat at con-
g
stant pressure, the acceleration due to gravity and the uniform temperature gra-
dient respectively. In contrast to the nonoscillatory modes in the absence of mag-
netic field, the presence of magnetic field iniroduces oscillatory modes for

—2 B > 1. The case of overstability is also considered and the sufficient condi-
g .
tions for the nonexistence of overstability are investigated,

1. Introductien, The problem of convection in a horizontal layer of fluid
heated from below (referred to as thermal instability problem), under varying
assumptions of hydrodynamics and hydromagnetics, has been discussed in de-
tail by Chandrasekhar (1961). The effect of Hall currents on the thermal insta-
bility of a horizontal layer of conducting fluid has been siudied by Gupta
(1967). ‘

Lapwood (1948) has investigated the stability of conveciive flow in hydro-
dynamics in a porous medium using Rayleigh’s procedure and has shown
that the criterion for convective flow is R, — 4n?, where R, is the critical Ray-
leigh number. The problem io study the breakdown of stability of a layer of
fluid subject to a vertical temperature gradient in a porous medium and to study
the possibility of convective flow has been of considerable interest in recent
years particularly among geophysical fluid dynamicisis.

Just as in hydrodynamics, when a conducting fluid permeates a porous
material in the presence of a magnetic field the actual path of an individual
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particle of fluid can not be followed analytically. The gross effect, as the fluid slowly
percolates through the pores of the rock, must be represented by a macrosco-
pic law applying to masses of fluid which is the usual Darcy’s law. The usual
viscous term in the equations of fluid motion will be replaced by the resistance

term (kﬂ)gf where p is the viscosity of the fluid, %, the permeability of the
1

medium (which has the dimension of length squared), and ;the velocity of the

fluid, calculated from Darcy’s law,

In all the above studies, the Boussinesq approximation has been used which
means that density variations are disregarded in all the terms in the equations
of motion except the one in the external force, The equations governing the
system become quite complicated when the fluids are compressible. To sim-
plify them, Boussinesq tried to justify the approximation for compressible flu-
ids when the density variations arise principally from thermal effects.

Spiegel and Veronis (1960) have simplified the set of equations governing
the flow of compressible fluids under the following assumptions :

() The fluctuations in density, pressure and temperature, introduced
due to motion, do not exceed their total static variations and

(i) the depth of fluid layer is much less than the scale height as defined
by them.

Under the above approximations, Spiegel and Veronis (1960) have found
the flow equations to be the same as for incompressible fluids except that the
static temperature gradient is replaced by its excess over the adiabatic.

The Hall currents are likely to be important and should not be ignored
in cases like earth’s molten core, The compressibility effects are more realistic
in such regions. The present paper attempts to study the thermal instability of
compressible fluids in the presence of Hall currents through porous medium.

2. Formulation of the Problem and Perturbation Equations. Consider
an infinite horizontal finitely conducting and compressible fluid of depth d
flowing through a porous medium in which a uniform temparature gradient

o~ |

origin to be on the lower boundary z =0 with the axis of z perpendicular

) is maintained, Consider the cartesian coordinates (x,¥,z) and the

to it along the vertical. The uniform vertical magnetic field H {0, 0, H) and

gravity force E (0, 0, —g) pervade the system. In addition to the resistance

" term as derived from Darcy’s law, the viscous term is also considered in the

equations of motion.
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Spiegel and Veronis (1960) expressed any space variable, say X, in the form
X = Xm + XU(Z) + X’ (.X', Y, z, I) * (l)

where X, stands for the constant space distribution of X, Xj is the variation

m

in X in the absence of motion and X (x, y, z, ¢) stands for the fluctuations in
X due to the motion of the fluid.

