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ABOUT A CLASS OF FINITE GROUPS

Ton ARMEAN{U
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Summary : This note is concerned to prove some interesting
facts about the groups G who have the property that Ng (ax) is subnormal
in NG (@) for every a,xeG such that ax = xa, where a has odd order and
the order of x is a power of 2.

BIR SONLU GRUP SINIFI HAKKINDA

Ozet : Bu calismada su 6zeligi tamiyan sonlu G gruplarina iliskin
bazi ilging sonuglar elde edilmektedir: “a.x € G, @ nin mertebesi tek, x in
mertebesi 2 nin kuvveti bigiminde ve ax = xa olmak Uzere, her a, x ¢ifti icin
NG (ax), NG (a) run bir normal alt grubudur”.

In this note we will use only finite groups and the notations and definitions
will be those of [3].

Pefinitions :

a) We will say that a group & is an 4-group if for every ae G of odd order
and for every x & G of order a power of 2, such that ax = xq, then Ng(ax) is
subnormal in Ng (a).

b) We will say that a group is a Q-group if all its irreducible characters
are rational valued,

¢) We will say that a group is a Qd-group if it is a Q-group and an
A-group too.

Proposition 1. Let & be an A-group. Let a, xe G be as in the Definitions,
Then:

a) Ng(ax) < Ng(a).

b) Cg (ax) is subnormal in Ny (a).

¢) Let H be a 2-Sylow group of Ng (@) and H, be the 2-Sylow group of
Cg (a) such that H,< H. Then HNNg(ax)=N, is a 2-Sylow group of Ng(ax)
and H, N Cg(ax) = C, is a 2-Sylow group of Cg (ax).
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The proof is obvious.

For the next we will use the already introduced notations.
Theorem 2. Let G be a QA-group. Then H, < H is fusion free.
Proof. Let be x & Hy-and beaH H,. We will show.that there exists a

he H, such that b7'xb = F'xh. Let ue Aut,{a) be the nontrivial inner auto-
morphlsm given by b, where Aut,{a) is the 2-Sylow group of Aut(a). Since G
has rational valued characters we' have that

Ng (ax)/CG (ax) Aut {ax) == Aut (a) x Aut (x) (see [3] pg 11) and that
N/C =~ N, . C(ax)/C(ax) (see ], pg. ' 56). i

Therefore there ex;sts a b,e N, such that its mage in Aut, (c;!)><Aut2 (x) to
be u.l, consequently: b, ab = bt b -and. b, commutes with x.

Since b and b, lead to the same automorphlsm of {ap, there exists a he H,
such that. b = b h Then .

b‘lxb = h 1bﬂ‘xb h= h—lxh
- Theorem 3. Let G be a QA-group. . Then I is a Q-group. .

Proof. Let f, : Ng(2)—> Aut(z) be given by f,(x)(a) = xa;;c“'l. Since
G has rational valued characters, f, is an epimorphism. Let s ¢ H,, and let z, w
be the generators of Aut (/). For

Vo fant No{(ah)—> Aut{ah)= Aut(a) x Aut (h)

there exist x, y & Ny (ah) such that £, (x) =z and £, () == w. Since Aut "
is a 2-group it follows that any odd powers of z and w are generators for Aut (k)
too. Therefore if | x|=2/ ¢ and |y|=2* r, with ¢ and  odd integers, considering
x,=x7 and- y,=)" it follows hat f,,(x,) and f,,(y,) are generators for Aut (),
besides h, x,,y, € C(@) N N.(ah). Since G is an A-group, using the Sylow’s
theorem we obtain that there exist u, ve C{a) N N.(ah) such that the elements
x,=ux;u "t and y,=vy,v"!- belongto the 2-Sylow group H, N N.(ah) of N{ah).
Besides f,, (x,) =/fu(x) and f,(y) =fu(»). Therefore £, (x,) and £, (y,)
generate Aut (). :

Remark. In particular, for @ = 1 we obtain that for a Q4-group it holds
the old standing conjecture {see [3], pg. 13) that asserts that for a Q-group the
2-Sylow subgroups-are Q-groups too, In fact, at this moment.I do not know an
example of a Q-group which is not an A-group.
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Proposition 4. a) Let G be an A-group and H < G. Then H is also an .4-group.
b) Let.¢¢ be a QA-group and H < G fusion free. Then H is also a Q4-group.

Proof. We know that N (ax) is subnormal in Ng(2). Then Ng(ax) =
= Ng(ax) N H is subnormal in Ny (a) = Ng(a) N H (see [4], pg. 127).

Proposition 5. Let G be a QA-group with abelian 2-Sylow group. Then:

a) Any 2-Sylow group is isomorphic with Z,x ... xXZ, and the Schur index
ma(X) =1,y Xelr (G).

b) G is strong real.

Proof. Since the 2-Sylow groups are abelian Q-groups it follows imme-
diately that they are isomorphic with sz... xZ,. Through the Brauer-Speiser
Theorem (see [5], pg. 9) and Fein-Yamada Theorem (see [3], pg. 143) we obtain
that me {(X) = 1 for every X e lrr (). We get b through the Theorem 2.4 of [2].

Remark, The 2-QAd-groups are exactly the 2-Q-groups.

Proposition 6. a) Z,wr ... wr Z, is a Q4-group.

b) A 2-group is a Q4-group if and only if it can be embedded without
fusion in a direct product of Z, wr ... wr Z, (wr means wreath product).

For the proof see [1].

Proposition 7. Let G be a QA4-group with nonabelian dihedral resp. quater- t
nioni¢ 2-Sylow groups. Then the 2-Sylow groups are isomorphic with D, resp. 0, .

Proof. D resp. O, are the only dihedral resp. quaternionic nonabelian
groups whose characters are rational valued.
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