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SIMULTANEOUS APPROXIMATION BY MODIFIED 
BETA OPERATORS 

Vijay GUPTA* - Aquil AHMAD** 
Department of Mathematics, University of Roorkee, Roorkee-247667 (U.P), INDIA 

Summary : We define a new type of positive linear operators by 
combinitig Beta operators and Lupas operators to approximate integrable 
functions on [0, « J ) and study the rate of convergence in simultaneous 
approximation. •;., 

MODIFIYE EDİLMİŞ BETA OPERATÖRLERİ ILE 
EŞZAMANLI YAKLAŞIM 

Özet : Bu çalışmada, 10, üzerinde integre edilebilen fonksiyon
lara yaklaşım için, Beta operatörleri ile Lupas operatörleri birleştirilerek, 
yeni bir pozitif lineer operatör tipi tanımlanmaktadır. 

1. INTRODUCTION 

To approximate integrable functions on [0, <*>), we modify Beta operators 
by taking the weight functions of Lupas operators as 

OS CO 

Bn(f,x)=^-~^bnık(x) j pn,k(t)f(t)dt, * e [ 0 , o o ) (1.1) 

A==0 0 

where 
1 xk I n + k — 1 \ tk 

Khto = JQT^) (\ + x y ^ ' P n - k ( 0 " ( k ) y + 7 y ^ ' 
B (k + 1, n) being the Beta function given by k ! (« — 1) ! / (n + k) ! . 

By J?, we shall denote the class of all Lebesque integrable functions on 
[0, oo) satisfying 

CO 

l/CO 
fa + o" 
0 

dt < »o for some positive integer n. 
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The above class of functions 3? is bigger than the class of all Lebesque integrable 
functions on [0, o o ) . 

In this paper we obtain a Voronovskaja type asymptotic formula and an 
error estimation for the operators (1.1). 

2. BASIC RESULTS 

In this section, we mention some basic results in the form of lemmas, which 
will be used in the sequel. 

Lemma 2.1. For m e N U {0}, i f 
CO 

then there exists the following recurrence relation 

(n + 1) U„im+l (x) = x(l + x) [U'n,m(x) + m Un, m_! (x)]. 

Consequently 

(i) Um m (x) is a polynomial in x of degree at most m. 

(ii) U„im(x) == O + 1 V 2 1 ) , where [a] denotes the integral part of a. 

The proof of the above lemma is simple and left for the readers. 

Lemma 2.2 [2]. There exist polynomials £{ij,r(x) independent of n and 
k such that 

dx 
- (xk (1 + x)-"- '0 = y n

k { k - nxY qt j r (x) xk~r (1 + x)-»-^. 

The proof of the above lemma easily follows also along the lines given in [1]. 

Lemma 2.3. For r e N U { 0 } ( if we define 
oo on 

Tr. n, m 00 = " 1 ^ K+r, k (*) J p„~r, k + r (t) (t - X)m dt 
fc=0 0 

then 

Tn , . W = 1. T„ , „ , (x) = J C ( 2 f + 3 ) + r + 1 (2.1) 
n — r — 2 

and there holds 
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(n - m - r - 2) Tr, „, m + 1 (x) = x (1 + x) [Tr, n, m (x) + 2m Tfi „, m ^ (x)} + 
+ [(1 | 2 ^ ) ( / « + r + l ) + x] r r j„,„,(*), « > m + r + 2. 

Proof. The proof of (2.1) easily follows from the definition of Tfillim(x). 
To prove (2.2) we proceed as follows: 

x (1 +x) b'Hi k (x) = [£ — ( « + 1) x] b„t k (x) 

and , 
i ( l + 0 Pn, k ( 0 =(k- nt) p,u k (t). 

