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FLOW AND HEAT TRANSFER IN AN ELASTICO-VISCOUS LIQUID
OVER AN OSCILLATING PLATE IN A ROTATING FRAME

NANIGOPAL DATTA - RABINDRA NATH JANA

An exact solution is given for the flow of an elasticoviscous fluid induced

by an oscillating flat plate in a rotating frame. It is found that the phase

difference of the primary shear stress decreases while that of the secondary

shear stress increases with increase in the elastic parameter, The problem

of heat transfer from the plate, taking viscous dissipation into account,

has also been considered when the temperature of the plate oscillates with
the same frequency as that of the plate.

1. Imtroduction. In technological fields, the flow of non-Newtonian fluids
are being extensively used. The unsteady flow of a visco-elastic fluid of Walters
[*] model B” over a plate has been studied by Gulati [2], Kaloni [*], Soundalge-
kar and Puri [*], Missiha {°] and Puri [¢]. Recently Puri [%] has studied the
flow induced by the oscillations of a plate in a rotating frame of reference.

The purpose of the present study is two-fold. Firstly, to re-investigate the
problem studied by Puri [7], because we feel that there is some error in his
solution. Secondly, to study the fluctuations in heat transfer from the plate when
the plate temperature fluctuates with the same frequency as that of the plate.

2. Mathematical Analysis. The constitutive equations for Walters [liquid
Model BY) are]
Py = — P&kt P> 1)

t

' i k
P'ik = 2_[ v (t - I') a-fm * 9x elmr df’, (2)
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where p;, is the stress tensor, p an arbitrary isotropic pressure, g, the metric
tensor, eD % the rate of strain tensor and

w(r—t’):f NT(T) exp [— (¢t — £')/1] dv, - ®

0 .
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where N(t) is the distribution function of relaxation times. For liquids with short
memories {i.e. short relaxation times), the above equations give

p* = 2 ik 2160"%*8“) i “@

where 1 == / N{t}dv is the limiting viscosity at small rates of shear,
0

kg = f T N(t)dv and §/8¢ denotes the convected differentiation of a tensor.
0

In a rotating frame of reference, the equation of continuity and the equa-
tion of motion are

gi;c‘j. —o0, ©)
du, du, 1 gp* 1 3p'y
Dy T 2y, Vit = — — 2 — K ©
af i ax-" e ¥ Jeak o ax, 0 ax" )

where u, is the velocity vector, £2,% the angular velocity vector and p* is the
modified fluid pressure which includes the centrifugal force.

7 Consider the flow of an elastico-viscous liquid cccupying the space z > 0
induced by simple harmonic oscillations U, cos w*¢ in the x-direction of an
infinite plate z = 0 in a rotating frame of reference. The plate is rotating in uni-
form with the liquid with an angular velocity Q* about the z-axis. Since the plate
is infinite all physical quantities will be functions of z and ¢ only. The equa-
tion of continuity together with the no-slip condition at the plate then shows
that the z-component of the velocity vanishes everywhere.

Using (1) and (4), the non-dimensicnal equations of momentum (6) can
be written as '

9\ 32 d ]
1~k —j— — = |u, +201u, =0, )]
[( aT) gt ar| " : :
2 5
[(1_ki)ﬂ —ﬁ]uzznul':o, 3y
8T/ at* aT
where
E=Upzfv, T=Udt/v, uy=u,fUy , u, =u,/U,, ©)
Q=v U2, k=kU?,v=mlp, k*=kjp,
and u, , u, denote the velocity components along x and p-directions.
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The boundary conditions are

u, =exp(fwT),u,=0 at £=0,

=0, 14,50 as £—» oo. (10)
Assuming
w=f1e*T  and  w,=f et : _ an
equations (5) and (6) become
(1 ——ﬂcw)%—iwfl—}—IZﬂfZ:O, (12)
(1~ikw)%—iwf2~2ﬂ_ﬂ=0. ' (13)
The boundary conditions (8) give
F®=1 and f(c}=0, (14
£©0)=0 and f(w)=0. (15)

Eliminating f, from equations (12) and (13), we have
, dal d*f,
(0 —ikwp— —2iw( —ikw)—2 — (2 — 409 f, = 0. (16
Pl e )i )

From equation (16), the solution of f; (&) satisfying the boundary condi-
tions (14) can be easily obtained. Having found f] (£), one can determine f, (§)
from equation (12) using the boundary conditions (15).- These solutions are’

0y = %[exp [~ AE+i@T— By} +exp{— A4 L+i@T—5 8] U7

for -w > 24,

"y — — % [exp {— AL + i (T — BE)} — exp {— A& + i(wT — BE}] (i8)
and .

