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SOME PROPERTIES OF A SEMI-SYMMETRIC METRIC CONNECTION
ON A RIEMANNIAN MANIFOLD
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Summary : The Riemannian manifold admitiing a semi-symmetric
metric connection have been studied by various authors ([11. [21, [31, [4],
[5D. In the present paper we consider a Riemannian manifold M™ admit-
ting a semi-symmetric metric connection v. We have deduced necessary
and sufficient conditions for the symmetry of the Ricci tensor of a semi-
symmetric metric connection and finally it is shown that the symmetry of
the Ricei tensor together with the recurrent torsion tensor implies that the
vector associated with the torsion tensor is a torse-forming vector field [6].

BiR RIEMANN MANIFOLDU UZERINDE YARI SIMETRIK BiR METRIK
BAGLANTININ BAZI OZELIKLERI

Ozet : Bu gahsmada yan simetrik bir v metrik baglantisim haiz
bir M" Riemann manifoldu gézdniine alinmakta, van simetrik bir metrik
baglantinin Ricci tensériiniin simetrisi igin gerek ve yeter kogullar elde edil-
mekte ve son olargk, Ricci tensdriiniin simetrisinin “recurrent” torsiyon
tensérii ile birlikte, torsiyon tensériine iliskin vekidriin bir “torse-forming”
vekttr alam olmasint gerektirdigi posterilmektedir.

INTRODUCTION

Let M” be an n-dimensional Riemannian manifold with Levi-Civita connec-

tion V. A linear connection V on M” is said to be a semi-symmetric metric con-
nection if the torsion tensor T of the connection V and the metric tensor g of
the manifold satisfies the following conditions :

) T, V=o)X —o@)}Y for any two vector fields X, ¥ where
® is a 1-form associated with the torsion tensor of the connection V

and

2 Vzo X, V)=0
and further,
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3 if (VzT)(X,Y)=B(Z)T(X,Y), then the torsion tensor T is said to
be recurrent with B as a 1-form of recurrence.

Then we have [3] for any vector fields X, Y, Z
@ VY=V, ¥4+a(@X—gX 1V,

where

(3) g(X, V) =wo(X), the 1-form ® and the vector field ¥ are usually called
1-form and vector field associated with torsion tensor T

and
6 Ve®)(¥)=Vzo)(¥)—oXa) o)X, 7).
Also, we have [5] '
N RXNZ=KX,NZ—-h(,)X+h(X,2)Y —g(¥,Z) AX +
+g (X, Z) 4Y
where . ' ‘ . ‘
®) h(Y,2)=g(4Y,2)=Vy0) (@) —o (e (Z) + 120(V)eg(Y,Z)

and R and K are the respective curvature tensors for the connection
V and V, 4 being a (1-1) tensor field.
Further, a vector field ¥ in a Riemannian manifold is said to be torse-

forming [6] if

(9) VyV=aX4pb(X)V forall X where a,B are scalars, b is a 1-form
and V denotes differentiation with respect to the metric of the manifold.

1. SYMMETRY CONDITION OF THE RICCI TENSOR OF V

~ In this section necessary and sufficient conditions for the symmetry of the
Ricci tensor of a semi-symmetric metric connection are obtained by proving the
following theorems : : ‘

Theorem 1. The Ricci-tensor S(¥, Z) of a semi-symmetric metric connection
V¥ with ® as its associated 1-form will be symmetric if and only if @ is closed.

Proof. Let S (Y, Z) = Trace of the fnap : X=> R(X, Y) Z where R is the
curvature tensor for the connection V given by (7). Then, from (7) we get

S(Y,Z)=8S(Y,Z)— (0 —Dh(Y,2)—pg (¥, 2) (1.1)

where S denotes the Ricci tensor of the connection V and p is the trace of A
given by (8). : S ‘
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Now, from (1.1) it follows that S (¥, Z) is symmetric if and only if £ (Y, Z)
is symmetric. So, from (8) we find that the Ricci tensor S(Y, Z) for the connection
V is symmetric if and only if d@ (X, Y)=0, where d denotes exterior differen-
tiation. That is, ® is closed. This completes the proof,

Next, we shail find another necessary and sufficient condition for which
the Ricci tensor for the semi-symmetric metric connection will be symmetric.