We have from the definition of TFi nr m (x) 
i : ' 00 

JC(1 +x)rTi„im{x) = H ~ r ~ l V y ( l +x)b'n+rtk(x) 
n + r 

CO 

• y k + r (0 (t — x)m dt - mx (1 + *) ^« , m - i (*)• 
0 

Therefore 

x ( i +*) IT;, „, w (x)+m r r, „, m _j (*)] = 

n—r—l 2^[k~(n-\-r+\)x}bn+rik(x) j pn-r,k+r(t) (t-xf 
n-\-r 

k=Q 0 

n—r—l ^bn+r,k(x) j p + r - ( » - r ) f ] + ( n - r ) ( * - * ) -

- [ r (1 +2x)+x]] ; w , , [ + r (t)it-xT dt= 

(X) I t ( 1 + 0 p'n-r, k+r (0 XT dt+ 
n+r J 

+(n-r)Trrlum+l(x)-[r(l+2xnx]Trr„im(x)= 

fc=0 o 

n—r—l * sO 

CO CO 

= "^ r~ 1-Vft„ + r Jt(jf) f [<l+2x)(t-x)+(t-xyt+ 
n+r Z-i J 

fc=0 

- [ r ( l + 2 x ) + x ] rr,„, „,(*)= 
= - ( m + l ) ( l+2x) r r , n , m (x)¬
—(m+2) r r, „, „+i (x)-mx (1 +x) TFt „, m _ i 

rr,»,ffl+i(Ji:)-[r(H-2jc)+x] rP, 
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Hence, we get the required result (2.2). 

From this recurrence relation, we have 

x i [ (2«- l )+(2r+5) (2r+3)]+x [ (2n- l )+(2r+5) ( r+l ) .+ 
+ (2 r+3) ( r+2) ]+( r+2) (M- l ) 

(n-r-2) ( n - r - 3 ) 

Lemma 2.4. I f / is r times (r = 1, 2,...) differentiable on [0, ©o), then we 
have 

00 110 

(f, x) = l ( » + r - l ) ! y b C ' ^ 
n ! (« -2) ! J 

ft=o o 

Proof. We have 
co on 

Bf{f,x)=^^bfk{x) J Pnik(t)f{t)dt. 
fr=0 0 

By using Leibnitz theorem, we obtain 

CO 

• y profit) a 
0 

~~ n 2-,(n-\)\k\ (l+jc)«+*+ r+1 

o ¡=0 

( / i - l ) ( n + r - l ) ! 
n ! 

• / 2 ( ~(/) ̂ ( t ) m dt 

* « + r . k (x) 

to f 

0 i=0 

Again, by using Leibnitz theorem, we get 

f 2(~1)r~'( ^Pn.k+iiOmdt. 
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f=0 

Hence, 

integrating /• times by parts, we get the required result. 

3. MAIN RESULTS 

Theorem 3.1. L e t / e ^ be bounded on every finite subinterval of [0, «>). 
I f e x i s t s at a fixed point xe(0, <*>) and f(t) — O (ta) as /—> for some 
a > 0, then we have 

lim « [^ ( / ,x ) - /W(x) ]=r ( r+2) /W(x)+[x(2r+3)+r+13 /^+>>( x ) + 

Proof. By Taylor's expansion of / , we have 

r+2 

• f(t)=]^^7r {t~xne (t>x) (t~~x)r+2 (3J) 

where e(t, x ) -> 0 as l->x and t(t,x) = 0((t—x)a) as / - ^ M for some a > 0 . 

Using (3.1) in Lemma 2.4, we have 
n x)-f*>(x)] = 

r+2 • ' • 

¿ -0 
r+2 

(n—r—2) ! (n+r) ! [ ^ fri-*r-l) ST^ 
n ! (n-2) ! * [ Z_, i ! (n+r) Z_/ 

i=0 /c=0 

6«+r , AT ( * ) 

* fpn-r.k+r ( 0 ~ ( / - * ) ' ' ^ - / < ' > ( * ) 
0 

+» « ! (n~2) ! 
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+ « 2" ^ ^ / Pn. * (0 8 ft *) ( i - * ) r + 2 

¿ = 0 o 

(n—r-2) ! (n+r) !  
n ! (« -2) ! - i | A > w + * ° f + 3 ) + r + V ^ » w + 

) n—r—2 

+ 
{(2»~l )+(2r+5) (2r+3) ]x- 2 +[(2«- l )+(2r+5) ( r+ l ) 

+(2r+3) (r+2)] x+(r+2) (r+1) } (x) 

by Lemma 2.3, where 

(n-t—2) ( n - r - 3 ) 2 ! 

