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PROJECTIVE BIANCHI AND VEBLEN IDENTITIES
C.M. PRASAD - RK. SRIVASTAVA

In this paper it has been found out the identities satisfied by the projective
curvature tensor of Weyl.

1. Introduction. Let ¥, be a Riemannian space of dimension n. Let us
suppose that R*, . and R; be the Riemannian curvature and Ricci tensor
respectively. The projective curvature tensor W% ['], defined by Weyl is
given by .

1 .
Why S Rk, — — B," R; — 3" Ry). (1.1)
n—

This tensor may be contracted in two ways, giving

W =0 ' (1.2)
and
Whr‘ﬁl s () (13)
2. Projective Bianchi identity and Bianchi tensor. Bianchi identities in a
¥, are defined by _
Ay 5 Ry + Ry + Rlyyp = 0, (2.1)
where (,) comma denotes the covarfant differentiation with respect to x’s.

Differentiating (1.1) covariantly with respect to x', we have

A

! (8" R;;

B, — RR..
Whiges = Rl i
n—1)

1 th Rr‘k,l) . (2.2)
On analogy of Bianchi identities for the curvature tensor of ¥V, we define the
.corresponding expression for the projective curvature tensor of ¥, as follows:

_ ' Uhiig = Wiy + Wit + Wi . “ (2.3)
With the help of (2.1) and (2.2) .equation (2.3) . becomes
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1
(n— 1)
+ 8/ (Ryy — Ry, ) + 8 (Ry,; — Ry )] - 2.9

Uh

[61" (Rﬁ.k ,.._ Rkl'.n') +

o= AR
|7/ 4 ikl

Contracting equation (2.4) for 2 and /, and on some simplification, we have

(n—1
(n—2)

A — Uy = Ry — Ry ) - : (2.5)

From (2.5), equation (2.4) becomes

1
n—2)

+ &F (A — Uy + 8/ (A, — Uiy )] (2.6)

B gk
Ul = APy

3/ (g, — U +

Replacing &/ by gh" g, .., etc. and making use of equations (1.2), (1.3) and (2.3),
equation (2.6) becomes

ghm
Wi + Whigy + Wy — m [8os W'iktr + 8ot Wit + 8ot Wiger) =

Tt
= Aty — ——— [8os Akt + Zaie Attir + &t Aija] - 2.7
(n—2)
Since Bianchi identities in a ¥V, are satisfied, the right hand side of the equation
(2.7) identically vanishes in view of equation (2.1). Let us put the lefi hand side
of the equation (2.7) equal to K%, so that

] Ik def. h h h _
Ky S W+ Wi + Wi

gkm

— 8™ Wiktr + ot Witiy + &t Whges] = 0. (2.8)

We call (2.8) the ‘Projective Bianchi identities’ and the tensor K%, as the
‘Projective Bianchi tensor’, e .

From the last equation we may state the following theorem :

Theorem 2.1. In any Riemannian space: V,(n > 2) the following pro-
jective Bianchi identities

Khi}'kl = Uk.ijkf + P hfjkn' 2.9

hold, where U%;, and P%,, are respectively the sum of first three terms and
the remaining terms in the right hand side of (2.8).
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We observe that the right hand side of (2.7) is alse an identity. We call it
the second form of Projective Bianchi identity and state the following :

Theorem 2.2. In any Riemannian space V,(n > 2) the following Bianchi
identities in terms of the tensor A%, and Q%,, hold and this is condensed to

Kt = A%+ O s .10)
where (%, is the right hand side of (2.7) excluding the first term.
Remark-2.1. If the covariant derivative of Ricci tensor is symmetric,
then we have
Ry = Ryjy-
Now from equations (2.1), (2.3) and (2.4) and considering remark (2.1), we
establish the following :

Theorem 2.3. The projective Rianchi identity and Bianchi identities in
a ¥, arc identical is that the Ricci tensor is covariant constant.

Theorem 24. The projective Bianchi identity and Bianchi identities in a
V¥, are identical is that the covariant derivative of Ricci tensor is symmetric.

3. Projective Vebler Identity and Veblen Tensor. The Veblen identities
in a ¥, are defined as follows :

Pl &8 Ry s+ Rivyy 4 Ry + RAy = 0. (G.1)

Now we shall find out the corresponding expression for the projective Veblen
identities on analogy of (3.1) as follows :

T €8 Whinr + Wy + Whyg: + Wi (3.2)
Substitutinig from (2.2) in (3.2) and using (3.1), we have

1
(z— 1)
+ 8 (Ruky — Rup) + 8/ (Ryy; — Ry ) 1. (3.3)

Thijpa = Vija —

[8, (Rijs — Ryp) + 8/ (Ryw — Rurp) +

Contracting (3.3) for & and /, and on some simplification, we have

(r—1

[Viske — Tire] = (Riyy — R (3.4)

n—2)
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From equation (3.4), equation (3.3) becomes
1
(n—2)
4+ 8, (Ve — Taa) + 8 (Vipr — T 1- : 3.5

Thijg = Vi —

82 (Viugr — Truge) + 8, (Viir — Tharr) +

Replacing 5,* etc., by g g_.etc. and making use of equations (1.2) and (1.3)
in equation (3.5), we have

