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O N A P O W E R SERIES S O L U T I O N OF A 
SPECIAL T Y P E S I N G U L A R C A U C H Y P R O B L E M 

Neşe Dernek 

A B S T R A C T 

I n this paper, the s ingular Cauchy prob lem for Euler Poisson D a r b o u x equat ion 
has been extended to a generalized Euler Poisson D a r b o u x equat ion i n w h i c h the real 
parameter k is replaced by a f u n c t i o n as follows: 

A w = u u + (at2 + h-)ut [a > 0, b > - 1 , t > 0) 

u{xı,x-2t. • • ,•"£„.; 0) = f{xltx-2t... ,xll),u,(xl,;r-i,.. .,x„ ;0) = 0. 

T h e solut ion of this s ingular Cauchy p r o b l e m İs given by an absolutely and u n i f o r m l y 
convergent power series. 

A M S classif ication: 35L25 K e y w o r d s : H y p e r b o l i c equat ions , in i t ia l boundary value 
problems 

1. I N T R O D U C T I O N 

L e t x = (xi,x-2, • ••,%„) be a p o i n t i n Rn, k a real parameter and t the t i m e variable. 

A is the Laplace operator i n Kn and f(x) is an i n i t i a l f u n c t i o n w h i c h is i n f i n i t e i y 

dif ferentiable . Singular Cauchy p r o b l e m for the Euler-Poisson-Darboux (abbreviated 

E P D ) E q u a t i o n is k n o w n 
k 

Au = utt + juı (t > 0) (1) 

u[x,,x2, ...,xu;0) = f{xi,x2t.. .fxu),ut (xi,x-2,... ,xn;0) = 0. (2) 

E q u a t i o n (1} for special values of A; and n occurs i n m a n y i m p o r t a n t and classical 

problems since the t i m e of Euler [8]. I t is proved t h a t the Cauchy p r o b l e m (abbreviated 
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CP) (1) ,(2) does not have a unique so lut ion when k < 0 and (1 — A;)th p a r t i a l derivatives 

of the solutions w i t h respect to t has logar i thmic singularit ies when k = — (2n + 1), 

n <E N. Tt was also proved t h a t these solutions are depended on the parameter k. A 

uni f ied so lut ion of (1) , (2) for a l l real values of k was given by Weinste in [11], Diaz and 

Weinberger [7] and B l u m [2]. For ana ly t i ca l i n i t i a l f u n c t i o n f(x), (1) , (2) singular CP was 

solved by Wal ter [9] w h o has given the s o l u t i o n i n t e r m of an absolutely and u n i f o r m l y 

convergent power series. Special methods were ut i l ized i n solving various different cases. 

A l l of these solutions were given by qui te very compl icated formulas . Dernek [6] has used 

finite t r a n s f o r m a t i o n m e t h o d to solve the n o n homogenous singular E P D equat ion. T h e 

s o l u t i o n has b e n obta ined i n a m u c h simpler manner t h e n by other methods ment ioned 

above. A n o t h e r i n i t i a l value p r o b l e m for E P D equat ion is the regular CP. Regular CP 

was solved by Davis [4]. Copson [3] gave an a l ternat ive so lut ion of this p r o b l e m i n any 

space of even number of dimensions. A so lut ion of the series f o r m was given by Asral 

[1] for regular CP. T h e real parameter A; is replaced by a f u n c t i o n in the CP (1),(2) 

k = (/;(/), where il>{t) is a regular f u n c t i o n on the neighborhood of t = 0 or i n al l i i -space. 

T h i s is a general izat ion of CP (1 ) , (2) . T h u s we o b t a i n the fo l lowing CP: 

Aw — uu + —j—Uj 

u(xux2,... , :J ;„ ;0) = j{x\ ,x2,. - - )xn),ut{xi}x2,. • • ,xn\Q) = 0. 

T h e main reason for d o i n g this general izat ion of E P D equat ion is due to a w o r k of 

Weinberger and P r o t t e r [9]. T h e y have given a so lut ion of an i n i t i a l b o u n d a r y value 

p r o b l e m for equat ion (1) where they have chosen n = l,ip(1.) = 2t2. A so lut ion of the 

series f o r m for •;/>(£) = at2 is given by Dernek i n [5]. I n this paper we shall consider 

another general izat ion of singular CP (1) ,(2) as follows: 

