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ON SPECIAL PROJECTIVE MOTION IN AN SPR Fa-SPACE
' A. KUMAR -
In this paper it has been established that in \lfiew of a certain equation and

definition, Berwald’s curvature tensor satisfies the so-cailed definition of
recurrency.

1. INTRODUCTION
Let Fn [’]” be an n-dimensional Finsler space cquipp@d' in‘th"a éymmcir_ic

projective  connection coefficient 'y Gy X) #00G, — = (28, G7yy, +

n+1)

4+ X G, )t The so-called projective covariant derivative [¢] of my tensor field

T/ (x, X) with respect to a 7'y (x, X) is given by ' _

Ty = 0 T — 8, T why X° + TPy — TP % (L.1)
The well known commutation formula involving the above covariant derivative
is given by .

R . i : . s i $ s D P

2T %ameon = — O Tf Qe ¥ T @y — T O™ (1:2)

where - :
Qld%, X) 820y, wygy — Wopri W + T Wy (1.3)

is called projective entity and satisfies the following relations [¢] :
' Qe = — Qs N (L4
and - : ‘ : » R .
O = Qi+ . ; . . (L.5)

Misra [¢] has also obtained two more important relations :

n+1)

2 . A L ‘ ‘
+ ( + 1) ¢+ 1) G‘r'\rf[(k) 8y + 8, 3 (GYTI G (1.6)

Qg X) = Hiyy + —————F H e + X9, H ) +

and

1} Numbers in square brackets refer to the references given at the end of the paper.
B 2Agpgy = Apg + App and 2Appp = Apg — Agp - :
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9 .
e = Ol — w—D §(n + 1) Qe — Hyype — Hye¢yy + (0 — 1) 9 0 H —
— 3, ng 87, .7
WRETE 1y L vt o i et i, oo )
Hlyje (3, X) = 2o Gy — Gy G -+ Gy Gl } (1.8)
and
ln . IR
Whik(x: x) Hipye + ( 1) §5h H Cvki + “‘ ah ‘rkj'-.i_--.-
+ 28&;-(1%1@ -+ B 3470 (1.9

are called Belwald’s and plojectlve cmvature tensm 1espect1vely They also
..... EERTI BT

a), Hyj = — Hiy, and by By = gy (1:10)
and, f

3) thk_ thub) ,,,,—0 and C) thJ—O ' i.(l-“)

IR

i

Let us consider an infinitesimal pomt t1énsf01mat10n -
%=l vl (%) df, S Co (1.12)
where v (x) means any’ vector-field and’ g is -an-infinitesimal ‘point constant.
By virtue of projective covariant derivative and above point transformation

the so-called Lie-derivatives [°] of T/ (x,,’?)‘rand‘ T (xeli"C)”gn.: given by
£0 T} = T yup v + 3 T vhey X - T, vy — T/ vy (1.13)

and: : Lo T

o £ e = Vg - Qi Vb MgV ¥ (L1
The. following well known commutation formulae mvolvmg the plQ]GCtIVC co-

variant derivative and Lie- denvatwes are glven by

o (i) — €0 T) )«,J, — (£'u x S,) T — (£v '.rc"&,) T, — (£v n"sm} & a,, Ty (1 15)

LEEREL) o ikl

and

E Wi v (B Widon =< ?";Qim 4 285wl v ?ffk_xs; N ()
In an Fn, if the projective entity Q,;, (x, ¥) satisfies the relation :
KO Lo Qe = M Qe o (1.17)

where p(x) is any vector field and then the space under consideration is called
spe(:Ial pleeCtIVG 1ecu11ent Fmslm space or SPR Fn-space and ux) is called

b . ctea,

B} The 1ndlces in ( > are free f‘rom symmetric and skew—symmetrlc operations.
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special projective recurrence vector [']. In view of the equation (1.6) and the
fast defi lmtton we can show that Berwald’s curvature tensor WIH also satlsfy the

above' deéfinitior of recurrency _ DR
B

2. SPECIAL PROJECTIVE MOTION

When an infinitesimal point transformation (l‘.12) transforms the system
of geodesics into-the same system, then (1.12) is called an infinitesimal special
projective motion. The necessary and sufficient condition that (1.12) be a spe-
cial projective motion in SPR Fn-space is that the Lle derlvatlve of m'y (x, x)
with respect to (L. 12) ftself has the form :

£0 7, = 81, + 5,/ ‘ @
for a certain non-zero covanant vector lpj(x) [*]