= Lo (— 46 4 T B) Voxp{o Af 1 iwT 4 BOY (19

: for w <28,

uy = — Jz_ [oxp { — 4E + i (T — BY)} — exp‘{f AE +i@T T BEY], 20

where
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g L fot20 uz(a_B) , p_ L [wt20 llz(d+g), 21
: V2 \1 4 kw? V214 K22

1 fo—20\12 b fw—2Q\2
_ I bl . (22
Ai \/2 (] + k2 2) (CC B) ’ Bl \/2 (1 + k2w2) (G' + B) ( }

o = \/* (1 + k% 2)1/2 + 132, ‘ = \/__ {1 + Bl — 132, (23)

and
—_ 1/2
a,— (/%(;122 ]2‘”2) (1 + K22 + ka}in 24
{4 H
— 172
B, — V% (%%Lk_z%) (1 + KD R} 12, ©5)
G)

The solution (17} - (20) agree with the solution for Newtonian fluid studied
by Puri [*] by making k = 0 except for the term 1 and the minus sign in the
oscillatory part and that the suction has to be zero. Because of some mathemat-
ical error in Puri [*], the solution for the Newtonian fiuid (Puri [*])} cannot
be deduced from those of former one.

3. Resuits and discussion. For w > 2, the velocity consists of damped
harmonic oscillations with amplitudes U, e~4% and U,e~ % and having phase
lags BE and B§ respectively relative to the wall. The depths of penetration or
wave lengths of the two layers are respectively 2nv/U, B and 2nv/U, B, . Because
of the presence of elasticity of the fluid, 4 and B decrease while 4 and 4,
increase for 0 < kw < 0.58 and decrease for 0.59 < /e . This implies that the
depths of penetration 2mv/UB and 2rv/U; B, decrease for 0 < kw < 0.58
and increase for 0.59 < kw.

For vy < 251, the velocity consists of two damped oscillations of which
one is the same as that for the case w > 2{) while the second one has an
amplitude U e—%% and has a phase advance B,& with respect to the plate.
The depth of penetration of the second layer is 2mv/U,| B,| which decreases
with ke .

For vy = 2§}, we have a phenomenon of resonance similar to the result
obtained by Thornley [?] in her study of non-torsional oscillations of an infi-
nite non-porous plate rotating in accord with a viscous fluid. This resonance
implies that the whoie liquid is affected by the motion of the plate and the os-
cillation is not confined to a well-defined Ekman layer near the plate.

T
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In the absence of rotation (2 = 0), u, =0 and #, is given by
u, = exp { — A*E + i(w? — B*E)} (26)

where 4* and B* are obtained from equations (21) -{(23) by putting @ = 0. It
is seen from (26) that the two layers merge into one, which oscillates with ampli-
tude Uye—4*5and a phase lag B*E,

The non-dimensional shear stress components at the plate £ = 0 are
<, :[(1 —k—a~) 33{] and 7, = [(1 - ki) ai‘z] @)
8T 8&. £=0 BT 35_, £=0
Using equations (17) - (20) in equation (27) we get

x :—%Rlexp{f(mﬂ 0}, @9

X

<

—;%Rzexp{i(mT—ﬂz)}, (29)

zy

R, = \/2_“1 + Ko)2 {4 (_m2 — 40212} ]113 ,
Ry = V2 [(1 + Fu)2 {0 — (@ — 40912} ]2,  la>2 (30)

ang, — @O —koG@—p o @ Btiweth
(@ — P +kha+B) (e + B) — k(e —B) J

and
Ri=(1+ ka2 [(4+4 4,° + (B — B2,
Ry=(1 + K22 [ (4 — A + B+ B2,

o _B_B)—ka(d+d) o (A—4) | ko(BIB)
' U+ A)+ke(B—By) 2 (B4 B) — kn(d — 4y

]

I}m<_2 Gl
g

J

It is seen from equation (30) that for w > 2Q, both R, and R, increase with
increase in & when  and w are fixed while for fixed k and £, R, increases and
R, decreases with increase in w. For w < 2Q, the values of R, and R, are given
in Tables | and 2 respectively. It is observed that both R, and R, increase with
increase in either & or w. It is interesting to note that « for Newtonian fluid
(k = 0) both R, and R, depend on when w > 2 while for s <¢ 202, the effect
of frequency on R, and R,is prominent only when the elasticity of fluid (k = 0)
is taken into account. '
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TABLE - |
Values of R, for Q = 5.0
© / k 0.0 0.05 0.1
1.0 4.4721357 4.4749283 4.4832745
2.0 4.4721357 4.4832744 4.5162011
3.0 4.4721357 4.4970817 4.5695304
4.0 4.4721357 4.5162012 4.6411909
TABLE - 2
Values of R, for & =35.0
/ k 0.0 0.05 _ 0.10
)
1.0 4.4721357 4.4749272 4.4832730
2.0 4.4721357 4.4832729 4.5162009
3.0 4.4721357 4.4970812 4.5695299
4.0 4.4721357 4.5162010 4.6411904

The values of tan 0, and tan @, have been plotted against k for various val-
ues of w and Q@ in Fig. 1. It is observed that for fixed w, tan, decreases with
increase in k. It is also observed that tan®, increases with increase in either k&
or w for both the cases w > 20 and w < 20 It is seen from equation (30) and
from the definition of & and f§ given by equation (23) that for w > 2{2 both tan §,
and tan 0, are independent of rotation parameter (2.

