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A N R - © R E C U R R E N T F I N S L E R S P A C E W I T H N O N - S Y M M E T R I C 
C O N N E C T I O N 

H . D . P A N D E - K . K . G U P T A 

I n the present paper it has been obtained necessary and sufficient condi
tions for first order recurrency of curvature tensors Rhijk and Rhijk in a 

Finsler space with non-symmetric connection T'jk. 

1. Introduction. Le t F* be an «-dimensional Finsler space having 2/i-line 
elements (x'' , x') (i,j,k,... etc. = 1,2,3,...,/?) equipped w i t h non-symmetric 
connection V'jk (x , x) based on non-symmetric metric tensor gsj (x , x). 

Let us wr i te I \ as given below [ 2 ] [ ) 

r ,
A = M 0 A + y J V A , ( l . i ) 

where ML
JK and — N'JK are the symmetric and skew-symmetric parts o f TLJ!C 

respectively. Le t us introduce another connection Vl
jk (x, x) = V'kj (x , x) and 

define t w o types o f co-variant derivatives : 

x+j = - (3m *0 r m
w *p + iV> , (1.2) 

xu = 9y'x' (^« ^ ^ + *" ^ • <L2)' 

The dual i ty i n the nature o f co-variant derivatives introduces t w o curvatu 
re tensors: 

= 3/ r*A - 3 A - a , r ' A ) r ' " w * ' + (3,rt rf,-,) + 
+ r ' A i % , - r ' A i V (1.3) 

+ f ^ f ' w - f ^ f ^ . (1.3)' 

') The numbers in square brackets refer to the references given at the end of the paper. 
») 3 , 5 = 9 / 3 * ' , 3, = 5 3 /3* ' 
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I t can be easily veri f ied that b o t h the co-variant derivatives o f xl vanish, 
i.e. 

x+ = 0 — x- . (1.4) 
\k \k 

The f o l l o w i n g notations and abréviations w i l l be extensively used i n the 
sequel. 

JR'j = xh R'hj (1.5b) 

R = R'i (1.5c) 

#kik = - #kk) > = #kj', Wjk = - N ' H . (1.5d) 

C o m m u t a t i o n formulae are as fol lows : 

+ + + 
(1.6) 

+ + + 
(1.7) 

where N'JK is defined i n (1.1). 

2. i i — © Recurrent Finsler space. 

Definition 2.1. F* w i l l be called R~® recurrent F* i f its f i r s t 
curvature tensor Rh

Uk satisfies the f o l l o w i n g cond i t i on 

R * i J k l l = X,R*tJk ( k , # 0 ) , (2.1) 
+ + + 

where Xt is k n o w n as recurrence vector f i e ld . 

Transvecting (2.1) w i t h i ' and using (1.4) and (1.5a), we f i n d 

= (2.2) 

A g a i n transvecting (2.2) w i t h xJ and using (1.4), (1.5b) we have 

Rt\i = (2.3) 
+ 

h 
Contract ing Rk~\i w ^ r e s P e c t : t o t n e indices h and /c, and using (1.5c) we 

+ . . 
get 
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R | i = X, R . (2.4) 
F r o m (2.2)s (2.3), (2.4), we conclude that R''jk, Rk

h and R are also © recur
rent o f f i r s t order i n an R — © recurrent F*. The converse o f this statement 
is not .necessarily true: 

rem 2.1. A n Rljk — © recurrent F B * w i l l be R — © recurrent i y : i f 
and only i f the recurrence vector f i e ld satisfies 

x* (hh R+ j k ) = (3, X,) R'jk + X, x* 9, R!
pJk - R'"Jk d„ Pml + 3, r % + 

+ + -*- + ' ' 
+ RfJm dh r\t + (èm câA r > . (2.5) 

Proof. Le t F* be R'Jk — © recurrent, 
viz. 

+ + 

Di f ferent iat ing the above equation, part ia l ly w i t h respect to xh and apply
i n g the commutat ion f o r m u l a (1.6) together w i t h relations (1.4), (1.5a), we 
get 

R+ . k , , - X, R!
hik = (3, X,) R>Jk + X, x» dh R'pjk - x" (3 h R+ f k ) -

+ + + -r + -f- + 

— R'"M dh T'/ni + i?'„,,. 3,, r ' " j 7 + r'"*/ + 

+ ( 9 « ^ A ) ( 3 * r H ^ ) ^ - (2-6) 
N o w i n R — © recurrent left hand side o f (2.6) vanishes and hence 

(2.5) holds good. 

When the connection coefficients are homogenous o f degree zero i n 
their directional arguments, then : 

Theorem 2.2. I n an R'Jk — © recurrent F„*, the f o l l o w i n g identity is 
satisfied : 

*'x" Rïj*ii> = (9* X'> x " + X ' ** 9* * • (2-7) 
+ + + + 

Proof. Transvecting (2.6) w i t h x'< and using (1.4), (1.5c) we get 

R)«\i~h = (9* */) # A + U xp x" h„ R'pJk - *p x" (9 , R+JkXd-
++ + +++ 

- R,njk (bh r^,) À-" + JÎU (èh r \ ) + (à, r" / £ , ) i * + 

^ ( a ^ i î y i à . r - ; ) ^ ^ . 
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U s i n g homogeneity property o f Vl
jk and n o t i n g the fact that left hand 

side o f above ident i ty vanishes i n R ' ' I K — © recurrent Fn* , we get (2.7). 