The initial state is one in which the velocity, temperature, pressure and
density at any point in the fluid are respectively given by

—
q=0,T=T(@), p=pE), p=p(), @
where according to Spiegel and Veronis (1960)
T(Z):—BZ+ Tu s

p(z) =Pm— & f (pm + pﬂ) dz ,
0

p(Z) = O [1 — &y (T - Tm) + I(m(p - pm)]’ (3)

o""m = (Jl_ﬁ ap) H
o 9T nt

‘Km ﬁ (i QE) '
P op),

K .
Let ., @ V(: ﬁ) » K7, K(— ) and £ denote the magnetic per-
P Pw Cp ¢

P
meability, the viscosity, the kinematic viscosity, the thermal conductivity, the
thermal diffusivity and the adiabatic gradient respectively. Then the flow of

- .
a conduciing fluid ¢ and the température distribution 7" through a porous me-
dium are governed by the following system of equations :

d—h S — — — b
b e yptogt e v x Y xH -2 g1 ovviyg, @
dt 4 ky

dp -

4_;_'_ V- :0: 5
7 p (V. q) ©)
ar _ g_i)erKVZT. . ‘ (6)
dt €p '

The Maxwell’s equations and the modified Chm’s law taking Hall currents
into account give
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—_—
JH - —
— =V Xy xH+nv ,
ot
and
v.ﬁ:o,

9

@

5, ¥ and e denote the resistivity, the electron number density and charge of

an electron respectively.

Let 8, 8p, 8p, g(u v, W) and h(hA, h,, h) denote respectively the pertur-
bations in temperature T, density p, pressure p, velocity and magnetic Tield

I_f. Then the linearized perturbation forms of Egs. (1)-(5) are

Pg‘f':—v &p — ga "p0+ p"’(V><.f’1)><H—‘Tq—l—pwy q,
1

v.qg=0,

alrl 2 —r —
—VX(qXH)—l-'qV - v X [(v x I) x H],

at 4riNe
e

v.h=0,

99 (B—)pv+KV26
af Cp

o, (= a’, say) being the coefficient of thermal expansion. In writing Eq.

use has been made of the Boussinesq equation of state

HaE H VZ% ,
E 0z 4nNe gz

8p = —a' pme ’
Equations (7)-(11) give '
. Wit 2 v+ ghta’d — EJ'L{I—V2 9, _ 0,
ot ky drmp dz
9 2, ¥ w, H &
— =Vt — (= ’
( ) &= 4np 0z

©)
(10)
(1

(12)
(13)

(M,

(14)

(15).
(16)
(17)
(18)

(19)
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ov du

dhy _ 0k and § = —— — — denote the z-components of cur-
dx ay ax  ay
rent density and vorticity respectively.

where & =

3. The Dispersion Relation. Analyzing the disturbances into normal modes,
we assume that the perturbation quantities are of the form

[w, B, 71, T, E] = [ W(2), 8(2). K(2), Z(z), X(2)] exp (¢h x + ik, y + mt), (20)

where k,, k,(k* = k2 -+ kyz) are the horizontal wave numbers of the harmonic
disturbance and #» is, in general, a complex constant.

) nd? v v x ¥
Putting a=4kd, o= —, p, = — ,pp=—, X == s Y=
v ) % 2 7) y . ’
- d . . .
2’ = id’ G =5 B and D = 7 Egs. (15)-(19) in the dimensionless form,
g z .

with the help of expression (20), become

2 oo A2
d )w M‘ﬂ-d—a’“@J- b, Hd

0 az)(Dz_a2_c-__... (D?— a®) DK =0, (2])

k, v 4np,, v
Dz_aga__i)zz_(}*_ri"_)px, 22
k, dnp, v
H
(D — a® — po) X = — (ﬁf) Dz — (—— (D%~ a?) DK, @3)
1 47 Ne nd
(D?— & —-po) K= — Ha\ pw + _ )DX , 4
M 4 Ne '
e |
(D? — @ — p,o) ® = - _(ﬁ—i)w. (25)
K <,

Here both the boundaries are considered to be free and the medium adjoin-
ing the fluid is nonconducting. The boundary conditions appropriate for the
problem to the first order are [Chandrasekhar (1961), Lapwood (1948)]:

W=0=DW=DZ=0

at z2 =0 and [. (20)
X'=0 and A, A, &, are continuous

In the absence of any surface current, tangential componenis of magnetic
field are continuous. Hence the boundary condilions in addition to (26) are
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DK = 0 on the boundaries: 27