Av. = utt + (at2 + ~)ut (t>0) (3) 

u{xi,x2i. • • , x n ; 0 , a , 6 ) = f(xi,x-2,..., ut(xi, x2i •. . , a ; „ ; 0 , a , 6 ) = 0 (4) 

where the i n i t i a l f u n c t i o n f(x) is in f in i te ly differentiable and the sequence ( | A n / j ) is 

m a j o r i z e d by a su i tab ly chosen sequence w h i c h has posi t ive terms. We shall give a 

so lut ion w h i c h is an absolutely and u n i f o r m l y convergent power series for a > 0,6 > — 1 . 
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Lei. us seek a special so lut ion of Lhe CP (3) ,(4) i n the f o r m 

CO 

u(x,t,u;b) = Y,«n(i,a)b)A»f(x) (5) 
;t=0 

where u0{tta,b) = 1 arid A 0 / = / . A " / = A ( A " - 1 / ) (u = 1 , 2 , . . . ) . We can consider 

(5) as a power series w i t h respect to A / . Let us consider (5) as a f o r m a l so lut ion of 

(3 ) , (4) . S u b s t i t u t i n g u(x', /,, a, b) and its derivatives w i t h respect to t into (3) , we o b t a i n 

the fo l lowing recurrence relat ions w h i c h are o r d i n a r y dif ferential equations: 

. ~ w r t ( i , f l , 6 ) + {at2 + -f)~un(t,aJ>) = un..l(t,a.b) (6) 

T h e f u n c t i o n un (t , a, b) satisfies the f o l l o w i n g i n i t i a l condit ions: 

UntO, a, b) = 0, 4 « » ( 0 , «, 6) = 0 (n 6 JV). (7) 
at 

T h e Gauchy P r o b l e m (6) , (7) is now CP('il). We can solve the o r d i n a r y di f ferent ia l 

equations (6) w i t h the M a t h e m a t i c a l I n d u c t i o n Pr inciple . 

2. S O L U T I O N O F T H E C P ( 6 ) , ( 7 ) 

T h e o r e m 1. T h e CP(n) has a so lut ion of the f o r m : 

un{t,a,b) = Y , A ^ f W n > Mt,o,b) ~ 1 (8) 

T h e coefficients A.,,.%,. are given by 

(3r + 2n)(& + L ) { 3 i . + 3 „ _ 3 ) 

a n d •pn^r are given by 

t P n ' 3 r = ^ n 3 s i + 2n - 2 ^ ; 3.s2 + 2YA - 4 " ' ^ 3 7 „ _ 2 + 2 ' 

1 1 b + 2 n - l + 3fcj J-J- i> + 2 n - 3 + 3A:2 " ' ^ & + 3 + 3fc„_i ^ J 

where (6 + 1)( 3,.) = (b + l)(b + 4 ) . . . {b + 1 + 3 r ) . 



P r o o f . L e t us seek a formal so lut ion to fclie CP(1) i n the fo l lowing series f o r m : 

W h e n U\ and its derivatives w i t h respect to t are w r i t t e n i n t o CP(1) 

= 2 ( 6 T l ) ' A l ' 1 = ° ' A l ' 3 = °>Ai* = - a 5 ( i , + li(b + 4) <* > " 1 } 

(T- + 2 ) ( r + 6 + = -a{r ~ l ) A , , r _ 3 (r = 3 ,6 , . . . , 3 n ) . (11) 

is o b t a i n e d . I f we w r i t e the recurrence relations (11) for r = 3, 6, . . . . 3'/i. and m u l t i p l y t h e m 

we o b t a i n 

- 4 - = t - ^ V + w + i W - 4 ' - 0 = ^ (" > ^ 
Thus the so lut ion of CP(1) can be w r i t t e n as follows 

L e t us seek a f o r m a l s o l u t i o n for CP(2) as follows 

n 2 ( M , & ) = X ^ W 3 , - + 4 . (12) 

We assume t h a t - 4 2 i 3 v . has the fo l lowing f o r m : 

- 4 ^ = ( - i r » - ( 3 r + 4 ) ^ 1 W ) ( a > O l 6 > - l ) . ( 1 3 ) 

W h e n tliH values of u 2 and its derivatives w i t h respect to t are w r i t t e n in to C P { 2 ) , the 

f o l l o w i n g relat ions are obta ined 

A a " 0 = 2 . 4 ( 6 + ! ) ( & + 3 ) ( , , > - 1 } 

(3r + 4) (3r + 3 + 6 ) . 4 2 i 3 r + a(3r + l ) - 4 2 , 3 r _ 3 - A i : i r (r > 1) (14) 

then 
. 6 + 3 + 3 r 1 

S ^ T ^ ^ - s r - ^ , 3 , - 3 = ^ (a > 0,6 > - 1 ) . (15) 



