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ON THE ^-CONTINUITY OF REAL FUNCTIONS 
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Department o f Mathematics, U t k a l University, Bhubaneswar, Or i s sa - INDIA 

Summary : I n [1] J. A n t o n i and T . Salat defined the concept o f 
^ -cont inu i ty for real functions. I n [9] i t was introduced some new concepts 
o f cont inui ty for real functions and studied the relations between different 
concepts o f continuity. I n the present paper authors have generalized this 
concept o f continuity o f real functions by taking a sequence o f matrices 
A* = (afl/fc (0) o f complex numbers and have taken some new results. 

REEL FONKSİYONLARIN .^-SÜREKLİLİĞİ HAKKINDA 

Ö z e t : B u ça l ı şmada , 1980 yı l ında J. A n t o n i ve T . Salat t a ra f ından 
reel fonksiyonlar için t a n ı m l a n m ı ş olan ^ - sü rek l i l i k k a v r a m ı , kompleks 
e lemanl ı b i r A> = ( i / n f c ( i ) ) matris dizisi a l ına rak genelleşt ir i lmekte ve bazı 
yeni s o n u ç l a r elde edilmektedir. 

1. INTRODUCTION 

Let U and c respectively denote the Banach spaces of bounded and convergent 
•sequences x (xn) with the usual norm |[ x[\ = sup \xn\. A sequence xe/m is 

•almost convergent (see Lorentz, [3])- Banach limits of x coincide. Let î denote 
the space of almost convergent sequences (see Lorentz, [3]). 

Let a be a one-to-one mapping of the set of positive integers into itself such 
that op (ri) # n for all positive integers n and p where op (n) = a (o^- 1 («)), 
p=\,2, ... . A continuous linear functional 9 on the space of complex bounded 
sequences is an invariant mean or a c-mean, if 9 (x) > 0 when the sequence 
-x = (xn) has xn > 0 for all n, 9 (1, 1, 1, ...) — Î and 9 (xc00) = 9 (x) for all 
"bounded sequences x. 

Let Vabe the set of all bounded sequences all of whose invariant means are 
equal (see, Schaefer [10]). In case a (/i) = « + the a-means are classical Banach 
limits on U and Va is the set of almost convergent sequences (see, Lorentz 
£3])-

I f x = (xH), write Tx = (xaM) . It is easy to show that 
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Va = {x e lm : lim tmn (x) — L , uniformly in n, L ~ cr-lim x} 
m->co 

where 
tmn (*) = (x„ + Txn + ... + Tm xn) I 

and 
/_,,„(*) = (>. 

Let 4̂ = (aJlft) be an infinite matrix of real numbers and x = (xk) be a 
sequence of real numbers. The sequence (A (x)n) defined by 

CO 

A^n = ^ X k ^ 

is called the -transform of x whenever the above series converges for n — 1,2,.... 
The sequence x is said to be ¿í-summable to x0 i f the sequence (A(x)n) converges-
to x0. A is called conservative if xec implies (A (x)n) ec. A is called regular 
if it is conservative and preserves the limit of each convergent sequence. 

2. PRELIMINARIES 

A function / : R R is called C-continuous at a point x0 e R, i f 
(C,l)-limf(xn) — f(x0) whenever (C,l)-lim xn — x0 (see, problem 4216 [8]) 
where (C,l) is the first Cesáro mean and (C,l)-lim xn = xQ means that 

xt + * 2 + - - + * n _ ^ („_>„,) . (2> 
n 

In the paper [7] the following result is proved: 

Let i be a regular matrix and / : R -> R a function. I f .¿(-lim f(xt) exists in 
R whenever (xn) converges, then / is a continuous function on R. 

In connection with the result from [8] the following question arises : Is it 
possible to generalize the mentioned result by replacing the Cesáro matrix by 
the another regular matrix? The answer of this question was given by Antoni 
and Salat [1]. 

They defined the ^-continuity of real functions in the following manner: 
Let A be a regular matrix. We shall say that the function / : R R is. 
^-continuous at the point x0 e R, i f the following statament is true : 

A-lim xn = x0 A4imf(xn) = / ( x 0 ) . 

Now we are ready to begin. 
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Let s# denote the sequence of matrices A1 = (ank(i)) of real numbers. We 

write for any sequence x = (x n), A'n (x) = ^ ank (i)xk i f it exists for each n 

and /. We write 

Ai(x)={A'n{x)) ,rfx = {Ai{x)) . 

We define the identity matrix I by 
a„k (0 = 1 in = k) for all i, = 0 (n # fc) 

for all z, so that six=x in the case s/ = I . A sequence x is said to be summable 
by the method {jtf) to the complex number s if lim A* (x) = s, uniformly in i . 

n 

The method (s#) is said to be conservative, if the ^-transform of (xn) is 
convergent uniformly in /, when (xn) e c. It is called regular i f the ^/-transform 
of (xn) is convergent uniformly in i to the limit of (xn) for each x = (x„) e c. 

