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SIMULTANEOUS APPROXIMATION BY MODIFIED
BETA OPERATORS
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Summary : We define a new type of positive linear operators by
combining Beta operators and Yupas operators to approximate integrable
functions on [0, @) and study the rate of convergenoe in simultaneous
approximation. T S g

MODIFIYE EDILMIS BETA OPERAT(")RLERi ILE
ESZAMANLI YAKLASIM

Ozet © Bu g:ah'smada.'l(), o) lizerinde integre edilebilen fonksiyon-
lara yaklasim igin, Beta operatorleri ile Lupas operatorleri birlestirilerek,
yeni bir pozitif lineer .operator tipi tamimlanmaktadir. .

1. INTRODUCTION.

To approximate integrable functions on [0, <o), we. modify Beta operators
by taking the weight functions of Lupas operators as

o

B0 =""1N"s 0 f P (D S@YdE X0, ) (L1
7 k=0 o . ¢ . :
where _ ' .
I xk S (ndk—1y
K T (14 e ’p""‘(t)"(, K ) (i + e

Bk —i— 1, ) being the Beta function given by k!(n — l) Yin+ k!,
By %, we shall denote the class of all Lebesque integrable functions on
[0, o) satisfying
Aoy,

a v < oo for some positive integer 7.
+t -
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The above class of functions % is bigger than the class of all Lebesque integrable
functions on [0, ee).

In this paper we obtain a Voronovskaja type asymptotic formula and an
error estimation for the operators (1.1).

2. BASIC RESULTS

In this section, we mention some basic results in the form of lemmas, which
will be used in the sequel.

Lemma 2.1. For me Ny {0}, if

“©

Unnm(x) =%z bn.k(x) (n_’;

k=0

m
— X
i)
then there exists the following recurrence relation
(n + 1) Un,m+1 (x) = x(l + X) [U:t,m (X) + m Un, m—1 (X)]
Consequently
() U,,()is a polynomial in x of degree at most m.
(i) U, ,(x) =0 1=+ where [a] denotes the integral part of a.

The proof of the above lemma is simple and left for the readers.

Lemma 2.2 [2]. There exist polynomials g;,; ,(x) independent of » and
k such that :

S = > ke = ) g, () X4 (1 )

2itjzr
i,j=0

The proof of the above lemma easily follows also along the lines given in [11.

Lemma 2.3. For reNU {0}, if we define

)

— 1 -
T nym () = H—HZ N O
0

k=0

then

x@2r+3)4r-1

Tr.n.o(x) =1, Tr.ml(x) =
: _ n—r—2

(2.1)

and there holds
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(n —m—r— 2) Tr, n,m+1 (x) = x(l + x) [Tl:,n.m (x) ";' ZM'T,.‘ n, m—1 (x)] +

2.2
F(A+2)6+r+ D +217T,,,, ., p>m4r 4 2 @2

Proef. The proof of (2.1) "easily follows from the definition of T, , ,, ().

To prove (2.2) we proceed as follows:
¥+ %) bpe(x) =k — @+ D] by (x)

and . ' ,
t(1 + 1) pow (t) = (kK — 1) pu 1 (t).
‘We have from the definition of Tir e (X)

£ 49 T, =—~J--—Zx(1 ) B, £ (3

n—+r

k=0

: f Do err () (1 = 2" dt — mxe (L -+ %) T, s ()
0 ' :
Therefore

X(l +x) [T’; n, m (x)+m Tr n, m—1 (x)] =

| B ntr Z [k (f’!+?'—|—])x] b"""’ k (x) f pragr k+r (t) t—x)" dt— .