F r o m {13 J we have 

^2,0 _ 1 (6 + 4) 

^ , p = y ^ _ j _ _ T A T I T O * ( r = 1 ) 2 | . . . ; 6 > - 1 ) . (16) 
^ • 3 ' ^ 3 s + 2 1 1 6 + 3 + 3/c V ' ' ' V ; 

4 ( 6 + l ) ( 6 + 4 ) ' 2 ( 6 + 3) 

T h e s o l u t i o n of (15) is 

I -A-6 + 4 + 3A; 

S=0" k=B 

a n d the s o l u t i o n of CP(2) can be given by (12) where A%¿r is given b y (13) and ¡¿>2,3r 

is g iven by (16). Let 

¿ £ (3r + 2 n - 2 ) ( i * + l ) ( 3 t . 4 3 „ _ 6 ) 

be a solut ion of the series f o r m of CP(n — 1) where 

¥ , " ~ 1 ' 3 r " 5 3 3 á + 2n - 4 5 3 3 S + 2n - 6 " " 5 3 3 , , + 2 ' 

TT b + 3 " - 5 + 3 f c ' TT 6 + 3rt - 8 + 3k¿ " J J 6 + 4 + 3 f c „ , 2 

6 + 2 n - 3 + 3 f c i ( ^ 6 + 2 7 i - 5 + 3A;2 Ü 6 + 3 + 3 ^ - 2 

L e t us assume 

un(tla,b)=J2A^t3r+Sn (17) 
r= 0 

is a f o r m a l s o l u t i o n of CP(n), where An¿r has the f o r m (9) . Th is is a consequence 

of M a t h e m a t i c a l I n d u c t i o n Pr inc ip le . We w i l l find an expl i c i t f o r m for ipn^r. I f we 

subs t i tu te the values of u„. and i ts derivatives w i t h respect to t i n t o CP[n) we o b t a i n 

the f o l l o w i n g relat ions: 

A , i - ° = ^ t ! ( 6 + l ) ( 6 + 3 ) . . . ( 6 + - 2 ^ I ) { b > ~ 1 ] { 1 8 ) 

(3r + 2n)(3r + 2n - 1 + b)An-Ar + a(3r + 2n - 3 ) . 4 „ , ; l r _ . 3 = A„-ijr (r > 1). 

Hence we have the f o l l o w i n g difference equat ion: 

6 + 2 n - l + 3r V n - i , 3 r / i n . 
6 + 3 n - 2 + 3 r V 5 n ' 3 r ~ ¥ ' t l ' 3 1 - 3 = 3r + 2n - 2 " ( 1 9 ) 
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F r o m (9) AnQ — ^ •l,'f¡\0 and f r o m (18) we have 

1 6 + 4 6 + 7 6 + 377,-2 
^ - 0 = 2 - - H n - l ) ! 6 T ^ 6 T 5 ' - ' ^ ^ T Í ^ O . ^ - D - ™ 

T h e numbers <¿>Hio ("- > 2) are well defined, since i f a = U is used i n the the equation 

(3) the E P D E q u a t i o n is obta ined. T h e funct ions un(t> a, b) (n G N) are continuous w i t h 

respect to a. Th i s w i l l be prove in the next section. I f we consider (20) and the so lut ion 

of (19) we o b t a i n (10). T h e n CP(n) has a so lut ion w h i c h is given by (17), where the 

coefficients </V3r are g iven by (10) and An^r by (9). T h e coefficients tpn¡'Ar increase w i t h 

the indices r for each n € N. 

3. C O N V E B . G E N C E O F T H E S E R I E S un{t.a,b) 

L e m m a 1. T h e coefficients <~p1ti-Ar and AUt-Ar satisfy the fo l lowing relations: 

<Pn.-¿r = 0((n\fr+l) and \An,Ar+-A/An.Ar\ = 0(r~l) (n = 2 , 3 , . . . ;/• = 0 , 1 , . . . ) . 

P r o o f . I t is clear t h a t j A i ,3-,-+;Í /-4 ¡ ^.j.,. | = 0(r~l). L e t us consider u-2(t,a,b) and the 

numbers ip2.Sr w h i c h are given by (12) and (16) respect ively . l t is easily seen t h a t 

6 + 3 + 3k 6 + 3 + 3k 

t h e n 

0 < ^ 3 , < 2 ' - t 2 l ^ < 2 ^ = 2 - ( r + l ) . 

