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A generalization of the connections of Schouten and Vranceanu 
on the f(2v+3,£)-varieties 

N I C O L A E S O A R E 

Abstract. In this paper, we generalize the classic connections of Schouten and 
Vranceanu by adding a certain tensor of type (1,2), on the differentiable varieties 
of a tensorial field equipped with a tensorial field / of type (1,1) which satisfies the 
condition fv~3 + sf = 0, s = ± 1. We put in evidence the relation between the 
integrability of the /-structure and the generalized connections. 

INTRODUCTION 

The classic connections of Schouten and Vranceanu have been studied for the 
first time under invariant form in a few articles.of S. Ianus and I . Popovici [2],[3]. 
They are about the linear connections on the varieties almost product, closely tied 
in structure from the point of view of integrability, of the parallelism of 
distributions and of geodesies. 

The two types of connections have been examined and generalized for the 
canonical structure almost product induced on a /-variety by K.D. Singh and R.K. 
Vohra [5], G. Pripoae [4] and D. Demetropoulou- Psomopoulou [1], 

1. THE f(2v+3, ^ - V A R I E T I E S 

Let M be an m-dimensional differentiable variety: C(M) the affme modul of the 
linear connections on H\ ^S%

X(M) the modul of the tensors of type (r,s): for 3o ](M) 
it is used the notation K(M). The geometric objects contemplated from now on will 
always be supposed of class C 0 0 

We suppose that M i s af(2v+3, £•^-variety , therefore there exists/ e^i'(M) so 
that 

f"r3+sf=0 , where s =±I. 
By noting [5 ] : / = - s f' 7 , m = s f'"<2+l, where 1 is the identity tensor .we 

have 
l+m=l, 1m = ml = 0, I 2 = 1, m2 = m, lf=fl =f,fm = mf= 0. 
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Namely P = - 21+1. It results P2 = 1, then P is a structure almost product on M. 
It defines two complementary global distributions (it uses the projectors 1 and m) 
which will be noted by D and D'. 

In what follows P«E C(M), B, D G 3,'(M) will be fixed. 
The Shouten connection [1], [2] is the connection V* defined by 

Y/ ^ mVxmY + 1VX1Y 

and the Vranceanu connection [1], [2] is the connection V V definied by 

Y/Y = m VmxmY+ 1 V,X1Y + m[lX,mY] + lfmXJYJ. 

Definition, it is called generalized Schouten connection the linear connection V 
defined by 

(1.1) VXY = Y/Y + m B(X,mY) + 1B(XJY). 
The generalized Vranceanu connection V is defined by 
(1.2) V A -T= VX

VY + m[lX,mY] + lfmX, 1YJ + 
m D(mX,mY) + 1 D(1XJY) 

Remark. 

Let p: 32

!(M) -> 32'(M), p(B) = B, where 

B (XJ) = m B(X,mY) + 7 B(XJY) 

and p B : C(U) -> C(M). p B( Y) = V = Vs + p(B). 
At the same time, let q : % 2'(&>{) -> 32''(M) he thus q(D) = D ,where 

D (XJ) = m D(mX,mY) + 1 D(1X,1Y) 

and pD : C(M)^C(M), p D(V) =V = Vv + q(D). 
It is verified then that p and q are vectorial projectors on N(!M?.and p B and p D 

are affine projectors: 

p2 =p,q2 = q, p2

B = pB,, P2D= PD. 

We have the relations; 

a) pB °PD= pD, ifmB(X,mY) + 1 B(XJY) = 0; 

b) pB°PD = PB, i f m[lX,mY] + m D(mX,mY) + 1 [mXJY] + 
1 D(1XJY) = m YiXmY + 1 YmXlY 

O)PD°PB=PB. iim[lX,mYJ+ l[mX,lYJ + m D(mX.mY) + 1 D(1X71Y) = 
mYlxmY + J VinX 1Y + m B(lX,mY) + J B(mXJY) 

d)pD°PB= PD, i f mB(mX,mY) + 1 B(1XJY) = 0, for ail X,YeK(M). 
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2. P A R A L L E L I S M OF T H E DISTRIBUTIONS D AND D' 

A distribution S is called parallel in relation to V if for al\XeK(M) and YeS, 
we have VxYeS. 

