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ON P-SASAKIAN MANIFOLD .

M. TARAFDAR - A, MAYRA

Department of Pure Mathematics, University of Calcutta, 35, Ballygumge
Circular Road, Cakutta-700019, INDIA-

Semmary : A type of P-Sasakian manifold in which R(§,X).C =0
has. been considered, where R is the curvature transformation and C is the
conformal curvature tensor of the manifold. It has been shown that such a
manifold is conformally flat and hence is an SP-Sasakian manifold.

P-SASAKIAN MANIFOLD HAKKINDA

Ozet © Bu calismada, R (£, x) . C=0 kosuluna uyan bir tiir P-Sasakian
manifold incelenmekte (burada R egirilik transformasyonunu ve €, mani-
foldun konform egrilik tensdriinit gdstermektedir) ve bdyle bir manifoldun
konform olarak diiz ve dolayisiyla bir SP-Sasakian manifold oldugu géste-
rilmektedir.

1. Imirodaction. In a recent paper [3] U.C. De and N. Guha proved that
if in a P-Sasakian manifold (M" , g) (r > 3) the relation R (x, ¥). C = 0 holds,
where R (x, y) is considered as a derivation of the tensor algebra at each point
of the manifold for tangent vectors, X, ¥ and C is the conformal curvature
tensor, then the manifold is conformally flat and hence is an SP-Sasakian
manifold. We have generalized this result by taking the weaker hypothesis
RE,x). C =0 instead of R(x,y) . C =0 in a P-Sasakian manifold.

2. Preliminaries. Let (M”, g) be an p-dimensional Riemannian manifold
admitting a 1-form 1 which satisfies the conditions

Vey —(@,mx =0 | 2.1)

VeV, My =—gxAn0) —gxNMG@ + 210G 22

where V denotes the operator of covariant differentiation with respect to the

metric tensor g. If moreover (M”, g) admits a vector field & and a (1—1) tensor
field ¢. such that

g(x 8 =n) (2.3)
nE)=1 (24)
V. E=1 , (2.5)
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then such 2 manifold is called para Sasakian manifold or briefly a P-Sasakian
manifold by I. Sato and K.Matsumoto [4],{5]. This paper deals with a type of
of P-Sasakian manifold in which

RE x).C=0 (2-6)

where C is the conformal curvature tensor, R is the Riemannian curvature and
R (x, y) is considered as a derivation of the tensor algebra at each point of the
manifold for tangent vectors X, ).

Let (M", g) be an n- dxmensxonal Riemannian manifold admitting a 1-form
1 which satisfies the condition

\# Tl)y—“g(x,y)+ﬂ(x)ﬂ(y) 2.7

If moreover (M", g) admits a vector field & and a (1 1) tensor field ¢ such that
conditions (2.3), (2.4), (2.5) are satisfied, then it can be verified that a (M”, g)
becomes a P-Sasakian manifold, Such a P-Sasakian manifold has been called a
special P-Sasakian manifold or briefly 2 SP-Sasakian manifold by Sato and
Matsumoto [4], [5]. : .

It is. known [4], [5] that in a P-Sasakian manifold the following »_relat'i'o‘ns hold:

pE=0 _ 28
Px=x—nx§ (2.9)

g@x, ¢ =80y~ (2.10)
S(nE) = —(n— 1) o @11y

NRE, )2 =g 621 0) —g (2N () (2.12)
REx)y=m0)x—g(x»E (2.13)
RENE=x—mxE ' (2.14)
Rx,DE=n®y —n0)x (2.15)

We shall use these formulas later on.

3. P-Sasakian manifold satlsfymg "R(E, x) " =0. The conformal cur-
vature tensor C is given by . '

Cx»z=Rx)z—

— s lseaersmaeytses - s95]+ 0D

[g(y,Z){c—g(x,Z)y]

r
+(nul)(n—2)
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where S is the Ricci tensor, r is the scalar curvature and @ is the symmetric
endomorphism of the tangent space at each point correspondmg to the Ricci
tensor S [3], i.e.

g(Q X, y) = S('x: y)
Therefore, m (C (x,y)2) = g (C(x, ) 2,E)

or . .
0 (C (6 )= —— [(— t ) (50, DM () — 55 M O —
n—2 S i : C (3.2)
~ (53N -5 A0}
Taking z =& in (3.2) we get '
| 1(C(x, 28 =0 L 33)
Again, taking x =& in (3.2) we find

n(CE —‘—2[(1 *,,“—i])g(y’z) S0, 2) ~ (_ +n)n(y)n(z)] (3.4

Now

(REX).C) @) w=REX)CwNw=CRE)Uv)w—
' ' —~CW,RE DI VWY— Cl, VWRE )w.. .

Using (2. 6) we get

R(E,x)C‘(u v)w_C(R(P, x)u, v)w—C(u RE x3v)w—

(3.5)
—C,VIRE xyw=0.

or
§REG ) Clun) B —g (CRE w0 ) wE) = 6)
—g(C(M=R(E.u x) vy W),&) '_‘g(C(u, ‘I)).R(E'_.,,X)W,g) =0.
From this, it follows that | '

C v, w,x) —1 ()1 (C (u, 1{) w) 11 @ (C (x, v) wy -+
ANOMNC @)W W@y —gxnCEYw — B.7)
— g MM(CEEw) —gExwIn(CwE =0.

where C(u, v, w, x) = g (C (4, v) w, x). Taking x =u in (3.7) we get

Cl,v,w, x} +00IN(C 03wy +0Mn(C 0 v)x —

3.8
— g (CE VW) —g @I (C 08 w)—g @ win (C (s v)E) =0-( )
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Let e;:7i =1,2,..., n be an orthonormal basis of the tangent space at each
point of the manifold. Then the sum for u = ¢, 1 < i € » gives

R (CE Nw=0. (3.9
Using (3.3) we find from (3.7)
Cl,v,w,x) — ) (Ca,w) +nn (C(x, v)w)+
+a@MNC )W+ Co)x) —gxwn(CEvw) — (3.10)
_g(x’ V)H(C(“,t}) w) =0.

In virtue of (3.4) and (3.9) we find

S () = (— + 1) £ () — (—’L + n) TG LT AT
a—1 n—1
Using (3.2), (3.9) and (3.11) the relation (3.10) reduces to
' Cvwx)=0, (3.12)
i.e.
C,vyyw=20. (3.13)

Thus we can state

Theorem. I« a P-Sasakian manifold (M", g) (n > 3) satisfies tehe relation
R(E,x). C =0, then the manifold is conformally flat and hence is an
SP-Sasakian manifold [1].

The above theorem has been proved by U.C. De and M. Guha [3].
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