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O N S P E C I A L PROJECTIVE M O T I O N I N A N SPR Fn-SPACE 

A- K U M A R 

In this paper it has been established that in view of a certain equation and 
definition, Berwald's curvature tensor satisfies the so-called definition of 

recurrency. 

1. INTRODUCTION 

Let Fn f 7 ] 1 * be an ^-dimensional Finsler space equipped with a symmetric 

projective connection coefficient %'jk (x, x) ^ \ < j i j k ~ -—- (2S'(/ GT

fcw + 
( •(«+!) 

x' G T

r A y) | . The so-called projective covariant derivative [ 6 ] of my tensor field 

Tj (x, x) with respect to a, Ti'Jk (x, x) is given by 
n - ( ( A » dk Tj' - d„ Tj %\k x* + Tf rtA - TJ TU^ . (1.1) 

The well known commutation formula involving the above covariant derivative 
is given by 

^ • • m m m = - 3 Y Tf Q\hk # T/ Q\hk - TJ ^ > (1-2) 
where 

fifu*<*> * ) ^ 2 0 i * ~ < A I ^ Y
A 1 + ^tun'uy} (1-3) 

is called projective entity and satisfies the following relations [ 6J : 

" Qw = ~ ' • ' " " (1.4) 
and 

&m = Qus ,(1-5) 
Misra f 6 ] has also obtained two more important relations : 

Q>M (x, x) = H*m + — - L — (8/ J T T W t + -v' 3 y ^ V ) + ' 
( H + 1 ) 

+ , * j(« + D < ? W > 5V + 3 a ( G T

T j G / ) | (1.6) 
(n + l ) 2 ( ) 

and 

') Numbers in square brackets refer to the references given at the end of the paper. 
s ) 2A(hk) = Ahk -h Akh and 2A[hle] = Ahk — Akh .. 
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(n2 — 1 ) / 

-i'djIT^l&a3*, 0-7) 

where 

and 
H'M(*, x) - 2 { 3 [ / C G ^ - G ' Y M J - G ^ + G\{, G<k]y} ( 1 .8 ) 

(n ; 1) ( 

+ 2 S ' u ( f f < A > J f c l + Ba 3*Ji) j (1.9) 

are called Berwald's and projective curvature tensor respectively. They also 
satisfy the following'relations [ 7 ] : • • •>• 

' - a). / / ' A t t - 'Whkj and b) / / ' • „ . " ' ' (1 .10 ) 

and i . , . 

a ) ' V ^ = - W ^ , b) ' ^ = 0 and c) W'lh]-: 0 . " ' ( 1 . 1 1 ) 

Let us consider an infinitesimal point transformation ' ' 

•x1 = x'.+v'(x)dt, • •• • (1 ,12) 

where vl(x) means any "vector field and' dp is an infinitesimal point constant. 
By virtue of projective covariant derivative and above point transformation 
the so-called Lie-derivatives [ 9 ] of Tj (x, x), and n'/lk(x, x) are given by 

£v Tj = T>m» v» + 3 , Tj v%)} x* + TJ ifm - Tf v<m (1 .13) 

and' • ; • •,, •• 

; £vrfw^v\VMM ± Q>Jkh-v'f.^ . . . . . . . • .(1-14) 

The, following well known commutation formulae involving the projective co-
variant derivative and Lie-derivatives are given by 

£v i r m ) ) - (£« r y ) ( ( Y ) ) = (£v K<s/) T]h - (£i> k"sj). TJ - (£» n"SJ xm dh Tj (1.15) 

and " ' ' ' ' "" ' ; ' ••' '• ! 1 

I n an f n , i f the projective entity Q'hjk(x, x) satisfies the relation : 

.-• Q!ilJhm—VkQiiuk>'. . r (1.17) 
where \is(x) is any vector field and then the space under consideration is called 
special projective recurrent Finsler space or SPR Fn-space and u v(x) is called 

B> The indices in < > are free from symmetric and skew-symmetric operations. 
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special projective recurrence vector f 1 ] . I n view. of. the equation (1.6) and the 
last definition we can show that Berwald's curvature tensor will also satisfy the 
above definition of recurrency. 

2. SPECIAL PROJECTIVE M O T I O N 

When an infinitesimal point transformation (1.12) transforms the system 
of geodesies into the same system, then (1.12) is called an infinitesimal special 
projective motion. The necessary and sufficient condition thai (1.12), be a spe
cial projective motion in SPR Fn-space is that the Lie rderiyative of n'^ipc^x) 
with respect to (1.12) itself has the form : 

£ * * i

A = 5/\|/ /fc + V v , (2.1) 

for a certain non-zero covariant vector \\tj(x) [ 8J. 