Eliminating @, Z, K and X between Eqgs. (21)-(25), we obtain

(Dz—-az)(Dz—az—c——z—)(Dzwaz—plcs)JrR G—1 X
k G

% [(Dzmcﬂ—pzﬁ)E(Dzﬁaz——c——zi)(Dzwaz—pzc)—~QD2§ +

1

2
+ M2 (D?—a?) (Dz—az—o'— d—) — Dz] W— 0(D*— a*) (D* — a> — p,o) X

k,
42
X (Dz—az—cm )(Dz—az—pzcs)—QDZ%DzW:O, (28)
1
2 g2 q
where O = M is the Chandrasekhar number, R = &B[—! is the Ray-
4dmp,, v wK
leigh number, M, = is a nondimensional number accounting for Hall
4 Ne
" currents and @ ﬁ&B‘
g

Dropping the dashes for convenience and wsing the boundary conditions
(26), it can be shown with the help of Egs. (21)-(25) that all the even order deriv-
atives of W vanish at the boundaries. Hence the proper solution of Eq. (28)
characterizing the lowest mode is

W= W,sin Tz, (29)
where W,is a constant.
_— , . 2 2 0 R
Substituting (29) in Eq. (28) and letting &’ = =°x, @, = s R, =—
b3 T
dZ
M2 M and P = —~2—]m, we obtain the disperston relation
2 iy
G a c
Rix=[——| O+l +x+—=+P|I1+x+p— |+ (30)
G—1 2 72

o +x)(1 -i-x—l—pt—d—)g(l +ox bt P)(l +x+P2£)+Q12
w2 /! n2 T2 )

+ .
(1 +x +pz%)3(1+x+ ot P)/1+x+pz%) + 0, § +M1(1+,\-)(1 tar2 +p)
11: b \ b T
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4. Stability of the System and Oscillatory Modes. Multiplying Eq. (21)
by W*, the complex conjugate of W, and using Egs. (22)-(25) together with
the boundary conditions (26) and (27), we obtain

d? . .
I1+(0+}'C_)Iz+ Skl (15‘1‘}’25*']5)4‘dli’n—dz(‘??4“131"513)1L

i 4"“:9!)'1\J T m
d? ¢, o Ka?
‘@ L+ o%+ — Iy | =+ po*l), 31
{9 ( k)] ve—n T
where
‘ 1 .
I :f(|DW|’-+2a2|DW|2+a4|W|2)dz,
0

(|DWP & | W) dz,

el
I
OL___‘.

—y
[

1
.= [(per+alepd,
0
1
I, :f|®[2dz,
0

1
I mf(|D2K|2+2a2|DK|2+a4|K!2)dz,
0

(32)

1
I, zf(|DK|2+a2]K]2)dz,
0
i
5L =[x @|xPd,
- 0

Iy = [ | XPdz,

Ot-“‘n— o‘*“n—

I (|DZP+ & ZP) dz,

1
L= [|Zpd,
0

which are all positive definite.
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Putting o = o, + io; and equating real and imaginary parts of Eq. (31)

we obtain
i o K a? ) : 42
[11 $ 8y ERE e (fs+d21»,-)+d2(fg+——fm)] +
ky v(iG—1) dnp,, v k,
NI AL G + L)+ d* 1| =0, (33)
2 (G . 1) B 4 4‘13 o, 13 10 » r
TR Cilp S 7 oA S ) (34)
2 (G-— 1) 41_: pm\) 2\ 8 10- "

Theorem 1. If G << 1, the system is stable.

It is evident from Eq. (33) that, if G < 1,0, is n_egative. This means that
the system is stable.

