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SEMI PSEUDO SYMMETRIC MANIFOLD 
M . Tarafdar and A . M a y r a 

A B S T R A C T : In the present paper, the question whether a semi Pseudo Symmetric 

Manifold may be a P-Sasakian or nearly Sasakian manifold has been answered i n the 

negative. 

I N T R O D U C T I O N 

In a recent paper [4] M . Tarafdar and Musa A . A . Jawarneh introduced semi Pseudo 

Symmetric Manifold (SPS)„ i.e. a non-flat i?-dimensional Riemannian manifold hf {n > 3) 

whose curvature tensor R satisfies the condition 

0 ( V A - ^ U , Z)W = 2n{X)RiY, Z)W + n(Y)R(X, Z)W + n(Z)R(Y, X)W + 7c(fF)i?(r, Z)X 

where n is a non-zero 1 -form. 

2) g(X,P) = ii(X) 

for every vector field X and V denotes the operator o f covariant diffrentiation wi th respect to 

the metric g. Such a manifold shall be called a semi Pseudo Symmetric Manifold and the 1-

form 7i shall be called its associated 1-form. A n rt-dimensional semi Pseudo Symmetric 

Manifold shall be denoted by (SPS)„. 

In the present paper the question whether a semi Pseudo Symmetric Manifold may be a P-

Sasakian or nearly Sasakian manifold has been answered in the negative. 

1. P R E L I M I N A R I E S 
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In this section we first consider some formulas which hold in a (SPS)„. Let r denote the scalar 

curvature and L denote the symmetric endomorphism of the tangent space at each point o f a 

Riemannian manifold (hf, g) corresponding to the Ricci tensor S i.e. 

1.1) g(LXtr)=S(X,Y) 

for any vector fields X, Y. From 1) we get 

1.2) (VXS)(Y, Z) = 2n(X)S{Y, Z) + n(Y)SUC Z) + n(Z)S(Y, X) + n(R(X, 7) 2) 

Contracting 1.2) we get 

1.3) dr(X) = 2n{X)r + 3%{LX) where r denotes the scalar curvature o f M„ and L has the 

meaning-already defined by 1.1). 

2. S E M I PSEUPO S Y M M E T R I C P - S A S A K I A N M A N I F O L D 

In this section we suppose that an /?-dimensional (SPS)„ (n > 3) is a P-Sasakian manifold. 

Let (M, g) be an 73-dimensionaI Riemannian manifold admitting a 1-form r|, a vector field £ 

and an (1-1) tensor field <j> which satisfy the fol lowing conditions 

2.1) (Vyn ) r - (v n ) (AO = o 

2.2) (VXVY n)(Z) = -g(X, Zft{Y) - g(X, 7)r|(2) + 2t\W T](}0TIC2) 

2.3) g(X, Q = t[(X) for all vector fields X 

2.4) n($) = 1 

2.5) VX^ = ^X 
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Such a manifold is called a Para-Sasakian manifold or briefly a P-Sasakian manifold [3]. It is 

known that in a P-Sasakian manifoid besides 2.Î) - 2.5) the following relations hold 

2.6) <|>Ç = 0 

2.7) R£,X)Y=-g(X,Y)i + r](Y)X 

2.8) S ( ^ ) = _ ( „ - 1 ) T , ( A ) 

2.9) g$X,Y) = g(XAY) 

2.10) S($X,Y) = SQC>$Y) 

2.11) <yxt\)Y=gtoX,Y) 

Now* 

(VXS)(Y, Q = VXS(Y, Ç) - S ( V ^ Q - S(Y,VX Ç) 

Using 2.5), 2.8) and 2.11 the above equation reduces to 

2.1 i ) (Vj^CT, Ç) = - ( n - \)g($X, Y) ~ S(Y, §X) 

Taking Z = ^ in 1.2) and using 2.8) we get 

2.12) (VxS)(Y,%) = -2{n - 1) %{X)x\{Y) - ( « - \)n(Y)r\(X) + TI{QS(Y , X) + %{R(X ,Y)Q 

Again 

T « X , I ' X ) = g(R(X, 1%, P) = g(R(^ Y)X~ X) Y,P) 

Using 2.7) we find 
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2.13) n(R(X,l%) = r)(X)n(Y)-t\W)n(X) 

Thus 2.12) reduces to on using 2.13) 

2.14) (VXS)(Y^) = (-2n+\)n(X)N(Y)-(n-2)nO%(X) + ri(P)S(X,r) 

From 2.11) and 2.14) we get 

f-2n + 1) n(X)r)(Y) —(ff - 2)%{Y)T\(X) + r\(P)S(X, Y) = -(n-l)g^X, Y)-S{Y,W 

Taking X= E, and using 2.4) and 2.6) we find 

2.15) ( -3n + 2)X\(F)T\(Y) - in - 2)n(Y) = 0. 

Finally taking Y^^in above we get 

r\(P) = 0asn>3 

Hence from 2.15) we find 

n(Y) = 0 

which is inadmissible by the definition o f (SPS)„. Thus we state 

T H E O R E M 1 : A (SPS)„ (n > 3) cannot be a P-Sasakian Manifold. 

3, S E M I P S E U D O S Y M M E T R I C N E A R L Y S A S A K I A N M A N I F O L D 

In this section we suppose that an M-dknensional (SPS)„ (n > 3) is a nearly Sasakian 

manifold. Let (M, g) be an o-dimensional differential manifold (o = 2m + I , m > 1) wi th 

almost contact metric structure (<j), r\, g). I f in such a manifold the following relation hold 

3.1) (v^) + (VH>) = 2g(x,}%.-^xjY-^oyc 

46 



then the manifold is said to be nearly Sasakian [1]. i t is known thai in a nearly Sasakian 

manifold the following relations hold [1] : 

5.2) <p; = 0 

3.3) n ( c ) = l 

3.4) 4TA'=-A '+TI(X)S 

3.5) V A ^ = -(MT 

3.6) S(Xc) = (n-l)r\(X) 

3.7) (V^)Y = g(pY._^ 

3.8) R(X,^=X-n(X% 

3.9) R(^.X)Y=g(Xt}%-^Y)X 

Using 3.5). 3.6) and 3.7) we find that 

3.10) (V X S)(Y Q = (n - I )gC<MT, Y) + S(Y, $X) 

Taking Z = £; in i .2) and using 3.6) we get 

3.11) (VA iS)(7 s 0 =2(w - l)7r(A0Ti(r) + (« - l)7t(T)r|(A0 + Tl(P)5(X, T) + 7i(tf(X, Y)Q 

Again, on using 3.9) we find 

3.12) n(R(X,}%)= T\VWX)-T\V0<r) 

Thus 3.11) reduces to 



3.13) ( V V S ) ( r , r) = (2n - W W ) + (« - 2)T1(A0T:(J0 + r|(/>)S(A",ÏO 

From 3.10) and 3.13) we get 

3.14) (« - 1 JO 5 ( 1 ' , <M0 = (2/7 - Î )n(A0ri(]0 + (n - 2)r\(X)nW + ^(P)S(_X, Y) 

Taking A ' = E, in 3.14) and using 3.2) and 3.3) we find 

3.15) (3n - 2)r|(i>)n(]0 + (n - 2)TI(T) - 0 

Finally taking J' = E, in 3.15) we get 

j](P) = 0 as n > 3 

Hence from 3.15) we find 

n(Y) = 0 

which is inadmissible by the definition o f (SPS)„. Thus we state 

T H E O R E M 2 : A (SPS)„ {n > 3) cannot be a nearly Sasakian Manifold. 
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