Let us introduce a quantity B°hJ by the following relation : 

tfV1"-- - - r ~ 7 (» Q/u'\- .QJJ>- (2-2) 
(o 2 - 1) ' 

By virtue of (1.7), the projective curvature tensor W^^ix^x) can also be 
re-written as 

^ = e v + ^ . • (2.3) 
where 

£ * * = - , J „ \ (» + 1) Qm ~ HJlk ~ tflJfc0> + (« ~ 0 3/3[* H -
(n — 1) ( 

- ^ d j H \ s [ k ^ f l i . (2.4) 

We shall also introduce a curvature tensor W°h]k{x,x) which will be useful in 
our theory by the following relation : 

W°m {x, x) ^ ( S ° M ( f c ) ) - B * ^ . .(2.5) 

In view of the basic assumption (2.1) and the commutation formula (1.16), we 
can get 

where we have used the facts : 

a) < A i A = 0 ' and b) \|/ s i s = 0. (2.7) 

Contracting the both sides of the formula (2.6) with respect to the indices / and 
k and making use of (1.5), we obtain 
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£vQij = VAoa) - « • (2-8) 

Taking the Lie-derivative of the both sides of the formula (2.2) and remembering 
the above relation, we can find after little simplification : 

£ ^ V = t a » - . (2-9) 

Our concerned equations are (2.1) and (2.9), say 

. . . a ) £« w'y*.— 5 / + V • b) £ ^ ; V = f « . -(2.10) 

I n view of the equations (1.13) and ( i . i 4 ) , the left-hand sides of the above for
mulae can be rewritten as : 

a) £v n'Jk = w'tcoxw) + Q'jkh v" + n'dk A T ) ) *-T A N D B > t v B°Jk = 5 ° / * « A » + 

The first set of integrability condition of (2.10) is composed of 

a) tv W\}k = 0 , b) £« W°l!ik = - tf/^ . (2.12) 

I n an affinelly connected SPR Fn-space,, let us try to discuss the existence 
of special projective motion (1.12) satisfying (2.1). For this purpose at first, 
we have to assume the condition (2.12). I n what follows, we shall find an impor
tant property on W'llJk(x,x) holding in SPR Fn-space admitting special pro
jective motion (1.12). From the equations (1.5) and (1.17) we can find 

QtrMsV-VsQti- (2-13) 

Taking the covariant derivative of the both sides of (2.2),with respect to xs and 
noting the above formula and the equation (2.2) itself, we get 

By virtue of the equations (1.17), (2.4) and (2.13), we can deduce 

- # W ) > = V-tE'tik • • (2.15) 

In this way, from the equations (1.17), (2.3) and (2.15), we can get at last 
an essential .property ,qn W'hjk(x,x) of tl?e form : 

» W » = W W • . (2-16) 

3. CONCRETE F O R M OF SPECIAL PROJECTIVE M O T I O N 

'Operating the both sides of the formula (2.16) by £v and making use of 
(2.1.2a), we have . . . . . . . 

^(W-)M) = (£v^m/ljk-. ' (3.1) 



ON S P E C I A L PROJECTIVE MOTION IN AN SPR Fn-SPACE 177 

Applying the commutation formula (1.15) to the projective curvature tensor 
W'M , we can get 

£* ( nA((S))) - <&> w Wi i , ) ) = (£» O w V - (£* B t

A j ) - (& <,.) r w -
- ( £ » TI y

/ c j.) 0 % - ( £ V * T 3,„ W ' W F C . (3.2) 

Now, introducing the basic formula (2.1) into the right-hand side of the above 
result and making use of (2.7b), we obtain 

£» ( ^ W w i ) - ( £ " n A o ) = s; V ï r w - 2 ¥ s W'ftjiç - yb < n A -

- ¥y - V/t W ' / ( i , . (3.3) 

I n view of the equation (2.12a), the last formula takes the form : 

£v ( n w = - 2y, w'hjk + a/ ¥ y w m - v* n - /c ~ 

- Vj W'hak - yk Wl

hh . (3.4) 

Wi th the help of the formula (3.1), the above formula takes the form : 

( 2 V i + tv u j W'hlk - 5/ ¥ y W\,]k - ¥ / , W\jk - x,/; » V - V j f c (3.5) 

Contracting the above formula with respect to the indices i and s and remem
bering the equation (1.11a), we get 

(2V, + VÙ W m - « V y W"hjk - V a W\Jk + V ; » V - V/t ^ • (3.6) 

By virtue of the equations (1.11b) and (1.11c), the above formula yields : 

( £ « LIS) Ws

h}k = fa - 2) V j . (3.7) 

On account of (2.12b), the above relation can be re-written as 

(£v n,) W\jk - - in - 2) £v W°hjk . (3.8) 

Transvecting the both sides'of the formula (3.5) by V|/; and summing over i, we 
liave 

(2 y , + £» H j V / W ' / ( A - V|/s y r ^ r

/ l j k - yh ¥ ; fF'- î A -

- V / V / ^ - V A V , W'A/ . - (3.9) 

I n order to avoid getting a special form of special projective motion in an 
SPR Fn-space, we assume here and here after that \[f; W'lljk does not vanish, say 
£v W°hjk ?± 0. I n fact, i f we have the condition \ j / f Wl

hJk = 0, the vector \f-t 

becomes to be restricted by this condition, so the motion is specialized. 

