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SEMI PSEUDO SYMMETRIC MANIFOLD

M. Tarafdar and A. Mayra

ABSTRACT : In the present paper, the question whether a semi Pseudo Symmetric

Manifold may be a P-Sasakian or nearly Sasakian manifold has been answered in the

negative.

INTRODUCTION

In a recent paper {4] M. Tarafdar and Musa A. A. Jawameh introduced semi Pseudo
Symmetric Manifold (SPS), i.e. a non-flat n-dimensional Riemannian manifold A" (n > 3)

whose curvature tensor R satisfies the condition

1) (VRRUY, W = 2OR(Y, D)W + n(RX, DW + mDRY, W + =R, 2X

where & is a non-zero 1-form.

'2) gX,P)y=mn(X)

for every vector field X and V denctes the operator of covariant diffrentiation with respect to
the metric g. Such a manifold shall be called a semi Pseudo Symmetric Manifold and the 1-
form n shall be called its associated 1-form. An w-dimensional semi Pseudo Symmetric

Manifold shall be denoted by (SPS),.

In the present paper the question whether a semi Pseudo Symmetric Manifold may be a P-

Sasakian or nearly Sasakian manifold has been answered in the negative,

I. PRELIMINARIES
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In this section we first consider some formulas which hold in a (SPS),. Let r denote the scalar
curvature and L denote the symmetric endomorphism ofithe tangent space at each point of a

Riemannian manifold {M", g) corresponding to the Ricci tensor S ie.

1.1) gllX, N=8X 1

for any vector fields X, ¥. From 1} we get

1.2)  (VaS)(T, Z) = 2m{X)S(Y, Z} + {D)SX, Z) + (DT, ) + n(R(X T) 2)
Contracting 1.2) we get

1.3)  ar(X) = 2n(X)r + 3n(LX) where r denotes the scalar curvature of M, and L has the

meaning-already defined by 1.1).

. 2, SEMI PSEUDO SYMMETRIC P-SASAKTAN MANTFOLD

In this section we suppose that an n-dimensional (SP5), (> 3)is a P-Sasakian manifold.

Let (M, g) be an n-dimensional Riemannian manifold admitting a 1-form ), a vector field &

and an (1-1) tensor field ¢ which satisfy the following conditions
21) (V)Y - (Vym)(X) =0

22)  (VxVym)(2) = g, Zm(Y) - (X, 1;)11(2) +2InX) n(m(2)
23)  g(X, &) =n(X) for all vector fields X

24) nG=1

25)  VyE=4x




Such a manifold is called a Para-Sasakian manifold or briefly a P-Sasakian manifold [3]. It is

known that in a P-Sasakian manifoid besides 2.1) - 2.5) the following relations hold
26) ¢E=0
27) R DT =g, NE+ DX
28)  S%E)=—(n— ()
29)  shX, )= g(X,o7)
210) S(X, ¥) = S(X, §T)
211) (Van)Y - X, )
Now=
(VAS)T, £) = ViS(T, £) — S(T4¥, &) ~ S(.Vx )
Using 2.5), 2.8) and 2.11 the above eguation reduces to
211) (VSKE, &) == DehX, 1= ST, 6
Taking Z=£ in 1.2) and using é.s) we gel
212) (VK. £ = 201 - 1) mC0ON(H) 0 = DR(FINCD) + 7@SCE ) + m(RGY, D)
Again
RRUK, Y)E) = gREY, V)G P) = g(RE 1) X~ RE 1) ¥. )

Using 2.7) we find’
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2.13) m(RX,1E) = (@) n(Y) - n{¥)n(X)

Thus 2.12) reduces to on using 2.13)

2.14) (VaS)(Y, 8) = (-2n + D) "X (Y) ~(n = 2n(YmX) + n(P)SX, 1)

From 2.11) and 2.14) we get
(=2n+ 1) nX(Y) —(n — 2N + n(P)SX, F) = —(n - Dg(dX, ) - SV, X}
Taking X = E and using 2.4) and 2.6) we find
2.15) (=3n+ 2m(PM(F) - (n - 2)n(1) = 0.
Finally taking ¥ = £ jn above we get
nP)=0asn>3
Hence from 2.15) we find '
(¥ =0

which is inadmissible by the definition of (SPS),. Thus we state

THEOREM 1: A (SPS), (n > 3) cannot be a P-Sasakian Manifold.

3. SEMI PSEUDO SYMMETRIC NEARLY SASAKIAN MANIFOLD

In this section we suppose that an n-dimensional (SPS),,. (n > 3) is a nearly Sasakian
manifold. Let (, g) be an »-dimensional differential manifold (» = 2m + 1, m > 1) with

almost contact metric structure (9, £, 1, g). Hiin such a manifold the following relation hold

3D (Ve + (Vi) = 28X, TR~ D) Y — ()X
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then the manifold is said to be nearly Sasakian [1]. It is known that in a nearly Sasakian

manifold the fellowing relations hold [17:

a4
(B
~—

eZ=0
33) n@®=1

34) X=X (X5

36) S E)=(n-1InlX)

37) (V)Y =g(§X. 1)

3.8) R, E)E=X—n(X0E

3.9)  REXNY =g, Y -n(X

Using 3.5), 3.6) and 3.7) we find that

310) (VST &) = (n - 1)g(éX, 1) + S(¥', 4X)

Taking Z=£ in 1.25 and using 3.6) we get

341 (VaSHE, £) =2(n — Dn(XI(Y) + (n = DA(FmX) + (LIS, 1) + =(R(Y, 1)E)
Again, on using 3.9) we find

3.12) n(RX, 1) = n(¥In(X) ~n(X) n(F)

Thus 3.11) reduces 1o
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3.03) (VS)(Y, £) = (2 = Dm(Xm(T) + (1 = 2mEOm(I) +n(P)SCY, )
From 3.10) and 3.13) we get
3.14) (n- DX, 1) ST, ¢X) = 2n — D) + (n = 2)n{0n(1) + n(PISX.Y)
Taking A’é £1in 3.14) and using 3.2) and 3.3) we find
3.15) Ba-2MmPm(N +(n-2)m(¥)=0
Finally taking ¥=£ in 3.15) we get
nP)=0asn>3
Hence from 3.15) we find
(=0
which is inadmissible by the definition ofi(SPS),. Thus we state

THEOREM 2 : A (SPS), {n > 3) cannot be a nearly Sasakian Manifold.
¢
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