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ON UlVIBILICAL HYPERSURFACE OF A GENERALIZED
' RECURRENT RIEMANNIAN SPACE

U. C. DE
Department of Mathematics, University of Kalyani, Kalyani 741235, West Bengal, INDIA

Sunimtary : We consider umbilical hypersurface of a generalized
recurrent Riemannian space- and fmd the conditions for such hypersurface
to be conformally recurrent. '

GENELLESTIRILMIS BIR “RECURRENT” RIEMANN UZAYININ
AMBILIK HIPERYUZEYI HAKKINDA

‘ 6zet: Bu cahsmada genellestirilmis bir “recurrent” Riemann
uzaymmn ambilik hiperyiizeyi - gbzdniine alinmakta ve biéyle bir hiper-
~ yiizeyin konform “recurrent™ olabilmesi igin gerekli kosullar bulunmaktadir.

INTRODUCTION

In a recent paper [1] the author and HA. Blswas introduced and studied
a type of non-flat Rlemanman space whose curvature tensor R;,,jk sausfies the
condition - ' ‘ '

Vi Ry = Do Ruz + 1y (gkk g0 ewgw ' :(l)

where 7"1 and p, are two vectors; b, is non-zero and V denotes covariant differ-
entiation with réspect to the metric tensor. Such a space has been called a gener-
alized recurrent space. py is called its associated vector and an n-space of this
kind has been denoted by GK,. If p, bacomes zero in (1), then the space reduces
to a recurrent space mtroduced by Walker [2].

Let (M, g) be an (n + 1)-dimensional (7 > 3) Riemannian space covered
by a system of coordinate neighbourhoods (U, y*). Let (M, g} be a hypersurface
of (M, g) defined in a local coordinate system by means of the system of para-
metric equations }* = y* (x?), where g is the induced metric. Here and in the
sequel, Greek indices take the values 1, 2 ,..., ¥ 4+ 1 and Latin indices take the
values 1, 2,..., n. Let N* be a local unit normal to (M, g) and let B2=3)" [gx’.

Then

gfj = g—‘u'tﬂ--B? ng) A i J (2)
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EEBNd‘B.?':O’EaﬂNmNB:E’ e=%+1 @
BYBfgi=g* -gN"N*. )
We denote by Rxavs . }_{,ﬂ and R the curvature tensor, the Ricci tensor and the

scalar curvature of (M, g) respectively and by Ry, Ry and R the correspond-
ing object of the hypersurface. Let # be the second fundamental form of the
hypersurface and let V be the operator of covariant differentiation with respect
to the metric tensor. Then the Gauss and Codazzi equations for (M, g) of

(M, g) can be written in the form ([3], p. 149)
Rugys B} B} B, B} = Ry — & (hy by — by, hy),
R,y N* B} B}, B} =V hy. — Vi by

Also ([2], pp. 147-148)

VrB_?r“Ehrj Nﬂ, 'VrNu=_hmgmBT‘ (5)
If there exist on (M, g) two functions a, p and a covariant vector v; such that
hy=agy+Bvv, ©)

(M, g) is said to be quasiumbilical ([4], p. 147). If B = 0, (M, g) is an umbilical
hypersurface. Miyazawa and Chuman [5] investigated totally umbilical sub-
spaces of recurrent Riemannian space. Among others, they proved that such
subspace is conformally recurrent [6].

The aim of this paper is to find the necessary and sufficient conditions for
such hypersurface to be conformally recurrent.

