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AN APPROXIMATE SOLUTION FOR THE
ONE-DIMENSIONAL
SINGULAR INTEGRAL EQUATIONS

S. M. AMER
Abstract

The present paper is concerned with the method of mechanical quadrature
for the approximate solution of one - dimensional nonlinear singular

integral equation in generalized Holder space.

Introduction

The theory of approximation methods and its applications for the
solution of linear and nonlinear singular integral equations has been
developed by many authors, e.g. Mikhlin, S.G. and Prossdorf, S. [5], Peter
Junghanns, et. al. [7]; Gakhov, F.D. [2], Guseinov, A.l. and Mukhtarov,
Kh. Sh. [4], and others.

The purpose of this paper is to investigate the approximate solution
of the following class of nonlinear singular integral equations (NSIE):
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in generalized Holder spaces H, ,, and H§") ,[4,58].

1. The solution in the space H, , .

Definition 1.1. a) Let m be a natural number, the function u{f) which is

2x - periodic in ¢ and continuous belongs to the space Hy n i

@ (8)=0(¢ (5)), 0<S <x , where @' (5) isthe modulus of continuity

i
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of order m of w and ¢ Iisa positive non-decreasing function defined on
(0, 7], for £t > 0,suchthat lim ¢ () =0.

fF—0F
m 5
b) The formula ”u ||¢ = IFax |u(x)|+ sup a:;( ) defines
xe G<d<nm

a norm in the space H, . .
¢)For weH, , wedcfine Hy ,(M)={u:|u], <M, ,M>0].

d) We say that ¢ belongs to the class @™ if

W) Lemty (1), for O<t) <ty <m .
Also, we define Hb™ = {;ﬁ [l de+s” jf"’ "9yde=0(yp (5))}

Lemma 1.2. Let the function F[u] defined on [-M, M], (M > 0) and has
(m — 1) derivatives and for arbitrary wu, ,u; €[- M , M], the following

condition 1s valid :

FOLu] - FO ) < a(g)|u - u,

,g=0,...,m—-1 (1.1)
then, @7 (8) <a (m) w (8), where «(m) is a constant .

Proof. For m =1, the lemma is true, For m =2, we have

2 Ful=F [u(c+2m)]-2F [u (o + k)] + F [u(c)] . Hence,
|4 Fl = [{Fluto + 2m)) - Flu(o + )]} ~ {Flu (o + b)) - Flu(@)]}] .
Using Lagrange's formula, we have
W= ljF; [ (o + 1)+ 0 (u (o +28) —u (o + M) [u(c+2h) -
6
)

—u(oc+h)]do - [Flu(@)+8u(o+h) -u(o)][u(c+h)-
; |
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1
—u(o)]do|=| [\F[u(c+m)+8u(a+2h)y-u(c+h)]-
0
Flu@+0@@+h-u@)}Hu(o+2h) —ula+h)]do+

jF () +6w(o+h)~u(@)][u(o+2h)-2ulc+h)+

+u(o)]do |, 0<0<1 .

Applying condition (1.1), we get
L [u(e)+ 0o+ B —u(@)]] < a() M+

U

where *F("’ D (0){ <Q, _y
then, IA,,FI < a(l) [m,, h) + @] (ifr)]wu (B) + (@ (1) M + Q)] (h) .

Consequently, we have a)?r (&) < const. a)f (&), then the lemma is true at

m =2 . By induction, we see that

Al F[u(o)]zmz_l(”' l) J‘A’;’,F [u(o)+ 8 (u(c + h)
=90

—u(oN] A Hulo + uhydo .

The function F, [u(o)+ 6 (u(c + k) —u(a)}] has (u— 1)- derivatives,
ga=1,...;m—1, and these derivatives satisfy condition (1.1), then we
obtain EA’;:F[M(G)] < const. @/ (8) w, ¥ () < const. @ (F) , that

is, @y (8) < a(m) a)"’(é’) Thus the lemma is proved.

Remark. From definition 1.1 and lemma 1.2, it is clear that if
u(o)e Hy ,, then Flu(a)le Hy , -

Theorem 1.3 {6]. Let ¢ € HD"™ , then the operator

2

B

(Au)(x)=u(x)= fdy,

u())cot

T ey,

1
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transforms  Hy ,, (M) into H, , (M) where

M=M ]:cl (m) j¢ f) d¢ + ¢ (m) + ¢, (m) c(m)}

Theorem 1.4. If the function F[w (o)] satisfy the condition (1.1), then
for ‘ A | < ; Ao ‘ ( Ap sufficiently small}), equation (1) has a unique solution
in Hy ,,(M). This solution is uniformly convergent and can be obtained

by the method of successive approximations .

Proof. Let we Hy (M), then by lemma 1.2 and theorem 1.3, the

2T _
operator (A4 u)(s) = j I Flu(o)] cot O S 4o maps H ,, (M) into
oo
Ay D<M , the operator (4u) maps H, , (M)

into itseif for som D >0 . On using M- . Riesz's theorem [9], we have

“ﬁl!.{,‘uéﬂ(lo) ““ “L , 1< P<w

Sdo*.

where i (s)= ;1— j u (o) cot
- 0

27 ir
] 3/1; [{Fluy ()] = Fluy (0)]}
o ¢

Now, ”A u — Au, "Lp :{

_‘Sa’a

P

(3
x cot

P 1/P
ds} <| 2|0 (P T (o)) - Flas @], -

=14

2r [§F
U(P){HF[ul(a)]wF[uz(a)HPda} <
0

<A

n{(P)a (0}] u; - u, ELF

If Ili} 11 {P)a (0) <1 ,then the operator 4 i3 a contraction mapping;

M 1
i <|/’!0l_mm{ ______}
n{(P)a (0)
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By completeness of Hy , (M) in Lp 1< P <o, shown below,
the equation (1) has a unique solution H, , (M) and it can be evaluated

by successive approximations .

