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Abstract : The paper concerns the investigation of a class of non
linear singular integral equations with Hilbert kernel by means of mechanical 
quadrature method. 

H I L B E R T Ç E K İ R D E K L İ , L İ N E E R O L M A Y A N S İ N G Ü L E R I N T E G R A L 
D E N K L E M L E R İ N M E K A N İ K K A R E L E M E Y Ö N T E M İ Y L E İ N C E L E N M E S İ 

özet : Bu çalışmada Hilbert çekirdekli, lineer olmayan bir singüler 
integral denklem sınıfı, mekanik kareleme yöntemiyle incelenmektedir. 

I N T R O D U C T I O N 

I n the present paper we investigate the approximate solut ion o f the fo l lowing 
class o f nonlinear singular integral equations (NSIE) in Holder spaces [2, 6, 7 ] , 
by mechanical quadrature method [ 1 , 2 , 4 , 7 ] . 
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u (a) + —f F[t, v (T ) ] c o t ^ - ^ d-r + A - f Q[a,x,u (x)} d-r. ( I ) 
2rc J 2 2K J 
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Definition 1 [2, 3 ] , 

a) W e denote by <& the class o f a l l continuous monotonic increasing 
functions <p (8) defined on [0, 2n] such that <p (5) ^ 0 at 5 > 0 and <p (0) = 0. 

b) Let En be an « - d i m e n s i o n a l space w i t h n o r m 

i! « \ \ E n = max | id | . 
t 

c) We denote by H9t„ the space o f 2n:-periodic continuous vector func
tions u = {«! ,...,un} such that 

W ( , ( 5 ) = 0(<p(8)) , 

w i t h n o r m : 
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where 

M l - ; { II / i II W

U ( 5 ) ) 
| j u \ \ 9 i n = max Jmax j | U(G) k , s u p — 

w a ( 8 ) = sup || H(CTt) - « ( o 2 ) | k . 
I "i - «s I ^ s 

s > 0 

d) W e define 

HV,»(M) = {ueHVtH\ || u\\^„ < M,M> 0 } . 

e) The space (<p e $ ) - 2A r -dimensional space o f vectors 

z = (zQ, zx ).-.,z2N_1) w i t h the n o r m 

\ \ N 

f ) Let v ((p) be the set o f numbers p : 0 < p < 1 for which 

( - 0 t» t 

N o t e that v(q>) is nonempty, i f <p(5)G$ then 

q> (t) = O for some p 0 > 0. 

F o r N S I E (1) we have the f o l l o w i n g : 

i ) The vector functions : 

u = {ul,...,un},f={fl,...,/„}, 

F[t, u] = {Fl [ T , v, , . . . , u j , - . . , - f„ [T , W, , . . . , w j } t 

G «] - {Qi fa, T , Uj u n ] g „ [a , T , « ! , . . . , « „ ] } 

and the components o f the vector Q [CT, T , W] has the f o r m 

n 

i i ) The funct ion -F [T , W(T) ] defined at 0 < *c < 2TC, || U\\e„ <, M, 2rc-peri-
odic i n T and has par t ia l derivaties up to second order and satisfies the 
f o l l o w i n g condi t ion : 

(2) 

where a0 - f at-\-...-\-an = p, p ~ 0, 1, 2 and \i(p) is a constant. 
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i i i ) The func t ion Qu [a, T , U] defined at 0 < a < 2n, \\ u\\En < M, 27t-peri-
odic by o- and T and has derivatives up t o the second order by a moreover 
i t satisfies the fo l lowing condi t ion : 

< 
(3) 3 ap dap 

^ H" O) {q>! ( I CTi - ° * 2 i ) + II « - « Ik }> 
where i i ' (p) is a constant. 

iv) The 2jr-periodic vector funct ion fe HVi„ (AT). 

F r o m D e f i n i t i o n 1 and conditions (2) and (3), i t is clear that the vector 
functions F[x, u] and Q [a, x, U] belong to the space HVi„(M). 