Theorem 2. In contrast to the nonoscillatory modes for G > 1 in the ab-
sence of magnetic field, the presence of magnetic field (and hence the presence
of Hall effect) introduces oscillatory modes in the system,

In the absence of magnetic field, Eq. (34) reduces to

e, Ka® = :
+- 1| =0, 35
e’ ] )
which implies that, for G>>1, the term in the bracket is positive and so o, is zero.
Thus in the absence of magnetic field (and hence in the absence of Hall cur-
rents) the oscillatory modes do not exist. The presence of magnetic field intro-
duces oscillatory modes as o; may be nonzero, as is evident from Eq. (34).

5. The Stationary Comvection. For stationary convection, putting o =10
in Eq. (30) reduces it to

R :(1+x)( G )[{(1+x+P)(l+x)+Ql}2+M(I+x)(1+x+P)2}_ 36)
‘ x J\G—1 (+x+PY (1 +5) + ©, + M, (1 +x-+P)

For fixed values of Q,, M and P, let the nondimensional number G ac-
counting for the compressibility effects be also kept as fixed, then we find that

. G
R=[—\R
. (G 1) s ‘_ 37

where R, and R, denote respectively the critical Rayleigh numbers in the pres-
ence and absence of compressibility. The effect of compressibility is, thus, to
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postpone the onset of thermal instability. Hence we obtain stabilizing effect
of compressibility.

To find the effect of Hall currents on thermal instability, we examine the
nature of dR,/dM .

From Eq. (36), it follows that

1+ x G .
dR, ( x )_(6—1)91“+x+P)[Q1+(1+x)(l+x_|_p)]

M~ M+ +x+Py+ 0, + M1 +x+ PP -

which is always negative. This shows that Hall currents have a destabilizing
effect ‘on the system.

6. The case of Overstability. Put —0? = io,, where & may be complex.
it

Equation (30) becomes

Ree =) {(H—x) (1x-+iy 1P (L -Hipyo,)+ 38)
o
O, (1 +x) A txtipis) {(Lhx o+ PY (L hx+Hip,s )+ 0, ] .
(1 1 i2,0) (U i F DYt o) 19, 1 MALER) (1 x iy +P)]

Since for overstability we wish to determine the critical Rayleigh number for
the onset of instability via a state of pure oscillations, it will suffice to find condi-
tions for which (38) will admit of solutions with o, real,

Equating real and imaginary parts of Eq. (38) and eliminating R, between
them, after a little algebra, we obtain

Al BG + B, BQ_"‘ C] 6’ + D; =10, (39)
where
w2 .
B 514 , T4x o, (40)
Ay =p el +p)+p Pl
and

Py=014p)a’+[PQA3p2M(1-+py)] a8+ [(2p,—p,+2) O, +MP(4-+5p)+
+P(1+ Q)+ M* (1 p )+ Q@ MPIeP+H MO (2p,+p,+2)+Q P(5p,—2p,-+-2) -+
+ K0+ PY+MPQRP2MA-3Mp Yo +-[0*(2p—2p, +1) 4302 P (p,—py)+
+2p, O, P+MQp P> +-5p,0,P+2p, 0, P+p,Q 20, P)+
-+ M22p, PP+ PAp PYlod + [MOXp, 1)+ PQ(Gp,~2py) +
+M?p, PP+p, 02+ M, Q P(p, hp,P+3p PYe? +-a Q[ Q(py—p) +py MP].
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We have not calculated and written the values of B, and C, as only 4, and
D, are needed for our discussion.
Since o, is real for overstability, the three values of B’ are positive. Now

the product of the roots of (39) is — ﬂ—[ and if this is to be positive then

1
D, < 0 since from (40), A, > 0. Equation (40) shows this is impossible if

2 > 1 and 2 > Py (41)
which implies that '
v>K and 1> K. 42)

Thus for K<v and K<1, overstability is not possible and the principle
of exchange of stabilities is valid, (42) are therefore sufficient conditions for
nonexistence of overstability.
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OZET

Bu ¢alismada silagtirtlabilirlik etkisinin kararli ve Hail akimlarimm karar-

s1z bir etkisinin olacagt saptanmaktadir, Aym zamanda asint kararlihk du-

rumu gozonine alinmalkta ve asm kararhligin ortaya gikmamas: igin yeter-
li kosullar incelenmektedir.
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