F==0
@

_ ”;:1 Z b () f (et r—(1—1) £+ G11) () —

k=0
. —[r(l+2x)—|—x]] Po—r, k+r (t) (t_x) dt=

o0

= i Z b, k(x)ft(lﬁft)Pm-r k+r (t) (t_x) dt+
n+tr

k=0
+(nﬂ') T, bt R —=lr W20+ T, )=

= H;—T—:l Z ., & (X) f [(l+2x) (;_x)—|—(t—x)z

k=0

+x(1 +x)] P, ketr (1) (i—x)m dtJr(” N T, mmit ()=
—[r (0 +20)+x] Tp, e ()=

=_(m+l) (142%) T a,m (X)—

— 42 T, p, w1 @) —mx 14+2) T, oy 1 ()
+—r) Ty omymar (X)—[r (1 +2x)+x] Tt 5, (%)-
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Hence, we get the required result (2.2),
From- this recurrence relation, we have
x* [(2n—1)4-@2r4-35) 2r4-3)]+x [Qn—1)+@2r+5) r+D+
+(2r4-3) (r-+-2)]4-(r-+2) (r-1-1)
: (n-r--2) (ngr%3)

Tr.n-z(x)=

Lemma 2.4. If fis r times (r=1, 2,...) differentiable on [0, o), then we
have

B0 (3 =D oD ! z Bun () f Pacr, H,(r)fw(r) d.

‘(n 2)'

Proof. We have

B0 () = n;l Z B0, () f D, (D f(0) db.
= 0

By using Leibnitz theorem, we obtain

) = n—l (nt-kt+r—i) ! r—i yh—i —n—k—1—r—i
BY (4 - Z Z( )(n 1),GH),( 1y~ x (1+x) e

=0 k=i

: f ok () F(0) dt

0

L1 O (kAL xk
” (=D T T (ke

k=0
f Z( 1)*-*( )p,, i) @) dr

i=0

_ ) G Z B 1o ()

nl

f Z(—l)r—'( | )p,. e (0 £ d.

Again, by using Leibnitz theorem, we get = . .
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P(—r k4r (t) (’1_"_1) [ Z ( ( )Pn k+i (t) '

Hence, : ‘ o .
] =D ltr D!~ SN
BN === D buans @ f G (D10 d
. ‘ k=0 0 !

intégrating r times by paris, we get the required result.
3. MAIN RESULTS

Theorem 3.1 Let fe.% be bounded on every finite subinterval of [0, eo).
If f¢+2 exists at a fixed point x e (0, so) and f(t) = O (t*) as {—> oo for some
a > 0, then we have

lim 7 [B"’ (fs x)—=f® (x)] =r (r+2)f © (X)+[x (2i’+3)+"+ llf e+ (X)+

+x (1+\)f"+2’ (X)

Proof. By Taylor’s expansion of f. we have
r+2 ® 7 ‘.
ro=> 0 e -y 6y
/ it ; .

where e(f, x) > 0 as ¢—»x and s (f, xX)=0 ((t—x)") as t—> o for some o > 0,

Using (3.1) in Lemma 2.4, we have. .
n [BO(f, x)—f O ()] =

r+2 - ) - o .
=nZ L) U‘) ‘(x) B (1—x), x)+n Bf") ((t, x) (t — 2, X)—nf(x)=
[ .

=0
r+2 o
_ (p=r—2 t(n+n)! ~ fO(x) (n—r—1)
T a2 n[ L e batr. i ()
N o
[ P @ Sy e g (x)] +
B R ]
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e ACY PO
n ’ ‘
k=0 0 : '

n (h—r—=2) 1 (n+r)!
B % n ! (n-—2) !

x(2r+3)+rtl
 h—r—2

gfm( %) XY

(21— 1)+ 2r45) 2r+3)] +H[2n—1)+(2r4-5) (r+1) )
i +2r+3) (r+2)] x+(r+2) (r41) Fe9 (x)
(r—r—2) (n—r—3) 21
+E,, , (),

by Lemma 2.3, where

w

E, . (x)=n z by, (x) f Pk (£) € (2, %) (¢ xy+2 .
k=0 ‘
To prove the theorem, it is sufflcwnt to show that

@ .

