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Summary : We consider umbilical hypersurface of a generalized 
recurrent Riemannian space-and find the conditions for such hypersurface 
to be conformally recurrent. 

GENELLEŞTİRİLMİŞ BÎR ' 'RECURRENT" R I E M A N N U Z A Y I N I N 
AMBİLİK HİPERYÜZEYİ H A K K I N D A 

Özet : Bu çalışmada genelleştirilmiş bir "recurrent" Riemann 
uzayının ambilik hiperyüzeyi gözönüne alınmakta ve böyle bir hiper-
yüzeyin konform "recurrent" olabilmesi için gerekli koşullar bulunmaktadır. 

I N T R O D U C T I O N 

I n a recent paper [1] the author and H.A.. Biswas introduced and studied 
a type of non-flat Riemannian space whose curvature tensor Rhuk satisfies the 
condition 

V/ R m « h Rhijk + u ; (ghk gjj — ghj gik) (1) 

where X{ and Uy are two vectors; is non-zero and V denotes covariant differ
entiation with respect to the metric tensor. Such a space has been called a gener
alized recurrent space, yv, is called its associated vector and an w-space of this 
kind has been denoted by GKn . I f \i{ bacomes zero in (1), then the space reduces 
to a recurrent space introduced by Walker [2], 

Let ( M , g) be an (n + l)-dimensional (n > 3) Riemannian space covered 
by a system of coordinate neighbourhoods (U,ya). Let ( M , g) be a hypersurface 
of (M, g) defined in a local coordinate system by means of the system of para
metric equations y* = ya (x*), where g is the induced metric. Here and in the 
sequel, Greek indices take the values 1, 2 , . . . , « + 1 and Latin indices take the 
values 1, 2 n. Let N* be a local unit normal to (M„ g) and let B^=dyxldx'. 

Then 



30 U.C. DE 

IT'S} = 0, gafl N*N* = e, E = ± 1 ( 3> 

B?B?gV=ga* ~eN*N* . (4) 

We denote by Rmy6 , i ? a 0 and R the curvature tensor, the Ricci tensor and the 
scalar curvature of ( M , g) respectively and by Rljkl, Ri} and R the correspond
ing object of the hypersurface. Let h be the second fundamental form of the 
hypersurface and let V be the operator of covariant differentiation with respect 
to the metric tensor. Then the Gauss and Codazzi equations for ( M , g) of 
(M, g) can be written in the form ([3], p. 149) 

Bf Bf Bl Bl = Rijk, - E (h„ hJk - hlk hj,), 

R w N* B; Bl Bf = V, hJk - Vk hj,. 

Also ([2], pp. 147-148) 

V, BJ - E hrj N\ V r N« = - hra gat Bl (5) 

I f there exist on (M, g) two functions a, |3 and a covariant vector v,- such that 

h,j = a gu + p Vi vj, (6) 

(M, g) is said to be quasiumbilical ([4], p. 147). I f |3 = 0, (M, g) is an umbilical 
hypersurface. Miyazawa and Chuman [5] investigated totally umbilical sub-
spaces of recurrent Riemannian space. Among others, they proved that such 
subspace is conformally recurrent [6]. 

The aim of this paper is to f ind the necessary and sufficient conditions for 
such hypersurface to be conformally recurrent. 

Using (6) we can rewrite the Gauss and Codazzi equations as follows: 

Ru^s Bt Bf Bl BBi = Rm, - e a2 {gugjk - gt/c gji) 0) 

K?yS N* Bj B5

{ = a, gjk - ak g j l (8) 

where 

8 a 
a, = 

Also (5) takes the form 

VrBf ^EClgrj N* (9) 

V, N* = - a B*. (10) 

U M B I L I C A L HYPERSURFACE OF A GKn 

Applying the operator V r to (7) and using (9), we obtain 
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v*p Ra,7s # Bf B} Bl Bf + E a gri Ra&yS Na Bf B?k 2?? - „ 

-tag* R w & Bf Bf Bf —* E ct grl Rsrafi Ns Bl Bf Bf = 

= V r RUkl - 2e a a r (g ( / g}k - g, fc 

Substituting (8) into this equation, we f ind • 

V r R m = Vfl 5? 5? 5? Bl Bf + 

+ 2E a a r fe„ g A - gik gJt) + E a g r f (a, g J k a f t — (11) 

- e a g r f t (aj gH ~ a, g, ;) - s a g r / (a, g,A - a, g^). 