This w o r k consists o f the fo l lowing three sections: 

1. The solution i n the Holder space H9i„ 

Theorem 1.1. Let the functions F[i, u] and Q [a, T , U] satisfy the conditions 
(2) and (3), then for | X \ < | X0 \ {X0 arbi t rary small) equation (1) has a unique 
solut ion i n HVt„(M). This solution can be obtained by the method o f succes
sive approximations and un i fo rmly converges i n the space L^K 

Proof. Let it e „ (M), then f r o m [ 1 , 4 ] the operator 

( A u ) (rj) « / ( o ) + — f F\ttu (T ) ] cot rfx + 
2n J 2 

(1.1) 

+ — [ G E < y , T , « ( T ) ] r f T 
2K J 

o 

transforms HVi„(M) i n to H9i„(XM'). Therefore, i f \X\Mr<M> hence the 
operator (1.1) transforms H^„{M) in to itself. F r o m conditions (2), (3) and 
using M. Riesz's theorem [5] , for arbi t rary % , u2 e Hifi „ (M), we have: 

A u j - A u 2 | k < 
2n 2« 

0 0 

T _ a p yh ( r \ x r 
X c o t — - — d h i + ) j — / [Q [o*, T , ui ( T ) ] 

, 2 î , / * ^ | ^ | | i ( 0 ) ( l + c ( 2 ) ) H U l - t t 2 I k , 
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where c (2) is a constant. 

I f | X | ix (0) ( 1 + c ( 2 ) ) < 1, then the operator (1.1) is contract ion mapp ing . 
Tak ing 

M 1 ) 
Xa = m i n 

M' ' u ( 0 ) ( l + c ( 2 ) ) 

then the equation (1) has a unique solut ion i n H9in and this solut ion-can be 
found by the method o f successive approximations. 

Theorem 1.2. Let uq, usH9tK (M) and l i m j | uq — u \\L2 = 0 then 

\im\\uq-u\\c = 0. 
q->ro 

Proof. Le t G e / / V , „ ( M ) can be wr i t t en i n the f o r m 

G(s)=~ J G(x)dx~~- j [G(x) - G(s)]dx, 

s s 

then we have 

i+ft s+h 

| G ( . ) | < A y * \G(x)\dx+±- J \G(x)-G(s)\dx, 
s s 

Using Holder inequali ty on the f i r s t t e rm i n the r ight par t o f the last inequa l i ty 
we have 

] | G (* )11c < y ( y \ G (x ) \^dx j / l h^ + j - J | | C | U „ 9 ( U - J | ) ^ < 
s s 

*S r V a ( f i G (x> I2 ^ G j ^ ' H 9 (A) h.. 

I t 

Put t ing G(s) — uq{s) — h = \\ ng — u \ \L^ we obtain 

II " e - « lie < \ \ u q - u | | # + 2 A f <p(| | « f l - « | j L i ) , 

then |j uq — w | j c —> 0 as # —> °©, that is the successive approximations converge.. 

2. The solution i n the discrete Holder space H w 

q», n 

I n [ 1 , 4 ] , for singular integral 
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(Ju) (s) = / u (o) cot — da, u (or) e Hg, „ 
2% J 2 

. o 

construct the quadratic formula : 

ZN-l . 

(Ju) ( 5 ) = — > uk S in 2 — , — £ - cot - = , (2.1) 

/c-O 

where 

wA = u {sk), sk = - ~ . 
N 

Formula (2.1) at node points sk takes the f o r m : 

2N— 1 

(Ju) (sk) = "* P - < - " " " ' I C O t • . (2.2) 
k=Q 
ft=R 

A p p l y i n g the quadratic fo rmula (2.2) to f i r s t and second integral o f equation 
(1) we get 

«(',) =/(*,) + F[tk,u(tk)] [1 - ( - I ) ' - ' ] c o t - ^ A + 

2N 2 
k^O 

27V-1 

+ ̂ y e [ i " ' " u ^)] + RN [F] + * RN [Ql I = 0, 2N - 17 
2iv / f 

neglect the remainder terms, hence we arrive to the fo l lowing system o f alge
braic equations 

2N~ t 2N—1 
X 

Z, = — 
2N ( £ £1\ 

7c=0 A = 0 
7(4=/ 

yF[tk,zk] [1 - ( - 1 ) ' - ' ] cot + _ L V g [*,, / f t , z j , (2.3) 

where z, — u (?,). 