-
Whiga + Wy + Whige + Wi — ( 8" [g,,,f g + L Wlaz,r +
n —

hm
A &k Wiitir -+ &mt Wiigkerd = Virr — ﬁ L8 Vo + &g Vieate -+
+ ot Vit + &t Vil - (3

" Since Veblen identities in a ¥V, are satisfied the right hand side of above
equation is identically zero in view of (3.1). On putting the left hand side of
equation- (3.6) equal to S%u,, we have

fin '
S ik g ankl _'_ W kil j + Wh!k}r + Wﬂlk _ (ng 2) [gmi Wr[kf:r "[“

+ Euij Wity + Gt Witir + 8t Wijk,r] =0. ‘ 3.7

We call (3.7) the ‘Projective Veblen identity’ and the tensor S%j; as the
‘Projective Veblen tensor’.

From equation (3.7) we may state the following :

Theorem 3.1. In any Riemannian space V,(n > 2) the following pro-
jective Veblen identities

S = T + Bl 3.9

hold, where T, and B* ikl are respectively the sum of four terms and rcmammg
terms in the right hand side of equation (3.7).

We observe that the right hand side of (3.6) is also an identity. We call it
the second form of Projective Veblen identity and state the following :

Theorem 3.2. In any Riemannian space V,(n> 2), thc followmg Pro-
jective Veblen identity holds: ' :

_ Sy = Vi + Chipg 3.9
where Chy; is the right hand side of (3.6) excluding the first term.
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From equations (3.1), (3.2), (3.3) and remark 2.1, we establish the
following :

Theorem 3.3, The Veblen and Projective Veblen identities in a ¥,
(7 > 2) are identical is that either of the following holds :

(a) covariant derivative of Ricci tensor is symmetric.

(b) Ricci tensor is covariant constant.

Proof : (/) From the remark 2.1 and from equation (3.3)  the result (a)
follows.

(i) If the Ricci tensor is covariant comstant then we have

R;,=0.

Therefore from this and from equation (3.3) the result (b) follows.

‘From equations (3.7) and (2.8), we have

St + sy + S = Ky + Ky + Ky + K + Dl (3.10)
where
Dhypy =2 (Whiyps + Whpei -+ Wiy ) —

2 ghm
(n—2)

L& ¥ hsr + Winer + Wi 1.

Theorem 3.4. (3.10) is the relation between Projective Bianchi identity
and Projective Veblen identities defined in (2.8) and (3.7) respectively.

On account of (3.10) we may establish :

Theorem 3.5. The necessary and sufficient condition that Projective Bianchi
and Veblen identities may be expressed explicitly in terms of one another is that
the tensor Dy, is equal to zero.

4. Application to an Einstein space. In this section we shall study the
Projective Bianchi identity and Projective Veblen identities in an Einstein space
V,. 1t is well known that every V, is an Einstein space. An Einstein space
¥, is a spherical space of constant Riemannian curvature [*]. Thercfore we
shall consider the case n = 4.

Let us suppose that V), is an Einstein space, therefore, we have
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R
Ryy=—g;. 4.1}
7
For n > 2, the equation (4.1) will hold only if R is a constant [?]. Therefore
" by virtué of (4.1) equations (2.4) and (3.3) reduce to '

Ulipy = APy (4.2)
and ' '
Thyy = Vg . (4.3)
From (2.7) and {4.2) we have
gl |
P— (2. Wikir + ot Witis + 8 Wi} = 0. @.4)

Since in a Riemannian space ¥, , Bianchi identities are satisfied, therefore from
(4.2) and (2.1) we have

Uhyy =0, @.5)

From (4.5) and (4.2), we state the following:

Theorem 4.1. Projective Bianchi identities in an Einstein space and in
a Riemannian space are identical. -

Theorem 4.2, For an Einstein space, equations (4.4) and (4.5) are iden-
tities and these are equivalent to Projective Bianchi identities in this space.

From equation (4.2), we also have :

Theorem 4.3. Projective Bianchi identities in an Einstein space are equiv-
aleni to Bianchi identities in a Riemannian space ¥, and one can be expressed
explicitly in terms of the other.

. Also from equations (3.6) and (4.3), we have

ghm

{——5 (g Wikie + 8mi Wity T 8 Whitir -+ 8t Wik} = 0. 4.0)
- . ) )

In a Riemannian space ¥, , Veblen-identities are satisfied. Therefore from (3.1)
and:- (4.3), we have ' N

Thyy =0. @.7
Now from (4.7) and (4.3), we have :

T T T T T T T B A T T T
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Theorem 4.4. Projective Veblen identities in an Einstein space and in
a Riemannian space are identical,

Thecrem 4.5. For an Einstein space (4.6) and (4.7) are identities and
these are equivalent to Projective Vehlen identities in this space.

From (4.3), we may establish the following:
Theerem 4.6, Projective Veblen identities in an Einstein space are equiv-

alent to ordinary Veblen identities in a Riemannian space ¥, and one can be
‘expressed explicitly in terms of the other,
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OZET

Bu galismada, Weyl projekiif egrilik tenstriiniin sagladigi bazm Gzdeslikler
elde edilmektedir.