Let us mtroduce a quantlty B“,,, by the foIlowmg relatlon

Byt — (’1 Qiu +Cw 2D

(n2

By virtue of (l 7, the prQ]ecttve curvature tensor W ,,,k(x, x) can aIso be
re-written as

Wihfk = lerjk + Eifrjk I : ' o A{2.3)
where

2
Ehk_.—(T’;:T)%(n"f‘ ) Qi — Hyye — Hyeciy +(r — 1) 3,9y H —

— X éj HT'rs[ks Sihl . ) . (24)

We shall also introduce a ¢urvature tensor W, (x, ) which will be useful in
our theory by the following relation :

Wi €, XY 2 (B igen — B N V)

In view of the basic assumption (2.1) and the commutation formula (1.16), we
can get

£5 Qhaie = 5/ Wi — B¢ Vi + 84 Wiy — B4 Vacin - (2.6)

where we have used the facts :
a)y wh, ¥*=0 and b) y,A*=0 . 2.0

Contracting the both sides of the formula (2.6) with respect to the indices 7 and
k and making use of (1.5), we obtain

T T 0T T 03D 0 DL T T T T I e
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£v Q.Fu‘ Wity — 7t Watgy - o (2.8)

Takmg the Lle derivative of the both sides of the formula (2.2) and remembermg
the above relation, we can find after little simplifi ication :

£,U B i “]IIJ((J)) s (2'9)
Our concerned equatlons are (2.1) and 2. 9), say
L) fpnmly =8 ‘i’k + Sk Vi b)Y £ B = Wiy - - (2.10)

In view of the equations (1.13) and (1. 14), the left hand sides of the above for-
mulae can be rewritten as

fl) ‘ £o nhy = vy + Qi v + g Py X7 and b) £v By = B vt +
B vy + B ¥y - 3 B vy X (2.11)
The first set of 1ntegrab111ty condltlon of . 10) is compoged of
El) £ Wth =0 ’ b) v W wie = Wy we hik (212)

In an affinelly connected SPR Fnﬁspace,,let us try to discuss the existence
of special projective motion (1.12) satisfying (2.1). For this purpose at first,
we have to assume the condition (2.12). In what follows, we shall find an impor-
tant property on W, (x, X) holding in SPR Fn-space admitting special pro-
jective motion (1.12). From the equations (1.5) and (1.17) we can find

Opien = Ms Qi - (2.13)

Taking the covariant derivative of the ‘both sides of (2.2) with respect to x* and
noting the above formula and the equation (2.2) itself, we get

By = Hs By B VAT
By virtue of the equations (l1.17), (2.4) and (2.13), we can deduce =~
Epapy =W Ei (2.15)

‘In this way, from the equations (1.17), (2.3) and (2.15), we can get at last
an essential property .on. Wi (x, X) of the form:

Wiy = P W’},;k- _ (2.16)

3. CONCRETE FORM OF SPECIAL PROJECTIVE MOTION

‘Operating the both sides of the formula (2.16) by £v and making use of
(2.12a), we have

£ (Wi = Eop)y Wil 0 (3

RGO OO R A HM R A R L S
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Applying the commutation formula (1.15) to the projective curvature tensor
Wi, we can get

£v (W fuk((s))) - (£‘U w h}k)((s)) — ('f'” n Ts) WTkJI( ('f'v TCT,H) Wiy.ik - (£’U “Tjs) Wffr‘rk -
('f'” T k.s) W v (‘f'v nms‘\'} X7 E-)m Wihjk " (32)

Now, introducing the basic formula (2.1) into the right-hand side of the above
result and making use of (2.7b), we obtain

£ (W) — - 0 Whideen = 85V Wi — 29 Wiy — i, Wi, —
= W — W Wiy (3.3)
In view of the equation (2.12a), the last formula takes the form :
fv (Wihflt((s)}) = 2""’5’ Wihik + asi v, WYszIc — W Wixfk -
= Wi — W Wy, (G4
With the help of the formula (3.1), the above formula takes the form :

(2% +£v ys) Wihik = 551‘ Yy WY}tfk . Wisfn’c — Yy Wifm': — W Wi}.-js‘ (35)
Contracting the above formula with respect to the indices i and s and remem-
bering the equation (1.1ia), we get

(2\|]5 + p“.s) th.ffc —nvy, Wkak — W Wss}'k + Wy WS]?J'\‘S — Vi Wslzfs . (36)
By virtue of the equations (i.11b) and (i.11c), the above formula yields ;
Ev ) Woy = (0 — 2y, Wey (3.7
On account of (2.12b), the above relation can be re-written as
Fop) W= —(m—2) o W, . 3.8
Transvecting the both sides’ of the formula (3.5) by v, and summing over i, we
have
@y, + £ pd vy Wi = oWy Wl — v, 0 Wiy, —
— W ¥ Wi."lsk — Wi W; Wifnis . (3‘9)