Take £ W Z = ( £ J » ) Z ^ 4 

where 

2JV—1 2N—1 

E ' m 2 = 2 F [ T " Z f c l E 1 ~ ( ~ c o t "^T^ + "2^ 2 2 [ ? / ' ? A ' Z f c 1 ' 
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I n other words, EW> z = XA^ Gz where 

AWz = {AWz,...>A%^iz), 

Gz = (Gz0,...,Gz2N_1)eHW (R) 

and A^> is bounded [3, 7 ] , that is \\ A^\\ m < c, c > 0. Thus we have 

N o w , let 

z (» , zC2» e ( M ) , then 

2 ( 1 ) £ 0 V ) z ( 2 ) 

2 W - J 2iV—I 

[E[xl,z^]~E[xi,z^] [1 - cot-

ft=0 

2 V / » 

2N—1 2iV—1 
X 

+\f2\^2m^^zi;)]-Q[ti'^z': PJ3 
2 ) ' /* 

/ = 0 

since 

and by using the conditions (2) and (3) and f r o m [4] we have 

Z C U - £<Af> 3 © | | w ^ I X I {c (2) LI (0) + »' 0) ¥ (AO} II - z& n ( J V ) 

L2 ¿ 2 (2.4) 

where 

, M>2(iV) = 
TV 

2W—1 2/V— 1 
1 

N 
1^0 ft—o 

By means o f contract ion mapping pr inciple at 

1 
X < m i n 

Rc ' c ( 2 ) ^ ( 0 ) + L i ' ( I ) x i / ( A T ) l 

the system (2.3) for arbi t rary TV > 2 has a uniqe solut ion in / / f w ( M ) a n d the 

fo l l owing theorem w i l l be va l id : 



INVESTIGATION O F NONLINEAR SINGULAR I N T E G R A L EQUATIONS.. . 87 

Theorem 2.1. Le t t h é funct ion F[x, u] and Q [5, T , H] satisfy the conditions 

(2) and (3) respectively, then the system o f nonlinear algebraic equations (2.3), 

for arbi trary iV">2 , has a unique solut ion i n and this solut ion can be 

f o u n d by the me thod o f successive approximations. 

3. The rate o f convergence o f the approximate solution 

O n using the solut ion z* e H^n(M) o f system (2.3), for arbi t rary TV > 2, 

the approximate solut ion « t i V> (a) o f integral equation (1) is given by the 

fo l l owing fo rmula : 

2N~ 1 

„(W ( c t ) = m H - A V ^ [ t k , 4} s i n 2 *± cot + 
7v X f 2 2 

(3-1) 

£ = 0 

where, at CJ = ^ the summat ion t ak ing by a l l A; different f r o m /. Also , i f 

( M 1 ) j X I < m i n , (3.2) 
(Rc c ( 2 ) | i ( 0 ) + M ' 0 ) V ( J V ) i 

then the equation (1) has a unique solut ion u* (a) e HVt n(M). A p p l y i n g the 
quadratic fo rmula (2.2) to equation (1) at node points 07, we obta in 

2N~1 

w* (07) ( a A ) ] [1 - ( - 1 )* - ' ] + 

ft-N 

H _ C o t - f X iîjy [R] - j - XRN [Q], 1 = 0, 2N — 1. 

Put zW = u* and z ( 2> = z* i n (2.4) and f r o m (3.2) we obta in 

|j «* - z* [| w < j X I ( [j RN [F] \\c + || RN [Q] \\c) X 

X { 1 - I X I [c (2) i i ( 0 ) + u - ' ( l ) V W ] } " 1 . 

F r o m [1 ,4 ] we have 

II u* (a) - H<w>(a) | | c = max { |J « , ( c ) - « W ( o ) | j c } < 

< 2 j X I u (0) (1 + TC) (1 + In 2N) max || w* (a,) - z f j | c + 

+ 1 ^ 1 ( 1 1 ^ ^ ] H c + l l ^ f â J i l c ) , 
since 

(3.3) 
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J^Flllc + H-Mfi] He < const. 
TV2? 

In N (3.4) 

then f r o m (3.3) and (3.4), f ina l ly the fo l lowing inequality w i l l be va l id : 

«*(a) - wiw>(a) j l c ^ const. 
n \ , s r , / 1 \ I n 3 TV 

N2& 
, Pev(<p). 
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