Using (6) we can rewrite the Gauss and Codazzi equations as follows;

-R_ua'r& B? BJB By B? = Ry — ¢ 0’-2 (g Zi — Sk gj!) T 7N
. Riges N Bf B B} = oy gp — o4 gy 4 ®
where
a o
axt’

Also (5) takes the form
VB =cag N ©)
- V,N"= —a B;. : (10)

UMBILICAL HYPERSURFACE OF A GK,
Applying the operator V, to (7) and using (9), we obtain
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V, Rusys BY Bf B} B B} + eag,; Ryp,s N* Bf B} B] —
— el gy E.,Mﬂ NT B; Bf B} —eagy Esyaﬁ N°® Bj Bf B} =
=V, Ry — 2ea0,(88gn — Bu &)
Substituting (8) into this equation, we find
V, Rytt = V, Rygys BY B B B B} + |
+2eaa, (8 &n — 8u &) + g (0 Ein — O £5) — (11)
—eag, (08, — 08y — e, (4 gy — & gip)
Now, let us suppose that the (M, g) is a generalized recurrent space, ie.,
Vo Rypys = Mo Rugrs + 1o (82 8ar — Bur Epn). G
Taking into account (7), the rc,laﬂ_on (12) becomes '

V. Ry = & Ry + 18, (8r 8 — & 82 +

+2e00,(ggn — Zu8i) t g, (@84 — gy — (13)
—eag, (g, ~ a8 —eag, (@8, — o8
where | h
Ap =2, B°
and -
Be= 1, B7.

From (13), we have
V, Rjy =0 Ry + (n— D1, g5 +25naa,gjf;~ EQ 0,8, —Enan;g, (14
and ' -
VrR=JLrR+n(n—1)p_r—|—2n(n—1)_aaa,, (15)

Now, let us consider the covariant derivative of the conformai curvature tensor
C,; of the hypersurface (M, g):

1 .
V., Cios =V, Ry — “(;jz_)" g Ve Ry — g0 ¥, Ry +

vV, R

+ 84V, Ry — &4 V, Ryl + e
By Ve fop — Eix 1] — 1) (r — 2)

(i &1t — &t 8-

Substituting (13), (14) and (15) into this relations we obtain, after some calcu-
lation




32 .7 “UCDE-

V. Cia =2, Cpppy + 2600, (g 85 — 8. 85) +e0g, (g — 0, 85) —
T EO Sy (afg,if oy gu) B0 &y (o Bt — o &) —
—— 2 Creoa, gy, —c0n, g, —snaq, —
(n— o) S Eir - 4 &ir § &r1) 16)
— &y nead, gy, —sao g, —enaa; g,) +
+ gy Qreoo, gy — a0, g, —enan;g,) —
—&ik (ZHEG-G- g — Ea’algjr Ea’a’jgrf)] +
2neoa, -
. (g.rk gu‘ ng glk)
(n—2)
If o =0, (16) reduces to _
V Cr.rk! = ?\' Cukl (17)

ie., the hypersurface is conformally recurrent or (in the case 7L = 0) conformally
symmetric. If o = constant # 0, (16) reduces to

V. Coira = A Gy (18)
i.e:; the hypersurface is conformally recurrent. Conversely, if (18) holds, then
from (16) we get
2eaa, (g, gﬂjc. — Sk éfr) + é\agri (o &5 — 0 &) —
—eafu gy — o gy) —eag, (08 — o gi) —
1 . .
——— g, CQreco, g, —cao, g, —enoo;g,) —
(n—2)
—guneco, gy —eao, &, —enow; g,) + (19)
+8&;Qneno, gy —eat, g, —EnCOg,) —
— & (Zf’ £0.0, &y — 000, &y —EQO;E, )] +
2nEno ' S :
+—=1; it Eite)-
- 2) (& &1 — &t B
Transvecting (19) with g# and g* respectively we get
' o, =0

i.e., o = constant.
Thus we have the following theorem:
Theorem. Let (M, g) be a generalized recurrent Riemannian space with

A, and p, as 1ts associated vector field. Let (M, g) be its umbilical hypersurface.
Then

C (@) if @ =0, (M,g) is a conformally recurrent space with A, = A Bf as a
recurrence vector field.




ON UMBILICAL HYPERSURFACE ... 33

(i) (M, g) is a conformally recurrent space if and only if @= constant # 0.
If p, =0, the space reduces to a recurrent space.

Thus we have the following corollary of the above theorem:

Corollary. Umbilical hypersurface of a recurrent Riemannian space is

conformally recurrent if and only if & = constant # 0. The above corollary
has been proved by M. Prvanovic [7] in another way,
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