Theorem 2.1. On a f(2v + 3,sJ-variety M, the distributions D and D 'are 
parallel in relation to V and V . 

Demonstration: Since ml = 0, taking account of ( L I ) and (1.2), we have 

mVxY=0, mVxY = 0, for every XeK(M),Ye D. 

Inconsequence, D is parallel in relation ío V and V. 
It is the same for the distribution D'. 
Therem 2.2. On a f(2v + 3, £ ̂ -variety M, the tensoriaí fields of type (1,1) 1 and 

m are constant covariants in relation to V and V . 
We have (V XZ) (Y) = (Vx) (IV - H^xV- Then, from (1.1), it results: 

(V X1)(Y) = 0, for allX,YzX(M)., 

We establish thus 
V xm = 0, Vxl =0, Vxm = 0. 

3. T H E I N T E G R A B I L I T Y OF T H E f(2v + 3,e^-STRUCTURE 

We have from [ I ] that the distributions D and D 'are integrable i f 

(3.1) IfmX.mY] = 0, respectively m[lX,ÏY] = 0. 

Theorem 3.1. I f the connection V is symmetric, the tensorial field D is 
symmetric and the distributions D and D 'are integrable, then the generalized 
Vranceanu connection is symmetric. 

Proof. Since the connection V is symmetric, the correspondent tensor of torsion 

(3.2) T(X,Y) = VXY- VyX-[X,Y] 

The tensor of torsion of the connection V is 
f (XJ) = VXY- VyX-fXYJ. 

By a simple computation, taking account of (3.2) it is deduced 



f (X,Y) = l[mX,mY]-m[lX,lY]-mD(mX,mY)-l D(IXJY) + 
+ mD(mY,mX) + 1 D(1YJX). 

D being a symmetric tensorial field, (3. ]) proves the theorem. 
Theorem 3.2. If the connection V is symmetric, the tensorial field B is 

symmetric and one of the connections V or V is symmetric, then the distributions 
D and D 'are integrable. 

Proof. I f the connections P"and V are symmetric, then for tensors of torsion , 
we have T(X, Y) = 0=T (X,Y) and therefore T(1XJY) = f(IX, 1Y) = 0, from 
where we obtain 

V!X1Y~ VjylX- [IX1Y] = 1(VIX1Y- VIY1X- [IXJY]) + 
+ m(B(lX,lY)-B(lY,lX) + mfJXJY] = 0, 

that is to say mflXJY] = 0. 
Analogously, from T(inX,mY) = f (mX,mY) = 0 , it is obtained l[mX,mY] = 0 

and thus both disributions are integrable. 
We get the same result i f we suppose that 7and V are symetric. 
Theorem 3.3. I f the connection V has the torsion 

T= a®\ - l®a+ B®m-m® B, with a,/? eT,°(M) 

and B is the symmetric tensoria! field , then the distributions D and D'are 
integrable. 

Pr^of. We have 

[X,Y]-VxY-VyX-a(X)l(Y)+ « 00 1(X) - B(X) m(Y) + f3(Y)m(X) 

and with (1.1), we obtain 

[X, Y] = m YxmY + / VX1Y + m B(X,mY) + I B(XJY) - mVyinX-1 FylX-
-mB(Y,mX)-1 B(Y,1X) - a (XJ1Y+ a (Y)1X- B (X) mY+ p (Y) mX. 

Then 

[mX,mY] - m VmXmY+ m B(mX,mY) - m VmYmX- m B(mY,mX) - ft (X)mY + 
+ p (Y)mX 

and finally, l[mX,mY] = 0. 
It is proved, in a similar way, that m[mX,mY] = 0. 
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