Theorem 2.3. The necessary and sufficient cond i t i on that an Rj — © 
recurrent F* w i l l be an R ' J K — © recurrent Fn* , is that 

i A (KRtj | P = (3* h) R/ + h xHdk *W ~ *r 3* r ' m i + 

+ RJ ak r"H + (a,„ Rj) (ak vm
pl) . (2.8) 

Proof. Let Fn* be Rf — © recurrent space, viz. 

R^^hR/- ( A ) 
+ 

Di f f erent ia t ing i t par t ia l ly w i t h respect to xk and using (1.6), (1.5b), we 
have, after a rearrangement o f its members, 

R X n i - h R<kj = - .*» ( a K R\J,,) - 9 / c r ' M , + - R J dkr% + 
++ + ++ 

+ (9 J ? / ) (3* r'„) + (3, ( Rf + X, ** 8 / £ . (2.9) 

I f F„* becomes R'jk — © recurrent, f i r s t member o f (2.9) vanishes ident i 
cally and we have the result (2.8). 

W h e n the connection coefficients Yljk are homogeneous o f degree zero i n 
their direct ional arguments, then : 

Theorem 2.4. I n an Rf — © recurrent Fn*, f o l l o w i n g ident i ty is true : 

** x"(dk R+j,,) = (3, £ X,) R/ & + X, i " i f c dk R'hl. (2.10) 
+ ++ 

Proof. Transvecting (2.9) w i t h xk and after using (1.4) and (1.5b), we 
have 

R+lt-X,R/=- ^ x* (3 (3,c P m / ) * * + 
4- • + + + 

+ R J (3ft r*y /) + ( 3 m J?/) o\ r % , ) ^ ** + 

+ (3 f c X,) A-* 4 X, **- & Bk R!
hi. (2.11) 

N o w , i n an Rf — © recurrent F„* f i r s t member o f (2.11) vanishes, hence 
using the homogeneity property o f Y'jk , (2.11) takes the f o r m o f (2.10). 
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Theorem 2.5. I n a n Rf — © recurrent F*, the re lat ion 

(k,\m-Xm[t + X, N^J Rf = - (3T J?/) JT / M + * / #T / F F L - (2.12) 
+ + 

is always true . 

Proof. Di f ferent iat ing the relation given i n ( A ) , © co-variantly w i t h respect 
to xm, we have after using ( A ) , 

R1\im = &v\m + (2-13) 
+ + 

Subtract ing the result obtained after interchanging the indices / and m i n 
(2.13) f r o m (2.13), we have after using commutat ion f o r m u l a (1.7) : 

- (3T Rf) R"lm + Rf R\im - Rf Rr
Jtm + (R+1Y) N\A = 

+ + 
F r o m (2.14) and ( A ) , we get (2.12), after a rearrangement o f terms. 

Theorem 2.6. I n r ~ © recurrent F*} the Bianchi 's Ident i ty takes the 
f o l l o w i n g f o r m : 

3*. UR"M
 3> + 3 ^ p i f c NP

M + x< E " I L J K = 0 , (2.15) 
where 

Proof. F r o m Theorem 2.1 i n [ 2 ] , we are given w i t h the f o l l owing Bianchi 
Ident i ty : 

R U i + Riw + * W + = 0 " ( 2 - 1 6 > 
+ 4- 4-

B u t as we k n o w , 

+ 4-4-4-
A p p l y i n g (2.1), (2.17) can be rewritten as 

R \ JK U = XT R \ J K + R % K YP
}L + A % T\T. (2.17)' 

4-
A f t e r changing the indices j , k, I cyclically i n (2.17) ' we shall get two other 

similar results, substitute a l l the results thus obtained i n (2.16) and after using 
(1.5d), we w i l l get (2.15). 

B> A \ i j k ^ ~ (Aijk + AJki + Akij). 



112 H . D . P A N D E - K . K . G U P T A 

I t is noteworthy that s imilar theorems as given above can be obtained when 

we define R — 0 recurrent Fn* as fol lows : 

R E F E R E N C E S 

: Bianchi's Identities in a non-symmetric connection space, 
Bui . Inst. Politehn. lasi (N.S.) 20 (24) (1974), Fasc. 1-2, 
Sect. Ï, 69-72. 

: Bianchi's Identities in a Finster Space with non-symmetric 
connection, Bui . Classe des Sciences Mathématiques et Natu
relles, Knez (Belgrade) (communicated). 

: On Projective Recurrent Finsler spaces of the first order, R e n -
diconti Accademia Nazionale dei X L , Serie I V , X X X I V - X X Y 
(1974), 1-8. 

: The differential Geometry of Finsler Spaces, Springer Verlag 
(1959). 

D E P A R T M E N T O F M A T H E M A T I C S 
U N I V E R S I T Y O F G O R A K H P U R 
G O R A K H P U R (U.P. ) I N D I A 

A N D 
D E P A R T M E N T O F M A T H E M A T I C S 
U . N . P . G . C O L L E G E , P A D R A U N A ( D E O R I A ) 
(U.P. ) I N D I A 

Ö Z E T 

B u çalışmada, simetrik olmayan T'jk bağlacım haiz bir Fİnsîer uzaymdaki 
Rj'ijk ve R^ijk eğriiik tensörlerinin birinci mertebeden tekrarlılığma dair 

gerek ve yeter koşullar elde edilmektedir. 
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