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SOME NE W SEQ UENCE SPA CES DEFINED 
BY A MODULUS FUNCTION 

AYHAN ESİ 

Abstraci 

In this paper we introduce and examine some properties of new sequence spaces defined 

using a modulus function. 

Introduction 

By s denote the set of all complex sequences x=(x k). Let U , c and c0 be the Banach 

spaces of bounded, convergent and null sequences x = ( X k ) normed, a usual, by |[jcj[ = supt'xt < oo. 

In the present note we introduce some new sequence spaces by using a modulus function 

f and examine some properties of these sequence spaces. 

Main Results 

Definition 1. A function f : [0,oo) [0,«) is called a modulus i f 

(i) f(x) - 0 i f and only i f x = 0, 

(ii) f(x+y) < f(x) + f(y), 

(iii) f is increasing and 

(iv) f is continuous from the right at 0. 

Let p=(pk) be a sequence of real numbers such that pk>0 for all k and supk pk =H< co. 
This assumption is made throughout the rest of this paper. 

Definition 2. Let f be a modulus. We define 

1«, (p,£,s)={ * e s suPkk-s[/-y)} \Pk < co , s > 0 } , 

Cp(p.f,s)={ X £ S \Pk - • 0 ( i - ^ c o ) j S > 0 } , 

C(p,f.s)={ x e s : K*[ft\xk -L\)}Pk ->0 co) ,s> 0, for some L } . 

1980 Mathematics Subject Classification : 40A05,40C05,40D05 
Key Words: Sequence Spaces. Modulus Function, Paranorm. 

17 



I f s=0 and f(x)=x, we have the following sequence spaces which were defined by 
Maddox [4] 

L(p)={ x a : supkU^-J^* < w. }, 

CQ(p)={xes: \xk\Pk ->0 (* -><o)} , 

C(p)={ x e s : \xk - L\pk -> 0 (A' co), for some L } . 

I f f{x)=x, we have the following sequence spaces which were defined by Başarır [6]. 

U (p,s)={ x & s : supk k ^ j . ^ j ^ * < co , s> 0 }, 

C 0(p 7s)-{ xes: k^\xk\Pk -+ 0 (* -> » ) , s> 0 } : 

c(p fs)={ xes: k'5\xk -L\Pk -> 0 (k -> co), s> 0, for some L } . 

I f s=0 , f(x)=x, and p k = 1 for all k, we have L , c 0 , c . 

Theorem 1. (i) C0(p,f,s), C(p,f,s) and L(p,f,s) are linear spaces over the complex field 
C. 

(ii) Let f be any modulus. Then C0 (p,f,s) c C (p5f,s) c L (p,f,s). 

Proof:(i) We consider only C0(p,f,s).Others can be treated similarly. We have 

\ak+bk\Pk <c(\ak\p* + \ b k \ p ^ (1) 

where C = max (1,2H*'). 
Let x ,y g Cq (p,f,s). For A , / İ g C , there exists M and N integer such thai \x\ < M and 

< N . From (1), we have 

k l / K +Myt\)}Pi ±C.Mhr*[f\Xk\fk

 +C.N"k^[fi\yk^ 

This implies that kc+/jye C0(p,f,s), and completes the proof of (i). 
(ii) Clearly c 0 (p,f,s). c C (p,f,s). Let x e: C (p,f,s). Then there is some L such that 

*-'s[f(\xk-L\Tk ^0(k^o.),s>Q. 

Now by inequality (1). we have 

There exists an integer K such that j i j< K. Hence we have 

k i /M]" sc*-\rtct-n)Y' 
Since xec(p.f.s), we get xe la,(p.f,s). 
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I f X is a linear space over the field C, then a paranorm on X is a function g: 
g(<9)= O,where0 = (0 ,0 , . . . ) . g(-x)=g(x), g(x+y) <g(x)+g(y) and \ X - A 0 \ - > 0 

imply g(/ix - XQXQ) —>• 0, where A,/IQ e C, x ,Xo eX. A paranormed space is a linear space X 
with a paranorm g and is written (X,g). 

