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PROJECTIVE BIANCHI AND VEBLEN IDENTITIES 

C M . PRASAD - R.K. SRIVASTAVA 

In this paper it has been found out the identities satisfied by the projective 
curvature tensor of Weyl. 

1. Introduction. Let Vn be a Riemannian space of dimension n. Let us 
suppose that Rh,jk and RtJ be the Riemannian curvature and Ricci tensor 
respectively. The projective curvature tensor Wh

iJk [*], defined by Weyl is 
given by 

* V ^ Rhm —AWRij ~ (i-i) 

n — 1 

This tensor may be contracted in two ways, giving 

W\jk = 0 (1.2) 
and 

W*m = 0. (1.3) 

2. Projective Bianchi identity and Bianchi tensor. Bianchi identities in a 
Vn are defined by 

Ahm ^ R"uu + R'tuj + *'W = 0, (2.1) 

where ( , ) comma denotes the covartant differentiation with respect to x's. 

Differentiating (1.1) covariantly with respect to x1 , we have 

in — 1) 

On analogy of Bianchi identities for the curvature tensor of Vn we define the 
corresponding expression for the projective curvature tensor of Vn as follows: 

Wmt = + WKkU + W"ilu . (2.3) 

With the help of (2.1) and (2.2) equation (2.3) becomes 
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U"ijkI = A"iju - — L - [ 8 / (R„,K - Rkir!) + 
(n - 1) 

+ V' - + 8/ (JW - . (2.4) 

Contracting equation (2.4) for h and /, and on some simplification, we have 

(A'iJlr - WiUr) = (RJU - Rnj) . (2.5) 
(n — 2) 

From (2.5), equation (2.4) becomes 

(« - 2) 

+ 8 / (A%.r - VlUr) + 5/< {A'tJkr - V'uJl (2.6) 

Replacing 8/ by ghm gmj, etc. and making use of equations (1.2), (1.3) and (2.3), 
equation (2.6) becomes 

ohm 
+ W\kU + W\lhk - [gmj W'ma + gmk W'nLr + gml FPW f c p] = 

(" ~ 2) 

= ^ ^ I J A /
 — ~. r: [Smj -^ikir + gmk Afujr -+- g m / Ar

ljkr\. (2.7) 
(n - 2) 

Since Bianchi identities in a FB are satisfied, the right hand side of the equation 
(2.7) identically vanishes in view of equation (2.1). Let us put the left hand side 
of the equation (2.7) equal to KH

IJK! so that 

K \ m m w\}kA + w\kUi + w\Uik -
yhm 

(n-2) 
w'ik,, + Smk W*Uj,r + g m ! Wijktr] 0. (2.8) 

We call (2.8) the 'Projective Bianchi identities' and the tensor KH

UK{ as the 
'Projective Bianchi tensor'. 

From the last equation we may state the following theorem : 

Theorem 2.1. In any Riemannian space Vn (n > 2) the following pro
jective Bianchi identities 

&mi = V\w + phUki (2.9) 

hold, where Uh

Ukl and Ph

j}U are respectively the sum of first three terms and 
the remaining terms in the right hand side of (2.8). 
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We observe that the right hand side of (2.7) is also an identity. We call it 
the second form of Projective Bianchi identity and state the following : 

Theorem 2.2. In any Riemannian space Vn (n > 2) the following Bianchi 
identities in terms of the tensor Ah

ijkl and Qh,-jki hold and this is condensed to 

Kh

mi-^Ukl+Q''Ukl, (2.10) 

where Q\jk\ is the right hand side of (2.7) excluding the first term. 

Remark 2.1. I f the covariant derivative of Ricci tensor is symmetric, 
then we have 

Rij,k ~ Rkj,i • 

Now from equations (2.1), (2.3) and (2.4) and considering remark (2.1), we 
establish the following : 

Theorem 2.3. The projective Bianchi identity and Bianchi identities in 
a Vn are identical is that the Ricci tensor is covariant constant. 

Theorem 2.4. The projective Bianchi identity and Bianchi identities in a 
Vn are identical is that the covariant derivative of Ricci tensor is symmetric. 

3. Projective Veblen Identity and Veblen Tensor. The Veblen identities 
in a Vn are defined as follows : 

V'uk, ^ RhMA + + Shikj.t + Rhw,k = 0 • (3.1) 

Now we shall find out the corresponding expression for the projective Veblen 
identities on analogy of (3.1) as follows : 

T>'m m W V . i + Whmj+ W*JliJk. (3.2) 

Substituting from (2.2) in (3.2) and using (3.1), we have 

T h

m - V*m - [5fc* (Rij,, - Ru,d + 5,-" (RJltk - RkU) + 
(« - 1) 

+ 5/ (RLKJ - RikJ) + 5/' (RKIJ - RMIK) ] . (3.3) 

Contracting (3.3) for h and /, and on some simplification, we have 

in - 1) 
(n - 2) 
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From equation (3.4), equation (3.3) becomes 

T>'m = V h

m ?— [8,* (VlkJr - T'lkJr) + 8/ {VkUr - n „ r ) + 
(n - 2) 

+ V (Vm ~ T'm) + 5," (Vijkr - T V ) ] . (3.5) 

Replacing 8,-A etc., by g!""gmi etc. and making use of equations (1.2) and (1.3) 
in equation (3.5), we have 

nl'ITl 

W\jk,X + W»;dlJ + W\m + W>'nhk 5 [gwi W*lkhr + g„,y- Wkn,r + 

(« - 2) 

(« - 2) 
+ + gml Vijkr] • (3.6) 

Since Veblen identities in a Vn are satisfied the right hand side of above 
equation is identically zero in view of (3.1). On putting the left hand side of 
equation (3.6) equal to Sh

ijkii, we have 

ohm 

(« - 2) 

+ g«U W"kiUr + Smk tf'W + gml WW] ~ 0 . (3.7) 

We call (3.7) the 'Projective Veblen identity' and the tensor Sh

ijki as the 
'Projective Veblen tensor'. 