Theorem 1.5. Let u, ,ueH, , (M) and lim |u,-u "Lp =0, then,

nliﬁl}nm lu, —u Hc =0.

Proof. Let Ge H; , (M) can be written in the form

1s+h ls+h
G(s)zz '[G(x)a’x—; [[Gx)-G®)]dx,
1s+h 1s+h
then we have 16(5)15}; f|G(x)|a’x+E [IGx) - G(s)ldx .

Using Holder inequality on the first term in the right part of the last
inequality, we have ‘

s+h 1P s+h
”G(s)”cs%[ | 'G(x)lpa’xJ B9 +% HjG”gs;zi(,xstde

g

-

. 1P
<{pt-va)! (“G(x)r‘de +[Gl, ¢ .
Putting G(s) = u, (s) = u(s), h=lu, —u], .

we obtain "un - u"c < ”un - u”iqu + 2M ¢ (”un - u“LP),
then |u, —uf, —0 as n—> o, that is the successive approximations

converges .

2. The solution in the discrete space H{")

Definition 2.1. Denote to H;’:‘;JT , ¢ € @” | be the 2N-dimensional space

of vectors z;z= (zo, Zys s 2y N—1J> with the norm :
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w” }
”z”{h) = max , max (Z!’ ") .
#.m k=01,..2N~1 h>0 ¢(%}

Also, we define:

Hé'\n)l (M) = {LEH(N) |;A3 < M} as a subspace ofi H(}__\g .

For singular integral

Sdo ,u{ore Hy

2x
(Ju) (s)=217r [ u(a) cot T
0

the quadrature formula at the node points s; -—-;;\—f takes the following

I L I S L T T B S S I L LI R T

form; [3],
1 2N -1 .
(Ju)(sk)~— Z u, [1—( k- ’]cot k2 : (2.1)

Applying the quadrature formula (2.1) to equation (1), we obtain

2 2N-l .
uis,)=="- 3 F[u(s,()][l (-1 ?’]cot RyIFY,
2N oo
kzy
where Ry [F] is the remainder term, y =0,..., 2N -1 . Put u(s,) =z, ,
we get the following system of nonlinear algebraic equations (SNAE):
2 2N-1 . Sp — 8
= z 1-(-D*7{cot z 2.2
= 2 FEolli- 0t oo 22)
kzy

Theorem 2.2. Let the function Flu] satisfies condition (1.1), then, for
, the SNAE (2.2) , has unique

solution in ;A ")] (M) and this solution can be found by successive

approximations.

Proof. Let z=(z)eH{) (M), Hz=(F(z)) , k=0,...,2N -1,

and since the space H (An) (M} isaclosed subspace of L( , and the
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function F{(z) satisfy the conditions of lemma 1.2 and theorem 1.4. Then

we obtain HzeHé’ﬁfT(D’), Tet GWz=24"Hz

where ANz =400z, 4z, AN 2}, and |4

(M)
<e(m),
m

(see [8]). Hence “ G zn;}v; <|A| D' c(m).

Since "G(N) ” <c(P),l < P<w ,(see[8]). Using condition (1.1), we

{N)_

get
[ 20 - g ;@

<ale(P)a(o) [z -z

L{M - (NJ (2 3)

Using the contraction mapping principle at

. M 1
A |<mn{— , ,
{D c(m) c(P) a(O)}
the SNAE (2.2) has a unique solution in H (N ) o (M), for arbitrary N 23,

and theorem is proved .

3. The rate of convergence of the approximate solution

If [ﬂ|<min{ ,M , L } (3.1)
D' c(m)’ c(P) a(0)

then the equation (1) has a unique solution u (e Hy ,(M) and the

system (2.2), for arbitrary N =3 | has a unique solution
* * * * * N
z :(Zo,zl ,.-.,ZQN_]) ( )(M)

The approximate solution of equation (1) takes the form

IN-1 _ _
u (5) = /1 > F[zk ]sm2 23" cot Sk2 7 , (3.2)
k=0

at s =s, (k- different from y simultaneously) .
Applying the quadrature formula (2.1) to equation (1) at node points s, ,
we obtain
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LRI (33)

T b eoll- et oo

A
u(s —
2N ¥ 2o

K=y

Put z9=4" and 2@ =2z" in(2.3) and from (3.1), we get

4= <iA ]| Ra F] ” {1_];L|C(P)a(0)} - (3.4)

*
u —z

From [3], we get

2 © -1 el -l S ot

+| ATRy[F] . (3.5)

From [1] and condition {1.1), we get

Hu* (s)— u(N)(S)” <2A1a(0)(+ 7)) (1 + In 2N) max |u*(s},) - z; l +
¢ r
2[R tE, - (3.6)
From [6];
i/ P
mfx u (S )—z ’<00n5t |:(j:) u -z - +¢(E]Fh]j! )
0<h<2(m+1) (3.7)

and | Ry [F1|, < c(m) ¢(%) nN .

From (3.4) - (3.7), we get

Iiu* (s)— u(N)(S)”c < const. [_{1%(1(\%)111)1—“5\?] t>land l<P < .
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