1= (nﬁl)z 5O, () x’(l—I—X)’ f By () € (8, ) (XY +2 dt
1]
tends to zero as # —> oo,
Using Lemma 2.2, we get

o

PARS (”‘”Z Z (1Y (Bt ) AP )] by 4 ()

k=0 21+;Sr
L 8. J=0
o

N ERCINCENTER ST

(n—l) K(x) (n—l—])’ by ()| [k—(n41) x) 14
' fﬂn.kmls(a D [1—x+2dr <
1/2
<E-DK D iy ( by () e (1 1) 2] Pf)

—— fU+D ( )_|_

|

' (z by @ [ rur@le6a i) )
k=0 o . .




SIMULTANEOUS APPROXIMATION... 17
where K(x)=sup |gq,;,.(x)|.
2i+)=r
i ,jZD

For a given £>0 3 a §>0 such that |£ (¢, x) |<<¢ whenever O<:|t~xl<5.
For | f~x| > 8, we have |e(t,x) | € M|t—x|"

(f P ie(t,x) || t—x l'""zdt)zg

L 0

< ( JEC a’r) ( [ 2un 066,97 dt)=

1
n—1

" f )p’?"‘(t)(E(I’x))z(f—x)2f+“dtg

Jt—x <8 | 1—x|=s

( [ rur & =y ars

| t—x | <&

1
n—I1

<

+ f P (6) M2 (t—x)orv 3+ dt) .

| t—x | =5

Therefore, by Lemma 2.3, we have

oo -]

Z b, 5 () (fP,,;k(t) le(t, x)| | t—x|+2 dt)2 <

1 < <
< 1 bﬂr k (JC) f P ke (t) £ (rﬁx)2r+4 dt+
n—
k=0 1]

-+

M2
+ l Z bm k (x) fpn. k([) ([_x)2r+2-r+4 di:
n—

k=0 | #—x [=5

—azoor‘rww— Z e () f () == g

§oo—(2r+2y +4)

k=0 | t—x (25

2
<20 HC+I)+ M Z )

n—1 §—@r+2r+4)
k=0

o [ By i ) —xpe ar=

=g () ()‘l'_("+3))—|—0 (n_("'H)).
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Hence, by using Lemma 2.1, we get

2r+er

LIS =DK@ D (i)Yt 0o
i, jz0 : : o
{Ez O CrD)4+0 (n (c+l) )}1/2_
=[s2 0 ()+O (n(r+3—-c—l) )]uz e O (1)
choosing ¢ > r+2 and n sufficiently large, we get I —5 0 as n—> o,
Theorem 3.2. Let fe.% be bounded on eifery' finite subinterval of [0, o)
and f (1) =0 (t%) as t—>oo for some a>0. If fO+D exists and is continuous on

{a—mn, b+n) < (0, e0), 1> 0 and (agq, b-+n) is an open interval containing
the closed interval [a, ], then for sufficiently large n, -

1B =01 < K (L@ |+ )t +
+K, n=112 mf(r+;)(n ”’-)—I—O () for any 5> 0
where the constants K, and K are 1ndependent of f and n, wf(S) is the modulus

of continuity on (a—n, b+1) and || - {| is the sup-norm on [a, b].

Proof, For Taylor's t_'inite expansion of f,. we have

10G) Ly ALEDOSDE) (L
oS Z (e arrs (- >_+1_%<r)+

+g (x) (1— x(f))

where £ lies between ¢ and x-and X (¢) is the charactenstlc functlon of (a—n, b+n).
For te(a—n, b4+m) and xe[a, b], we have

o= Zf (x) {f(r+1)((&_)i—:;'(:+f)(x)} (t—xy+1,

For re [0, )\ (a1, b_+1]) and xela, b], we define -

' r41
W)
gt 9)=f()— Z % (t—x).

j=0

Now making use of Lemma 2.4, we obtain. .-
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n+r k (x)

B(r) (f. x)wf(*J (x) = [ ("‘ r—1) ‘(n+r N1 Z f(t) (x)

nl({n=2)1
[ j=0- - k=={)

o o
n—1

: -/'inr.mr(t)i (6 %) dt—f® (x)] + [
dx’ _ ; - R

0 ‘ : k=0

b &)

[ 7 {f('“’f)_l‘l’;f”(x)} a0

1]

+[”;1 me (x)fp,,k(r)g(z » (1 x(:))dz}

k=0

= L+L+1,
Using Lemma 2.3, We,_have

(n—r—2) 1 (ntr) !

