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SOME NEW SEQUENCE SPACES DEFINED
BYAMODULUS FUNCTION

AYHAN EST

Abstract

In this paper we introduce and examine some properties of new sequence spaces defined

using a modulus function.

Introduction

By s denote the set of all complex sequences x=(x). Let |, ¢ and ¢, be the Banach
spaces of bounded, convergent and null sequences x=(xx) normed, a usual, by Hx" = Supg X < 0.

In the present note we introduce some new sequence spaces by using a modulus function

f and examine some properties of these sequence spaces.

Main Results

Definition 1. A function f: [0,00)—> IO,OO) 1s called a modulus if
(i) f(x)=01ifand only if x =0,

(i) fixty) < f(x) + f(y),

(iii) f is increasing and

(iv) f is continuous from the right at 0.

Let p=(p«) be a sequence of real numbers such that p>0 for all k and sup, p, =H< o0,
This assumption is made throughout the rest of this paper.

Definition 2. Let f be a modulus. We define

le{p.fs={xes: supkk's[qukn]p"' <o ,s20]},

copfsyixes: K [7(n Pt -0k —»w©), 520}

cpfsixes: K[l ~ L7 -0 (k> @),s20, for some L}.

1980 Mathematics Subject Classification ; 40A05,40C05,40D05
Key Words: Sequence Spaces, Modulus Function, Paranorm.




If s=0 and f(x)=x, we have the foliowing sequence spaces which were defined by
Maddox [4]

l(p={xes: supkgxklp" <.},
Colp);={xes: lxklpk =0 (k- =)},

c(p)={xes: |xx ~LP* -0k — o), forsomeL}.
If f{x)=x, we have the following sequence spaces which were defined by Bagarir [6].

le (p,5)={ x € 52 supy k™| [P* < 0 520},
Cofps)=ixes: k's|xk|p* < 0{k->®),s20},

c(ps)={xes: kK¥|x —L[m' =0 (k—>»},s20, for some L}.

If s=0 , f(x)=x, and py =1 for all k, we have l. C;, C.

Theorem I. (i) Co (p.f.5), C(p.f,5) and | (p.f,s) are linear spaces over the complex field

(i) Let f be any modulus. Then G (p,f5) < C(p.f,5) < l={p,f;s).

Proof:(i) We consider only ¢, (p,f,s).Others can be treated similarly. We have
g + 87 = CJal "+l ) W

where C = max (1,2H").
Let %,y € Ca (p.f.5). For 4, 2 € C, there exists M and N integer such that |4 < M and

il < N. From (1), we have
K laxy i PF scme [r{m JPE + NP s [ 1P

This implies that Ax+ uy € C,(p.f;s). and completes the proof of (i).
(ii) Clearly Co{p.f,5). < C{(p,f,8). Let x: C(p,f,s). Then there is some L. such that

K[ - ZPX >0 (k> ), 520,
Now by inequality (1), we have
W[ 7t =we [l - L+ L)
s Ch™* [ xg —L)P* + Ch= [r(LD)
There exists an integer K such that |L|< K. Hence we have
KU (a1 < chms [rllxg - )P + o [&r())

Since x eC(p.f.s), we get x e L, (p.f,s).
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If X is a linear space over the field C, then a paranorm on X is a function g:

g(@) =0, wheret = (0,0,...). g(-x)=g(x), gx+y) <g(x)r+g(y) and 1/1 - /10| -0
imply g{Ax — Agxg)— 0, where 2,2 e C, x,x0 €X. A paranormed space is a linear space X
with a paranorm g and is written (¥,g).

Using the properties of modulus function, it is easy to verify that ¢;(p,f,s) is a linear
topological space paranormed by g defined

o(x)=supi k* [/ {x D]P%”

where M=max(1,H= supy p}. C(p.f,s) and |, (p,f,s) are paranormed by g if inf p. >0. Morever
Co(p,£5) .C (p.f,s) and fe (p.f.8) are complete in their paranomm topologies,

Theorem 2: Let inf py, =h>0.
() x; - L implies x; — L[C(p.£s)],

(if) x; > L[C(p,s)] implies x; — L [C(p.fs)],
FAY)
f

Proof:(i) Suppose that x;, — L (k - 00). Since f modulus, then
limy ., [quk “LE)]:f[limk—a»o:rqu _Lm =0.
Since inf py=h>0 then,
. h
limy oo [ (i = 21" =0,
so, for O<g<1, kg 3 forallk >k,
[ -2 <e <1
and since py 2 b for all k,
7l = 217 < [ - f)) <2
then we get,
limg e [/ (xx = £} 7% = 0.
Since (k™*) is bounded, we write
limyye & [/ (i — L))} ¥ =0.
Therefore xe: C (p.f s).
(ii) Let x e C (p.f,s), so that
Si=k*[lxy — LIJPE = 0 (k - ).
Let £>0 and choose § with 0< &< 1 such that f{t} < £ for 0<¢ <4 . Now we write

I={keN: Jxk—LfSé' IR

(i) A =1im; . 2-2>0 implies C(p,s)= [C(p.f,s)].

I2={k€NZ [xk—Ll >5}
For |xk—L! >4,

ixk —Ll < ‘xk —L}5_1< 1+ I.ixk *Llé‘—]J.
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where ke I, and [u] denotes the integer part of u. By definition 1(iii) and (ii) we have for
!xk - L] >0,
(g~ L) ) < (1 ﬂxk -L]é"] L) = 26(1) by - 2]
For |x4 -L<s,
flxe — 4| <&
where ke I, . Hence
K U = 2} 76 = 27 [re = )70 070 [ e — 2]
where the first term over & € I, and the second over &k € [ . Then,
koS [y - L PE < k756 +[2f(1)5‘1]H Sp -0 (k— o)
Since X &C (p,s), we get xeC{p,[;s).

(ii) In (i1), it was shown that C (p,s) =C(p,f,s). We must show that € (p,f,s) cC (p.s).
For any modulus function, the existence of positive limit given with /£ in Maddox

[5, Proposition 1]. Now £ >0 and let x eC (p,f,s). Since £>0, for every t >0, we write
f(t) = At. From this inequality, it is easy to see that x €C (p,s). This completes the proof,

Theorem 3: Let f and g be two modulus and s, 55,5, 20.

(@ c(p-fis)e(p.g,s) < c(p.f +g.8),
(ii) s)<sz implies c(p,f, 51) c c(p,f.s2).

Proof:(i) Let x=0x;) € c¢{p.f,s)Nc(p,g,.s).From (1), we have

0+ a)ee — 27 = [rlie - 1)+ ol - 207
< (e - o)} 7 +glm - Z)] 745,
Since (k*) is bounded, we write
K {0+ @l - L7 <o [y — ]P0 o [l - 2] 5
Since x=(xi) € c{p.£:5)Nc(p,2.8), we get x=(xy) € c(p,f+gs).
(i) Let sy<s; .Then &£ °2 <k *1 forall k €N. Since
k72 [rlog - L] Posi [y - 2] 74

this inequality implies that c(p.f, 1) < ¢{p,f,s2).

Theorem 4: Let f be a modulus, then

(i) b < [ {p.f,s),
(ii) If f'is bounded then L. (p,f,s}=s.

Proof: (i) x=(x.) € lw. Since (xi} is bounded, (£ (x;.)} is also bounded, so that

1 <k k] <o

2 b s e ko
Therefore x=(x1.} € l.-(p.f.5).
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so that | {p.f,8)=s.

(ii) If f is bounded then, for any x=(x;} €s

kis [’{(J\.([)] Ph < k‘S Lp* < k—s LH <o,
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