Theorem 2. A necessary and sufficient condition that the Ricci tensor of the
semi-symmetric metric connection V to be symmetric is that the (0,4) curvature
tensor 'R of the connection V satisfies. one of the following two conditions :

'R(X,Y,Z,U)="R(Z,U, X, Y) ' (1.2)
'‘R(X,Y,Z, )+ R(V,Z,X,U)+'R(Z, X, Y, U)y=0 (1.3)

where _ ) »
'RX,Y,Z,U)y=g(RX, Y)Z, U). (L4

Proof. From (7) we have
‘RX,Y,ZU)="K(X,Y,ZU) - h(Y, D) g (X, U) + h(X, Z) g (¥, U 5)
—g (1, DR X U)+ 5 (X, 2)h (T, V) '

where
X, Y)=g(X, V) =Vyo)(¥)—o@dae(¥)+12a (Mg X, Y) (1.6

and

'K(X,Y,7Z,U) =g (KX, ¥)Z, U).
From the relation (1.5), it foliows that
'R(X,Y,Z,U)y—'R(2, UX,7Y) =
- —eX R Z) —~hE& D]+
+g(Z, X)W, Y)—h(Y, U]+ (1.7)
+g(Y,Z2)[h (X, U)— h (U, X)] +
+g (Y, U)[R(Z,X)— h(X, Z)]

for 'K(X,Y,2,U)="K(Z,U,X,Y) and g(X,Y)=¢g(Y,X), 'K being the
(0, 4) curvature tensor of the manifoid.

- Now 'R(X,Y,Z, U)y="R (z,U, X, ¥) if and only if
gX, DM, ) -h(EZ N+ X)[H(U, Y)—h(Y, U} + (1.8)

Transvecting (1.8), we get
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=2, Z2)—-h(Z )] =0,

(Y, Z)~ h(Z, ¥) =0,
because # 5 2. Thus 'R(X, ¥, Z, U)="R(Z, U, X Y)if and only if
h(Y,Z)—h(Z,¥)=0,

ie., if and only if do (X, ¥) =0, i.e., if and only if Ricci tensor S (¥, Z) for
the connection V is symmetric (by Th. 1).

ie.,

(1.9)

Again, we have

'RX,Y,ZU)+'R(Y,Z,X,U)+ 'R(Z, X, Y, U) =

=g X NHEY)-h(TD)+g(Z U) A (Y, X)-1 (X, Y)] + (1.10)

+g(¥, U)[h(X, Z) — h(Z, X))
So,

'R(X,Y,Z,U)-+'R(Y,Z,X,U)+'R(Z,X,Y,U)=0

if and only if A (X, ¥Y)— A(Y,X)=0, ie., if and only if the Ricci tensor for
the connection V is symmetric. This completes the proof.

Using the above results, we now prove the following :

Theorem 3. If a Riemannian manifold M” admits a semi-symmetric metric
connection V whose curvature tensor R and torsion tensor T satisfy the condi-
tions

Ve R (X, NZ=CURX, NZ and (Vy; (¥, Z2)=0 (L1D)

where C is a l-form, then either C(V) =2 (V) or R(X, Y) Z =0, o being
the associated 1-form of the torsion tensor for the connection V such that
o (X) =g (X, V) for the vector field X.

Proof. It is known that the torsion tensor T for the semi-symmetric metric
connection V is given by

T(Y,Z)=0@Z)Y—o(Y)Z (1.12)

where @ is a 1-form and @ (¥) =g (¥, V) for every vecior field ¥. Now, from
the relations

VxT)(¥,2) =0 and (C! T)(Y) =(rn— Do), (1.13)
where C} denotes contraction we find that
(VxClT)(¥) =0 (1.14)
and o
(Vx C{ 1) (¥) = (n — 1) (Vx ) (). (1.15}

Therefore, from (1.14) and (1.15) we conclude that
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(Vx @) (¥) =0. ' (1.16)
Hence by Ricci identity we get
—@RX, NZ)=0, ie, g(RX,¥V)Z,V)=0
or
'R(X,Y,Z, V) =0. (1.17)
Again (1.16) implies that (me) (¥) — (Vy @) (X) =0, ie, da(X,Y) =0
Hence by Th. 1 it follows that the Ricci tensor § (X, ¥) is symmetric.
Therefore, by Th. 2, we find that
'R(X,Y,Z,V)="R(Z,V,X, ¥), le, gRZ, VX, Y)=0 (1.1
for every three vector fields X, ¥, Z.