/c—0 0 
To prove the theorem, it is sufficient to show that 

so to • 

A=0 
tends to zero as n -> ° o . 

Using Lemma 2.2, we get 

• y ^,fc(ouft^i i i -x i» -+ 2 r f i < 
0 

CO 

< (n-l)K(x)^ (n+iy^bHik(x)\[k-(n + l)x)\i 
2i+j^r ft=0 

CO 

o 
CO 
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where K(x) = sup \qijr(x)\. 
2i+J<r 

For a given E > 0 3 a 8>0 such that | e f t x) |<e whenever 0< | /—x|<5. 
For j t~x I ¿ 5 8, we have | E ft x) \ ^ Af | i—x [Y, 

[ y ^ . * ( 0 ! e ( i , J c ) | \t-xY+i#J< 
0 

CO CO 

< [ y * (o ] [ y A to ( 6 ,̂ *»2 * j= 
0 0 

f + f ) / » ! , . * (0 ( e f t ^ ( i - ^ 4 * < 
I i — X | < 8 1 x | g e 

* T I T ( / * ( 0 e ( t ~ x ) 2 r + 4 d t + 

t—X 

Therefore, by Lemma 2.3, we have 

,2 
S i 2 *(x) ( / Pn.k (o u ft x) \ 1 i-x r 2 d/J 

£ = 0 0 
to to 

< ^ ¿ 7 2 *00 /^ *(0 *2 (i~x)2r+4 

A = O e 

+^ 2 *«. * (*> / A . * ̂  c-*) 2 r + 2 r + 4 

ft=0 I /—x [ > s 

00 

= E 2 o («-̂ + )̂+ - i ^ - V b„ h (x) f Pll k (t) —(Jz^l dt ^ 
fc=0 I r—x [ S G 

to 
M a 1 ""\T^ 

«S E 2 O ( / 7 - f r + 3 ) ) - | - — •— > h k ( X ) 
A=0 

to 

0 

= E 2 0 O i - t ' + ^ + O (n-<*+»). 
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Hence, by using Lemma 2.1, we get 

•\Im]$ (n-l)K(x)^Xn+iy+J[n.p(n-J)V<*. 

• { E 2 O (rt-fr + 3 >) + (? ( r t - i ^ 1 ) ) } V 2 = 

= [ £ 2 0 ( l ) + 0 ( ^ - ' ) ) ] ' « ^ £ 0 ( i ) ) 

choosing c > M-2 and n sufficiently large, we get I„-±0 as n—> «». 

Theorem 3.2. Let / e i ? be bounded on every finite subinterval of [0, °a) 
and f{t)—-0{ta') as i—>°o for some a>0. If/0"+O exists and is continuous on 
{a—n, 6+n) e (6, » ) , n > 0 and (a—n, 6H-rj) is an open interval containing 
the closed interval [a, b], then for sufficiently large «, 

[ | J ? ) ( / , 0 - / ^ ) | | < ^ ( i l / f r ) | l + l l / < r + 1 ) [ | ) n - 1 , " + ; ' 

+ Z 2 « - 1 / 2 w y ( , + i ) ( « ~ 1 / 2 ) + 0 ( « - s ) for any s > 0 

where the constants Kx and iT2 are independent of / and n, O J / ( O ' ) is the modulus 
of continuity on (a—n, 6+n) and || • j | is the sup-norm on [a, b]. 

Proof. For Taylor's finite expansion of / , we have 

i \ • , •••• ( r + 0 ! • . . . 
(=0 

where J; lies between f and x and X (i) is the characteristic function of (a—rj, &+r)). 
For i€(a—r|, 6+T|) and xe[a, Z>], we have , 

For f G [0, ° ° y \ ( a — T J , and xe [a, 6], we define . - -

g(t,x)~f(t)-^J^(t-xy. 