We have r < 2r {r = 0 , 1 , . . . ) , t h e n 

<P2M 2-Hr + l) 1 

- 2 2 ' + i ~ 2 2 r + 1 " 2 ' 

Hence <p->,:w = 0 ( 2 2 r + 1 ) and we o b t a i n \A2,3r+3/^2.3r\ = 0{T~1). N O W let us the coeffi­

cient ^3,3/- . These coefficients can be w r i t t e n as follows: 

1 V r b + 7 + 3fc 
^ ' ^ ^ 3 7 T 4 Ü 6 + 5 + 3 ^ 2 ' 3 s -

s=0 k=s 
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T h e coefficients </?2,3s (s — Ai 1 , 2 , . . . , r ) monotonously increase w i t h s f rom the fol low­

i n g inequalit ies, 

we can w r i t e 
1 3'' 

0 < y j 3 l 3 , - < 3 ' X 3 S ( 3 s + 4 ) ^ ^ - f r + l ) ^ , 3 r 

a n d t h e n 0 < 22,.+3i^3,-+¡ < T ^ - Hence we o b t a i n i/?3, 3.,. = 0 ( ( 3 ! ) 2 ' + 1 ) a n d 

L e t us assume 

^ - i . : i r = 0 ( ( ( n - l ) ! ) ' J r + ' ) 
and 

| A A _ i , 3 r . f . 3 M n _ | . 3 r | = O f / ' " 1 ) . 

W e consider the coefficients <f>-,7,3r, w h i c h are expressable as fol lows: 

A 1 A ft + 3n - 2 + 3Ai 
V " ' 3 ' - " 2 _ 3.5 + 2n - 2 1 1 6 + 2 « - 1 + 3/q V ' n - 1 - 3 a ' 

W h e r e the numbers ^ n - i ^ r increase w i t h s,(s — 0 , 1 , . . . , r ) and f r o m the fo l lowing 

inequali t ies 

b + 3 n - 2 + Ski n - 1 
/; + 2 n - 1 + 3M ~ + 6 + 2n - 1 + 3fc,~ < r + l < n 

we have 

1 ' ' ' + 1 

and thus 

0 < < 1 

, . ! ) 2 r + 1 ~ 2n~i{n~ 1 ) ! ' 

Hence we o b t a i n 

<Pn.3r = 0({n\fr+l) and | , 4 „ l 3 r + 3 / A n , 3 ) . | - 0(r~[ 
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T h e o r e m 2. T h e radius of convergence of u ( 1 . ( i , a, 6), n, G N. is in f in i te for every 

t € R w h e n a > 0,i) > — 1 . T h e series un(t, a, b), (n G N) is absolutely and u n i f o r m l y 

convergent for every t. 

C o r o l l a r y . v,.n[t,a,b), (n G N) are continuous funct ions of the parameter a. and the 

variable /.. T h e n the f u n c t i o n un{t. a, b) can be di f ferent iated in f in i te ly . 

4. T H E U P P E R B O U N D S 

L e m m a 2 . T h e series (8) have the fo l lowing integral t ransformat ions tor t ~ f,n = 

1.2. . . . 

uu(t,a,b)= I / ' { i f e - ^ ' ^ u ^ f ^ d f j u l i , W o ( £ , a , 6 ) = l . (21) 
•IQ - h i 1 

P r o o f . We may t r a n s f o r m the CP(n) to an integral equat ion system. To this end 

we m a y w r i t e the equations (6) for t — £ as follows 

rf~ b d. 

M u l t i p l y i n g (22) w i t h £ f i e a i J / * a n ( - j in tegra t ing b o t h sides w i t h respect to ^ on (0, 

and using the i n i t i a l condit ions (7) . we o b t a i n 

i i ( 1 ( / i , a , 6 ) = (j,-^-""*'* l\bea^/[iun^(x,f,a,b)df. (23) 

I n t e g r a t i n g b o t h sides of (23) w h i c h respect to fj, on (0, t) and using (7) we o b t a i n the 

integral equations (21) .Thus the integral representation for solutions of CP{n) can be 

expressed by (21). 

L e m m a 3. L e t us define the d o m a i n B by the points (0 ,0) , (t,0), (£,£) a n d the line 

^ ~ ¡1. I n t r o d u c i n g the new variables 

(21) is t rans formed to the following integrals 

«,.(*, a, 6) = l i m f ^ I'* un-a(3p)mr(l-r*f1/:\a,b) r>>drdp 

(24) 
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</,()(£• ft, b) — 1 . 