After the little simplification the formula (3.9) takes the form : 

i£v u,) WL

H}K = - y s y , W'HJIC ~ W i w''sJk ~ 

~ VjVi W%k - yky, W>bis. (3.10) 

For n > 3 the equation (3.7) yields 
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= — - ! — ( £ » U.) W m . (3.11) 
(n — 2) 

I n this way, introducing the last formula into the both sides of the equation 
(3.10), and neglecting the number factor (/; — 2), we can find 

(£» I O (£v u,.) J * V = - V I (£« M I ) H«"WFT - (£« u,.) H " ^ -
- v/j (£v u,.) W"A i f t - ¥ f t (£» u,-) (3.12) 

or 

(£v u,.) [ ( & a,) + ¥ / c ^ + V i » V + V a W,]k + V ; W"A J = 0. (3.13) 

From the equation (3.5), we can deduce 

V* W\jk + yj W'h-if -h V , = 5;' V r W\lik - ( 2 V , + £t> u,) W' k;k . (3.14) 

Substituting the value of the left-hand side of the above formula into the equa
tion (3.13), we get 

V. w'hJk Hi) = lO W^kjk • (3-15) 

By virtue of the equations (2.12b) and (3.8), the above formula takes the form : 

[(n - 2) ¥ s - Iv p j £v W°HIK = 0. (3.16) 

But, as we have assumed £v W°hjk 0, from (3.16), we can obtain 

= — ! — - ( & J O 0 ^ 3 ) . (3.17) 
(n - 2) 

I n this way, we can obtain : 

Theorem 3.1. I f an SPR Fn-space (n > 3) admits an infinitesimal special 
projective motion, the motion should be of the form : 

xi = x' + „'<*) dt, £v n'jt = 8/ ^ + 5/£'- Vj , yk = - - - - - - (£„ nA). (3.18) 
(« - 2) 

Now, let us examine a case of where (£« p.,,) denotes a parallel vector : 

(£v 11,)«;» = 0. (3.19) 

Introducing the formula (3.17) into the right-hand side of (2.9), we have 

(« - 2) 

By virtue of the formula (3.19), the above equation takes the form 

£vB°h}= 0. (3.21) 
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I n view of the equations (2.2), (2.4) and (3.21), we can conclude : 

= 0- (3.22) 

Thus, operating the both sides of (2.3) by £v and making use of the last formu
la, we get 

£v Wh)k = tv Q>h3k . (3.23) 

I n case of the present theory, we have (2.12a), so the above formula can be re
written as 

£* Q'hik = 0. (3.24) 

But this gives us the parallel (and gradient) property of (£v \.ik). In the following 
lines we shall try to prove this. 

The equations (2.12a) and (3.24) give us (3.22), by which we can f ind the 
relation (3.21). I n view of (3.21), the formula (2.9) takes the form 

= 0. (3.25) 

W i t h the help of the equations (3.17) and (3.25), we can conclude : 

(£» P * W = 0. (3-26) 

By virtue of the equations. (2.6) and (3.24), we can find 

(8 / V/, + V \fj\m - (5,'- y A + 6,f v*)(a» = 0 • (3-27) 

Contracting the above formula with respect to the indices and h, we have 

¥/((*» = • ( 3 - 2 8 ) 
On account of equations (3.17) and (3.28), we can get 

(£v p j ) ( t t ) ) - (£v \ik)m , (3.29) 

This completes the proof. 

I n this way, we have : 

Theorem 3.2. When SPR Fn-space admits a general special projective 
motion, i n order that £v\i/c denotes a parallel vector, i t is necessary and suf
ficient that we have £v Q{

Mk = 0. 

On the other hand, we know that in order that special projective motion 
becomes special projective affine motion, it is necessary and sufficient that we 
have \fh = 0 or £v u / ( = 0, consequently, we get : 

Theorem 3.3. I n order that a special projective motion admitted in SPR 
Fn-space becomes a special projective affine motion in the same space, i t is 
necessary and sufficient that we assume £v \ilt = 0. 
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