3. We shall now establish the following definitions and theorems: 

Before giving the main characterization, we need to state a few definitions. 

Definition 1. Let (J/) be a regular method and x = (xn) be a sequence 
in R. We shall say that the function / : R -»R is .^/-continuous at the point 
x 0 e R if the following statament is true: 

ssf-lim xn=x0=> s/-Um f(xn) =f(x0) . 

Definition 2. Let (s/) be a regular method. We shall say that the method 
{stf) has the property L(a) i f there exists a sequence (r\k), r\k = 0 or 1 
(k = 1 , 2,...) for which s/-\im % = a. 

i _ ' 1 

In the case ank (i) = —— \ a (aj (n) ,k), j^-continuity reduces to 
i + 1 -^v 

invariant ^-continuity (see, Savaş [9]), if ank (}}=•- y ajk , then j</-con-
i + 1 Z-i 

tiunuity reduces to almost ^-continuity (see, Öztürk [6]). Of course, where 
ank (z) = ank for all i, then stf-continuity reduces to ^4-continuity (see, [1]). 

In [2] Buck has defined that a sequence is convergent i f there is a regular 
method which sums each of its subsequences. Therefore, replacing the ordinary 
convergence by the so called ^-convergence we obtain the following corollary: 

Corollary 1. I f a function / : R R is .^-continuous at xQ 6 R, then / is 
continuous at the same point. 
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The solution of Cauchy functional equation says that if a function İs addi
tive and is continuous at least at one point then it is a linear function. Following 
the above result we record the following observation: 

Theorem 1. Let {M) be a regular method with property L (a) for a number 
a, a ¥= 0,1 and let / : R -> R be an ^/-continuous function at each point of R. 
Then / is a linear function. 

The proof is easy and we omit it. 

We can also write that if / is continuous and linear then / is of the form 
f(x) = A, x for some real number X (see, Mehdi [5]). 

Tfeeorem 2. Let {¿3) be a regular method and / : R ~> R has the following 
property: there exists such a point x0 e R that the following Implication 

sf-lim x„ = x0 => fix,,) -> f(x0) (3) 

İs valid. Then 

(a) / is a continuous function; 

if further the method («af) has the property Lid), a ^ 0,1, then . 

(b) / is a linear function; 

if further the method {si) is translative, then 

. (c) / is a constant function. 

Proof, (a) Since si is regular 

xn -¥ xQ si-lim x„ = xa . 

Hence, we get from (3) that 

xn -+ *o = ^ fix«) ~* Ax0)-
(b) The assertion (3) implies the following: 

sjf-\imxn = xQ => si-]lmf(xj =f(x0) . 

Since si İs regular and has the property L{a), we get from Theorem 1 that / is linear, 

(c) Let a, b e R {a # b) and consider the sequence (xn) = {a, b, a, b,...). 
Since si has the property Lid) and is translative, we get 

a + b = ia + b) lim > ank (/), uniformly in i 
" t i 

GO 

= lim ^ ank (0 (x/c + *k+i)> uniformly in / 



O N T H E ^ - C O N T I N U I T Y O F R E A L F U N C T I O N S 65 

= lim y ank (i) xk + lira Y ank (i) xk+i , uniformly in i 

to 

= 2 lim V ank (i) xk , uniformly in i. 
fc=l 

Hence, 

jtf-lim xn = Ü ^ ^ => x0 (say). 

Therefore by assumption 

(/(*„)) = (f{a)J(b\f{d),f(b),...) -»/^±lj = f(x0), 

and this is not possible unless 

. f(a)=f(b). (4) 

Hence, it follows from (4) and from (b) that / is a constant function. 

I f we take 
i 

and 
n + i 

in the above results respectively, we get the following results: 

Note that / ; R -» R is called invariant ^-continuous at ,Y0 e R if 
c-lim A(f(x)) = f(x^) whenever a-lim (Ax) *= x0 (see, Savaş [9]). 

Corollary 2. Let i be a regular matrix and / : M -» R be an invariant 
-continuous function at a point JC 0SR. Then / is continuous at the point x0 . 

3. Let A be a regular matrix with property L(a) for a number 
a ^ 0,1 and let / : K R be an invariant yi-continuous function at aeach 

point of R. Then / is a linear function. 

4. Let A be a regular matrix and / : R-*R be an almost ^-con
tinuous function at a point xQ e R. Then / is continuous at the point xQ . 

Corollary 5 . Let A be a regular matrix with property L(a) for a number 
a, a 0,1 and let / : R —> R be an almost ^-continuous function at each point 
of R. Then / is a linear function. 
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