Now, let us suppose that the g) is a generalized recurrent space, i:e., 

V p Ra&rS = X p R^ys + Hp (ga g^ - gar g p B ) . (12) 

Taking into account (7), the relation (12) becomes 

V r RUkl = K RUkl + Vr (gil gJk ~ Sik gJl) + 

H- 2E a a r (g ( / g A - g,A gjl) + E a g,, (a, - aA g t 7) - (13) 

-ZV-grk (aJ 8It ~ «i glj) ~ E a Sri (<*7 £/* ~ ft*) 

where 

and 

From (13), we have 

VrRJk = + ( « - 1) | i , ^ + 2 E « a a r g A - e a a ^ r - E « a a ; g f i (14) 

and 

V, £ = Xr R + « (n - 1) ^ + In (n - 1) e a a r f (15) 

Now, let us consider the covariant derivative of the conformai curvature tensor 
Cfjki of the hypersurface (M,g): 

V r Cm, = V r RUh! - 1 feA V r Ru - g j l V r + 
(n - 2) 

V .R 
+ i « V r - êik Vr + ; 777 7 [gJk Sj, ~ gji gik\-

(n - 1) (n - 2) 
Substituting (13), (14) and (15) into this relations we obtain, after some calcu
lation 
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V r

 CUkl = K CUld +
 2

E « <*r (Sii gjk - Sik Sji) + E « f t i (»/ gjk - akgM) — 
, , - E a ^ (a,g f i - a,.g„) - e a g r / ( a / g „ £ - a,.gJk) -

~ , 1 fe/*(2«£aafg„-Eaa,gir - sn . aa f g w ) -
(" - 2) (16) 

-,gJf (2« E a a r g„ ( - e a % g,; — e 7i a a,- g,*) + 

+ g ( 7 (2neaa r g j I c - Eaakgjf — ina.a.}grk) -

-gik (2« e a a, g>, — s a a, ^ - E a a, g,,)] + 

+ — (gjk gil ~~ gJl gik)-

(B— 2) 

I f a = 0, (16) reduces to 

V, Cijkl = Xr C m (17) 
i.e., the hypersurface is conformally recurrent or (in the case Xr = 0) conformally 
symmetric. I f a = constant # 0, (16) reduces to 

\ C u k i ^ \ C m (18) 

i.e ;, the hypersurface is conformally recurrent. Conversely, i f (18) holds, then 
from (16) we get 

2E a ar (g„ gjk - gik gjl) + sag,, (a, gJk - ak g j 7) -
- E a g r k ( a , g n - atgu) - £ a g r / ( a ,g i k - atgjk) -

- ~ — [Sjk (2« ea ar gu - e a a, gtr - E n a a, grl) -

(n - 2) 

- gn {In E a ar gik -eaak gir -en a a, grk) + (19) 

+ gn {In E a ar gJk — z a ak g, r - E re a a, gTk) — 

- gik (2K saa , gj, - E a a, gJr - s a a ,g r / )] + 

' 2nVa a r ' 
+ ~( — (gJk gu ~ gii Sikh 

{n - 2) 

Transvecting (19) with g" and gik respectively we get 

a f = 0 
i.e., a = constant. 

Thus we have the following theorem: 
Theorem. Let (M, g) be a generalized recurrent Riemannian space with 

Xp and Up as its associated vector field. Let {M, g) be its umbilical hypersurface. 
Then 

(i) i f a = 0, (M,g) is a conformally recurrent space with Xr = XpBp

r as a 
recurrence vector field. 
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(ii) (M, g) is a conformally recurrent space i f and only i f a = constant # 0. 

I f u p = 0, the space reduces to a recurrent space. 

Thus we have the following corollary of the above theorem: 

Corollary. Umbilical hypersurface of a recurrent Riemannian space is 
conformally recurrent i f and only i f a = constant # 0. The above corollary 
has been proved by M . Prvanovic [7] in another way. 
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