From equation (3.7) we may state the following : 

Theorem 3.1. In any. Riemannian space Vn (n > 2) the following pro
jective Veblen identities 

. . S h

m = T V , + & m (3.8) 

hold, where Thiju and Bh

iJki are respectively the sum of four terms and remaining 
terms in the right hand side of equation (3.7). 

We observe that the right hand side of (3.6) is also an identity. We call it 
the second form of Projective Veblen identity and state the following : 

Theorem 3.2. In any Riemannian space Vn (n > 2), the following Pro
jective Veblen identity holds: • 

Sh!jki=V''m + C"m, (3.9) 

where Chijkl is the right hand side of (3.6) excluding the first term. 
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From equations (3.1), (3.2), (3.3) and remark 2.1, we establish the 
following ; 

Theorem 3.3. The Veblen and Projective Veblen identities in a Vn 

[n > 2) are identical is that either of the following holds : 

(a) covariant derivative of Ricci tensor is symmetric. 

(b) Ricci tensor is covariant constant. 

Proof: (/) From the remark 2.1 and from equation (3.3) the result (a) 
follows. 

(ii) I f the Ricci tensor is covariant constant then we have 

Ru,k = o • 

Therefore from this and from equation (3.3) the result (b) follows. 

From equations (3.7) and (2.8), we have 

S*m + S*iklj + S*iuk = K"im + K"kilj + K\Uk + K"jm + D'<m , (3.10) 

where 

Dhwi = 2 (WkUJ + W"l}kti + WVw) -

2 ehm 

- [gmi (W'kl]lT + Wljk,T + WJUJl 
in - 2) 

Theorem 3.4. (3.10) is the relation between Projective Bianchi identity 
and Projective Veblen identities defined in (2.8) and (3.7) respectively. 

On account of (3.10) we may establish : 

Theorem 3.5. The necessary and sufficient condition that Projective Bianchi 
and Veblen identities may be expressed explicitly in terms of one another is that 
the tensor Dh

i}kl is equal to zero. 

4. Application to an Einstein space. In this section we shall study the 
Projective Bianchi identity and Projective Veblen identities in an Einstein space 
Vn. It is well known that every Vz is an Einstein space. An Einstein space 
Vz is a spherical space of constant Riemannian curvature [ 3 ] . Therefore we 
shall consider the case n ̂  4. 

Let us suppose that Vn is an Einstein space, therefore, we have 
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Ru^ — gtj. (4.D 
n 

For n > 2, the equation (4.1) will hold only if J? is a constant [2J. Therefore 
by virtue of (4.1) equations (2.4) and (3.3) reduce to 

U"!m = A"m (4.2) 

and 

r V i = V"m • (4-3) 

From (2.7) and (4.2) we have 

7 ^ - - [g„,j W'ikl,r + gmk W*m + gml W>tjkA = 0 . (4.4) 
(77 - 2) 

Since in a Riemannian space V„, Bianchi identities are satisfied, therefore from 
(4.2) and (2.1) we have 

U"m = 0.. (4.5) 

From (4.5) and (4.2), we state the following : 

Theorem 4.1. Projective Bianchi identities in an Einstein space and in 
a Riemannian space are identical. 

Theorem 4.2. For an Einstein space, equations (4.4) and (4.5) are iden
tities and these are equivalent to Projective Bianchi identities in this space. 

From equation (4.2), we also have : 

Theorem 4.3. Projective Bianchi identities in an Einstein space are equiv-
alenl to Bianchi identities in a Riemannian space Vn and one can be expressed 
explicitly in terms of the other. 

Also from equations (3.6) and (4.3), we have 

nhm 
77 [gm! W m , + gm} Wmj + gmk W*m + gmI WUjkA - 0. (4.6) 

in — 2) 

In a Riemannian space Vn, Veblen identities are satisfied. Therefore from (3.1) 
and (4.3), we have 

T*m = 0. " (4.7) 

Now from (4.7) and (4.3), we have : , 
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Theorem 4A Projective Vehlen identities in an Einstein space and in 
a Riemannian space are identical. 

Theorem 4.5. For an Einstein space (4.6) and (4.7) are identities and 
these are equivalent to Projective Vehlen identities in this space. 

From (4.3), we may establish the following : 

Theorem 4.6. Projective Veblen identities in an Einstein space are equiv
alent to ordinary Veblen identities in a Riemannian space Vn and one can be 
expressed explicitly in terms of the other. 
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Ö Z E T 

Bu çalışmada, Weyl projektif eğrilik tensörünün sağladığı bazı özdeşlikler 
elde edilmektedir. 