Now making use of Lemma 2.4, we obtain. -
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r + 1 

i=0 fc=0 

• / V - r . A+r (0 (t~Xy ttt-fto (X) (x) 

{ / ( ' + , ) ( i ; ) ™ / < ' + , , 0 0 } (t-xy^x(t)dt j+ 
CO 

0 
00 • - -CO 

+ p ^ - 2 *(x) / p»-k (t) s (t>x) (1 ~x (0) * 
fc=»0 0 

— / t + / 2 + / 3 , say. 
Using Lemma 2.3, we have 

(n-r-2) ! (n+r) I 

~ / w ( * ) 

~f<r+» (x) 

n ! (n -2 ) ! 
( n - r - 2 ) ! ( n+ r ) ! 

[/<'> ( * ) - / < ' + 1 ) (*> IV, „,, (x)] -/<'> (*)= 

1 
» ! ( / i-2) ! 

(n- r 2) ! (n+r) ! x . (2 r+3)+r+l 
n ! (n—2) ! n—r—2 

Hence, 

I I I I ^ ^ d l / ^ l l + l l / ^ i ! ) " - 1 -
Next, using Lemma 2.2, we get 

K - l 
n 

(n+1)'' I [ t f - ( « + l ) x] p ' ^ ^ J 6,„k (x) 
x ' ( l + x ) r 

ft=0 2f+;^r 

J (r+1) ! 
0 

CO 

< Mi(n~l)

t y ( « + ! > ' y i [ A - ( « + i ) x j | i 
n ( r + l ) ! Z w . Z_y 

CO 

y * ^ . f t ( 0 ( l + ' i i ^ ] w / ( r + i > ( 5 ) U - ^ l r + 1 ^ V 8 > 0 = 
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00 

= M!(n~l)

t y ( B + i y V (*) i [k-{n+ï) x] [' w / f r + I ) (5) 
! Z w Z w 

CO 

o 

where 

Af t = sup sup \ q ' > J - * t o 
2i+;£r *e[a,6] Xr (1 + x ) r 

Now, we shall show that for 5=0, 1,2,... 

no co 

n-l '^-^brlik(x)\[k-(n+l)x] \jj Pnik(t)\t-x\*dt=0{nU-M). 

&-0 

We prove it as follows: 

CO 

n-l 

0 0 

• [ [ y pn,kwdty .{^j Pn,k{t) (t-xydtj^ 
0 0 

CO 00 

k=0 0 

00 

•0 00 

\l/2 

A=0 0 
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CD 

k 
x n+1 

fc=0 

2A 1/2 

\l/2 
• i~- 2 * w / A,, A <o ^ 

k=0 0 

uniformly in x, by Lemma 2.1 and Lemma 2.3. Hence 

bijfr + l) (5) "SP t - 1 ) 
h Ii =i Ml — ^ , 2 , ("+ ^ I 0 ( « ° - r - 1 ) / 2 ) + - g" O («<'—2>'2) • 

2/+j^ 
f , j 3:0 

Choosing 6 = / i — 1 / 2 , we get 

IIAII < ^ » - 1 / 2 t o / f r + „ ( « - n 
Since i e [ 0 , ^ " X ^ a — T | , ¿ + 1 1 ) , we can choose a 8 > 0 such that 11—x | ^ 5 
for xe[a,b]. Using Lemma 2.2, we obtain 

I A I < — T V ("+!)' I [ ¿ - ( " + 1 ) A:] H t (*) n Z-i Z w x r ( l + x ) r 

• / ^ t ( 0 | i ( i , x ) | * . 
I t-x 

I f p is any integer > max {a, (/*+ 1)}, we can find a constant Mz in such a 
way that | g (i, x) j ^ JVf21 t—x f, for | t—x \ ^ 8. Using Cauchy's inequality, 
Lemma 2.1 and Lemma 2.3, we get 

/ Pn.k(t)M2\t-x\"dt^ 
t—x \>B 

CO 

M, - — i ^ ( / i + i ) f 21
 [ K ~ { N + I ) X] iy (*> 

A=0 2f+j^r 
i , j>0 

/ Pn.k{t) dt= 
52m—ß 

t—x |2=a 
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uniformly on [a, b], where n?,is a natural number bigger than P/2. Combining 
the estimates of Z,, 72 and 7 3, we get the required result.1 
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