Hence
R(Z,V)X =0 for any two vector fields X and Z. (1.19)

Again, applying second Bianchi identity for the curvature tensor R of the connec-
tion v, we get

R(TW, X)), NZ+R(TX, Y),UVZ+ R(T(Y,U), X)Z +
+WeR)XENZ+ VR T, DZ+ Ay R U X)Z =0
From (1.11) and (1.12), we find that
CU-2a()REA,NZH+(CT)—20a(YNDRUX)Z+
F{CX)—20(X)DR(Y,UN)Z=0
for the vector fields X, ¥, U and Z.
Putting X = V in (1.20) and using (1.19) we find
(CWV)—-2a(MMR(F,U)Z=0

for every ¥, U and Z. Thus, either C(V) =2a (V) or R(Y,U)Z =0. This
completes the proof.

(.20

If, in particular, the I-form C =0 then it follows from (1.20) that
R, NZ=0o0ra(V)=0.1f @ (V) =0, then from (5) it follows that VV =0,
since g is positive definite. But ¥ = 0 would mean that V =V and hence V
would not be semi-symmetric. Hence R (¥, U) Z=0. But it is known [5] that
if a Riemannian manifold #" (n>>3) admits a semi-symmetric metric connection
whose curvature tensor vanishes, then the manifold is conformally flat. Hence
we can state the following corollary:

Corollary. If a Riemannian manifold M" (n > 3) admits a semi-symmetric
metric connection y whose curvature tensor and torsion tensor are covariant
constant, then the manifold is conformally flat.
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2, EXISTENCE OF A TORSE-FORMING VECTOR FIELD

In this section, we consider a Riemannian manifold #” (#>>3) that admits
a semi-symmetric connection ¥ whose Ricei tensor § is symmetric and torsion
tensor is recurrent. It is shown that if a Riemannian manifold admits such a
connection then the manifold admits a torse-forming vector field which was
defmed earher

It is known [1] that if a Riemannian manifold admlts a seml-symmetrlc
metric connection y with recurrent torsion tensor T glven by

TX, Y) —co(Y)X ®X)Y 2.1
where ® (X) = g (X ¥) and -
Wz (X, ¥) =B@)TX,Y) | @2

where B isa lnform then the curvature tensor R for the connection v is given by
RN Z= KX, Y)Z+BX)[0 @)Y~ g(Y,2)V] +
+B(Y)[gX, Z) ¥V —0(Z) X] + (2.3)
+ogX2)X—g (X, Z) Y]

From (2.1). we have

(D) =n—Da(¥) 24)
From (2.4) we get
(Vx C} T) (¥) = (n —1) (Vx @) (Y). 2.5)
Again from (2.2) we obtain |
DN =BWE@ DM =BWG—ho®) o

=@ —DB(X)w(Y).
From (2.5) and (2.6) we get
(Vx @) (¥) = B(X) & (Y). @
Now, from (2.3) and from the fact that
S(Y,Z)=trace of the map: X->R(X,Y)Z
we find that

S(Y,Z) =8, Z)—(n—2)B(Y)w(Z)—
~(BEF)—(r—Do)g(¥, D).
Since the Ricci tensor § for the connection v is symmetrlc we deduce that
. B(Y)0(2) = B(Z)® (¥). 2.9
Now, putting Z=7V¥ in (2.9) we get

(2.8)
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B(Y)=a0(Y) (2.10)
where a is determined by
B(¥)y=aow (V)
So, (2.7) takes the form
WVx@)(¥) =a wX) o) 2.11)

Therefore, from (6) and (2.11) it is seen that

Vx@)(¥)=agX, ¥)+BoX) oY) (2.12)
where

a=—o(Pand B=a 1. (2.13)

Thus, we get the following :

Theorem 4. If a Ricmannian manifold admits a semi-symmetric metric
connection y with symmetric Ricci tensor and recurrent torsion tensor, then the
manifold always admits a torse-forming vector Field.
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