Y — [/ (X)—f D (x) Ty, s ()] —O ()=
e (m-r—2)m+r! ] |
_ﬂ)(x)[ ntin—2)t 1]
_FOHD (x) =2ttt x Q3]
nl(r—2)! n—r—2 '
Hence,

L5 < EANSON || oD )T,

Next, using Lemma 2.2, we get

S . 190 O '
AR Z(n+1)|[f< o) 3 e
k=0 2i+j§6
RS , 1) (B Fer+ 1} i
-fp,.,k'(t) tf ((E")Jrlj;' @1 | 1— xi"+‘7€(t)dt<
]
My (n-1) ;
s n (f'+1) ! '_)Z (n+1)iz b"" , (X) I [k (n+1) X] I

. fpn.k ®) (1+ | t;xi) Wrey @) [ t—xrt1dt v 8> 0=

]




20 Vijay GUPTA - Aquil AIIMAD

= = ];J-(r(_tl) ' Z ( +1), Z nk (x) I [k_(n_l_l) x] Ili m.f(r+l) (6)

2itj=r
P, 1=0

@

. fpn.k(t)%lt_ixlr*‘l_!_']t;—.%{dt
0

where

M, = sup M
sy T
2:'+f§5 xela, b] x. (14-x)

Now, we shall show that for s=0, 1, 2,...

nl an.k(x)i[k—(nJrl) x] |ffp,,,k(r)it—xis dr=0 (n—912).
k=0 ' ) 0 7

We prove it as follows:

St fror-stas
k=0 0
-S, n—l Z bn. e (x) | [kﬁ(n%* 1) .X] {j

k=0

. 172
[( ] frm e
/ |

w

: o “3172
by i )| e Gi-1y 5] P ( f D (1) (1= x) df) <

k=0 0

wy

— : 172
< \/ i (—}Z b @) K—(rt1) x]z,) |

k=0

o0

(Zb e fPuk(t)(t x)hdz)

k=0
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o

e ke
—<n+1)J(an,,,k(x)[n+l ])
k=0

L

-(””‘ > b f Boa (1) (=% 2,d,)”2=
n
0

k=0

=0 (7112) « O (n—512) = O (nU—H2),

uniformly in x, by Lemma 2.1 .and Lemma 2.3. Hence

[[ ” <M '_wﬂ’j_].}(ﬁ E (n-H-1) '0( (—r=1)12) _1_0( G-r—2)12)

I 2 == 1 (r+1)! f U . + 8 R ) .
2+is _
B ) :

Choosing §=n—12, we get

£ 1| < Ky n2 gy (1172)

Since t€[0, o0)}™\ (a—m, b-+11), we can choose a & > 0 such that |—x| >3
for x € [a, b]. Using Lemma 2.2, we obtain

ab

AL ST S ety iy L@l g

H x(I-+x)
=0 2i+i=r
i, =0
S AR OIFII
| t—x|=a

If B is any integer > max {a, (+ + 1)}, we can find a constant A7, in such a
way that |g(t, x)| € M,|r—x?, for |z—x| = 8. Using Cauchy’s inequality,
Lemma 2.1 and Lemma 2.3, we get

o

FAPY =t z (1Y | fe— (1) 2l [ B, 4 ()
k=0 2i4j=r
i, =0
. f PO Myjt—xPdig
| t—x =&
< M, ”;1 Z(wri)le le—Grt-1) %1 [ 6, 4 (9
2+jsr k=0

i.j=0

Jem—a

—)Em
JIECE

| t—x =35
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= Z (n4-1) O (02 O (n=")=0 (nlr—212),

24 j=y
i,j=0

uniformly on [a, 5], where m.is a natural number bigger than B/2. Combining
the estimates of [, I, and-I,, we get the required results. o
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