Using the properties of modulus function, it is easy to verify that C 0 (p,f,s) is a linear 
topological space paranormed by g defined 

g ( x ) = s u p k k - s [ / ^ [ f ^ 
where M=max( 1 ,H= supk Pk)- C (p,f,s) and U (p,f,s) are paranormed by g i f inf p k >0 . Morever 
C 0 (p,f,s) .c (p,f,s) and !„, (p,f,s) are complete in their paranorm topologies. 

Theorem 2: Let inf p k =h>0. 
{i) xk ~> L implies -» L [C(p,f,s)], 

(ii) xk -> L [C(p,s)] implies xk -> L [C(p,f,s)], 

(iii) /J = l i m / ^ . C O ~ ^ > 0 implies C(p,s)= [C(p,f,s)]. 

Proof:(i) Suppose that xk -» L (/: -»co). Since f modulus, then 

l i m b e c [fi\xk - ^ / [ l i m ^ ^ - L \ ) ] =0. 

Since inf p k =h>0 then, 

l i m * - > » | / H - - t | ) N 0 , 

so, for 0<e<1 , 3 k 0 3 f o r a l l k > k o , 

[f^-lf <e<l 

and since p k > h for all k, 

[jiXk-L^<[f\xk~Lf <s 

then we get, 

H m A ^ [ / ( j x * - L | ) ] ^ = 0 . 

Since (k' s) is bounded, we write 

Xxmk^k-S[f\xk -i|)]**=0. 

Therefore xe:C (p.fs). 
(ii) Let x e: C (p,f,s), so that 

S k =k ' s [x A -L\]Pk ->0(*->oo). 

Let £ > 0 and choose S with 0 < 5 < 1 such that f(t) < £ for 0 < t < S . Now we write 

h={keN: |x* - l ) ^ } , 

\2={keN: \xk-L\ > 5 } . 

For jx^ - L\ > 5 , 

I * * - ! ] < | * A - i | ^ _ 1 < 1 + \xk-£|^_1J' 
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where k e h and [u] denotes the integer part of u. By definition l(i i i) and (it) we have for 

\xk-L\ >S, 

i{\xk-L\ ) < ( H \xk-L\6-l\)S()) < 2f(l) \xk - L\S~]. 

For \xk - ¿1 < 5 , 

i{\xk-L\ )<s 

where k e h . Hence 

where the first term over k &l\ and the second over k e I2 . Then, 

*"f Wta ~4Pk * k~ssH

 + [ z / W ~ T Sk -> 0 ( * - • « , ) 
Since xeC(p.s), we get xeC (p,f,s). 

(ii) In (ii), it was shown that C (p,s) c C (p,f,s). We must show that C (p,f,s) c C (p.s). 
For any modulus function, the existence of positive limit given with /3 in Maddox 
[5, Proposition 1]. Now/; >0 and let xeC(p,f,s). Since fi>0, for every t >0, we write 
f(t) > 1. From this inequality, it is easy to see that x ec (p,s). This completes the proof. 

Theorem 3: Let f and g be two modulus and s, S ] , S 2 >0. 
(i) c(pT,s)nc(p,g,s) c c(pT +g,s), 
(ii) S ] < S 2 implies c(p,f, sj) c c(p,f,S2). 

Proof:(i) Let x=(x k) e c(p,f,s)ric(p)g,s).From (1), we have 

<Cl[f<\.k-L\)}»+[g(\Xt-L^}. 
Since (k - 4) is bounded, we write 

k~5 [(/+gifak-4]p* *a-slffa-A)]Pk +ck-*\^Xk-4p*. 
Since x=(xO e c(p,f,s)ric(p,g,s), we getx=(xv;) e c(p,f+gs), 

(ii) Let s,<s2-Then k~Sl <k~Si for all jfceN. Since 

this inequality implies that c(p,f, S i ) c c(p,f,S2). 

Theorem 4: Let f be a modulus, then 
(i) LcL(p,f,s), 
(ii) I f f is bounded then 1«, (p,f,s)=s. 

Proof: (i) x=(x k) e L . Since (x k) is bounded, (f (x k)) is also bounded, so that 

k->[Axk\)]^<l^[Kf(\)}Pk <rs[Kf(})]H 

Therefore x=(xi ;) e L (p.f.s). 
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(ii) I f f is bounded then, for any x=(x|i) es 

*~ s I/Ml PkZk-*LPk <k-*l < x , 
so that L.(p.f,s)=s. 
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