Further for the Newtonian fluid (¢ = 0), both tan®, and tan®, are inde-
pendent.of frequency w when w > 2. In the presence of elasticity of the fiunid
(k # 0), the frequency w influences the values of tan8; and tan8,. However,
for large rotation (w < 2(1), the effect of w on tan®, and tan 8, is prominent
even in the case of Newtonian fiuid (& = 0).

4, Heat Transfer, We consider now the heat transfer problem wheén the
plate temperature oscillates with the same frequency. as that of the oscillating

plate. The energy equation is
2
+ (aa—:’) } 32

oz

BT* » aZT* v ((au_‘:)z
=gt
ot az* p
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where a* is the thermal diffusivity, v the kinematic coefficient -of viscosity, ¢,

the specific heat at constant pressure and T* the temperature of the fluid. In
writing equation (32) we have neglected elastic dissipation of the fluid.

2‘2[’
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Fig. 1. Graphs of tan @, and tan 0, against %

tan0, and — -— — — tan0,

Boundary conditions are

T# — T, =T, —Te)cosw*r at z=20,

(33)
T*—= T, as z~» oo,

Introducing
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b= (T* — To) (T, — Tw), ¢ = a*/v, E= U?[c, (T, — Tx), (34

and using (9), the equation (32) becomes

I IR
Boundary conditions (33) can be written as
b=coswTatt=0 and 80 as £ oco. (36)
Assuming
0, 1) =0, 7 +0,) 3, 37

and using equations (17) - (20), equation (35) has been integrated under the
boundary conditions {26) to give

8 = exp {—(1 + ) (cw/D'2E} T + oF (my — in)) [exp {—(l + i) (ocw) P E} —

—exp{— [(4 + 4) + i(B+ B)]E} ] ¥°T ; for w > 292, (38)

0 = exp {— (1 + ) (Ow/21RE} &7 + GE(m, + in) [oxp {— (L +7) (Gw)!E} —

—exp {—[(4 + 4) +i{(B— B,)]E}] 4T, for w < 28, 39)
where

m; = (w? — 402 {u(l — o) + (w? — 40912} 2R,
n = (w? — 40?2 ckw?/2R,
R={(l —0)w + (* — 4022 4 G2 k> 1 , (40)
m, — AA, — BB,, n,— AB, — BA,,
my=n,(1 + K w’) —kw?, n,=00+ow)(l +i’w)—un,
my = (mymy + n, m)2(ms® + 0D, n, = (myny — ny my)j2(m? -+ nd).
The rate of heat transfer at the plate £ =0 is

(2%) = — [(cw/2)'? (cos@T — sin@T) + oE {(m, ms + n, n5) cos 2wl —
£E=0

- (m, ng — ny ms) sin 20Tt] ; for @ > 20, (41)
(ﬁ) = — [(cw/2)!? {cos 0T — sinwT) + oE {{m, ms — n, ng) cos 2wl —
dt Je—o
— (myng -+ n, mg) sin2w7}] ; for @ < 2Q, 42
where

my = (o@)2 — (A | 4;), n; = (60)'” — (B + B,),
mg = (c0)'? — (4 + 4)), ng = (ow)'’? — (B — B,).
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The numerical values of (d0/ dE).— for @T=n/2, E=002, c =072,
£ = 2,5 and for different values of w and k are given in Table - 3. It is observed
that for fixed , the rate of heat transfer decréases with increase in & while
for fixed k, the rate of heat transfer increases with increase in w. It is also ob-
served that the rate of heat transfer is less in the case of visco-elastic [luid
(k # 0y than those of Newtonian fluid (X = 0).

TABLE - 3
Rate of heat transfer (d0/dE).—o for @7 = 7/2 and ¢ = 0.72
® 0 0.0 0.01 0.02 0.03 0.04
1.00 0.529809 0.529088 0.528384 0.527699 0.527043
2.00 5.0 0.794259 0.792789 0.791375 0.790023 0.788737
3.00 0.997871 0.995655 0.993541 0.991544 0.989677
5.0 - 1.368080 1.363918 1.359828 1.355886 1.352161
10.0 2.0 1.936287 1.924225 1.912909 1.902893 1.894534
15.0 2.371471 2.349536 2.330378 2.315631 2.305731
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OZET

Bu ¢ahsmada bir donel gergeveye yerlestirilmis, titresen dlizglin bir levha-

mn olusturdugu elastik viskozitell bir srviun akigma ait kesin bir ¢fzlim

veritmektedir. Tkinci kesme geriliminin faz fark: elastik parametreye bagh

olarak artarken, birinci kesme gerilimininkinin azaldif saptanmaktadir.

Viskozite dagilimm gozénline alinmak suretiyle levhanin ist transferi prob-

lemi, levhamin 1sisiun, levhanin frekansina esit bir frekansla titresmesi ha-
finde incelenmektedir.
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