In order to avoid getting a special form of special projective motion in an
SPR Fn-space, we assume here and here after that v, W', does not vanish, say
£0 Wy 52 0. In fact, if we have the condition wy; Wi, =0, the vector ;
becomes to be restricted by this condition, so the motion is specialized,

After the little simplification the formula (3.9) takes the form :
Evpd v Wiy = — v u, Wiy — v, v Wiy, —
. — W Wi — W W W (3.109)
For n = 3 the equation (3.7) yields
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|
Y stlfk = (£’|‘) ps) Ws}rfk . (3'I I)
{(rn—2) L,

In this way, introducing the last formula into the both sides of the equation
(3.10), and neglecting the number factor {(n — 2), we can find

(Evp) Evp) Wiy = — vy (Evp) Wi — vy, (Evp) Wi —
— i (Evp) Wi — v Evp) Wi, (3.12)
of
(£‘U }],) [(£'U “‘.r) Wiffjk -{“ \pk Wi]ajs + \ljs W'.I.'J'k + w;‘; W';ka + lljf leuk] = 0' (3'13)
From the equation (3.5), we can deduce
Wy Wi g Wi W Wi = 87w, Wy — Qy, + fop) Wi, . (3.14)

Substituting the value of the left-hand side of the above formula into the equa-
tion (3.13), we get

"p.s Wih.fk (£'U ”’1) = (£’U l‘.r) w"( WTlrjk . (315)

By virtue of the equations (2.12b) and (3.8), the above formula takes the form :
[(n— 2Dy, — Lop) €0 W) = 0. (3.16)
But, as we have assumed £v W° ; # 0, from (3.16), we can obtain
1
Y= ———(Eop) (n=3). 3.17
n—2) Zz (3.17)

In this way, we can obtain ;

Theorem 3.1. If an SPR Fn-space (n > 3) admits an infinitesimal special
projective motion, the motion should be of the form :

_ ; . . . . 1
x=x + v (.7&) dt, £v n’jk = BJI \{‘!k + Bkt wj 3 \l’k = ““(‘“““"“"2’3‘ (£‘U p’f()' (3,18)
n—

Now, let us examine a case of where (£v ;) denotes a parallel vector :
(£‘!J !J.h){(})) =0. (319)
Introducing the formula (3.17) into the right-hand side of (2.9), we have

o 1
fv B°, = A (Ev pydy - (3.20)

By virtue of the formula (3.19), the above equation takes the form
£ B°; =0, (3.21)
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In view of the equations (2.2), {2.4) and (3.21), we can conclude :
 fwEL, =0, - (3.22)

Thus, operating the both sides of (2.3) by £v and making use of the last formu-
la, we get

£o Wiy = £ Qs . (3.23)

In case of the present theory, we have (2.12a), so the above formula can be re-
Jwritten as

£0 Oy = 0. (3.24)

But this gives us the parallel (and gradient) property of (£vp,). In the followmg

lines we shall try to prove this.

The equations (2.12a) and (3.24) give us (3.22), by which we can find the
relation (3.21). In view of (3.21), the formula (2.9) takes the form

WVion = 0. (3.25)
With the help of the equations (3.-17) and (3.25), we can conclude :
Er pay = 0. (3.26)
By virtue of the equations (2.6) and (3.24), we can find
G, + 8, Wi — G Wy + 8 Wiy = 0 - (3.27)
Contracting the above formula with respect to the indices 7 and #, we have
Wiwn = Vewn - (3.28)
On account of equations (3.17) and (3.28), we can get
Ev pidon = Ev pdy - (3.29)

This completes the proof.

In this way, we have :

Theorem 3.2. When SPR Fn-space admits a general special projective
motion, in order that £fvp, denotes a parallel vector, it is necessary and suf-
ficient that we have £v @, = 0.

On the other hand, we know that in order that special projective motion
becomes special projective affine motion, it is necessary and sufficient that we
have y, = 0 or £vp, = 0, consequently, we get:

Theorem 3.3. In order that a special projective motion admitted in SPR
Fn-space becomes a special projective affine motion in the same space, it is
necessary and sufficient that we assume f£vp, = 0.
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OZET

Bu ¢alismada, bir denklem ve bir tantm gtzdniine alinarak, Berwald egrilik
tensdriinfin adi gegen tekrarkhk tammina uydugu saptanmaktadir.