P r o o f . T h e f u n c t i o n a l de terminant of this t r a n s f o r m a t i o n is 

D(fi,0 0 _ , / : } , . _ 1 / ; i M . . . ;u -2 /3 

T h e proof is t r i v i a l . 

T h e o r e m 3 . T h e funct ions un(t,a,b) have the upper bounds 

-in /tin 

0 < un (£, a, 6) < - — r - ( J I G A r . d > 1) (25) 
{2n)\ 

P r o o f . F i r s t we proof the f o l l o w i n g inequa l i ty : 

0 < » . . ( M , ^ ) < - 2 „ K ! ( i + 1 ) ( 6 + 7 ) , . . ( 6 + 6 n _ 5 ) ( n ^ J V ) (26) 

L e t us 7i = .1. F r o m (24) 

0 < U l ( i , f f l , b ) < l i m / 1 / r * 3 - J ' 3 ( l - r3)^pe~afldrdp 

- ^ l i m n l ' 7 — ^ ( 1 - • < - 3 ) 4 / 3 [ l - (1 + a * ) e " " ] d r 

where s = i 3 ( l - r 3 ) / 3 . F r o m (1 - r 3 ) 4 / 3 < 1 and 1 - e~as - ase~as < (as)'2¡2, as > 0 

we have 

0 < u i ( i , a , i i ) < — l i m / rbdr < — —. 
- u ' - 2 f l ->o ./,.=,, ~ 2(6 + 1) 

For i/. = 2 and f r o m the above inequal i ty we o b t a i n 

0 < u 2 ( i , a , & ) = l i i n / / - r / > 3 e ~ n p ' — 
i i .e-.-to , / , , = 0 7 ^ C 2 31 / 3 ( 1 _ r 3 ) 1 2(6 + 1) 

< — i - h m / / !-—(l-r[i)4/Ap3er^drdp 

+ 12 / ' l - c i 6+6 o 1 

We have 

l - ^ " ' E f 7 ^ T ^ = 0). (27) 
2 n - J 

III"" ' 771/ 

^ r ( 2 n - p ) " ( > ) ! 

13 



Hence we can w r i t e 

.1.12 412 

0 < vi->(i,a,6) < — - 7 7 7 — — r l i m / rb+6dr < 
- - K ' ' - 2 . 4 ( 6 + 1 ) £ i - > o y r = : 0 

2 . 4 ( 6 + l ) ( f > + 7 ) ' 

I f we use (27) a n d M a t h e m a t i c a l I n d u c t i o n Pr inc ip le we o b t a i n (26). O n the other hand 

we have the f o l l o w i n g i n e q u a l i t y 

dnk{k + 1) . . .{k + 11 - 1) > n,! (k > 0 , d > 1 , n e A ' ) -

Set t ing k — b + 1 in the above inequal i ty we have 

(6 + 1 ) ( 6 + 7 ) ( 6 + 13) . . . ( 6 + 6n - 5) = k(k + 6){k+ 1 2 ) . . . {A: + 6n - 6) 

n\ 
> k{k + 1)(& + 2 ) . . . (A: + n - 1) > — . 

d" 

Hence 
dnf^n d'lt®n 

2"n!(fc + 1)(6 + 7 ) . . . (b + 6ri - 5) ~ 2 " j i ! n ! (2n 

F r o m (26) 

0<un(t,a,b) < - (neN) 
(2n)\ 

is obta ined . 

5. T H E S O L U T I O N O F T H E S I N G U L A R C P (3 ) , (4 ) 

L e m m a 4. Let us assume t h a t the f u n c t i o n f(xl,X2,---,xn) is i n f i n i t e l y differen-

t iabie . 
1 X 1 jrtfGn 

is absolutely a n d u n i f o r m l y convergent on the whole space RnxR or on a subspace of 

RnxR w h i c h contains the plane t = 0 respectively when 

= ° ( ( 2 n ) ! ) ( n e / y ) . (30) 

| A ' 7 | = 0 ( ( 2 n ) ! ) (n€N). (31) 

M o r e then v(x,t,d) is a m a j o r a n t for the series (5) . 
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F r o m the above theorems and Lemmas the fo l lowing theorem is easly proved. 

T h e o r e m 4 . Under the condit ions of L e m m a 4 the power series (5) is a solut ion of 

CP (3 ) , (4) . Th i s s o l u t i o n is absolutely and u n i f o r m l y convergent on the whole space 

R"xR, when f satisfies (30) or i t is absolutely and u n i f o r m l y convergent on a subspace 

of R"xR which contains the plane t — 0 when f satisfies (31). 
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