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S O M E S U B C L A S S E S O F H A R M O N I C 

U N I V A L E N T F U N C T I O N S 

G i i l s e n T O K A T 

A b s t r a c t : I n t h e second p a r t o f t h i s p a p e r , we define Hk classes o f a l l h a r m o n i c 

f u n c t i o n s i n U — {z : \z\ < 1 } , f{z) = z + Ysz a * z + S i ° a - » ^ s u c h t h a t 

E 2 ° " f c ( l a J + ! a - J ) ^ 1 ~ l a - i l > ( f c G z + > l a - ^ l < 1 ) - W e a l s o g i v e s o m e 

t h e o r e m s o n n e i g h b o r h o o d s of these classes, d i s t o r t i o n t h e o r e m s , namely , a c o v e r i n g 
t h e o r e m a n d a t h e o r e m on t h e u n i f o r m convergency of a sequence i n H2. I n t h e t h i r d 
p a r t , we give a c h a r a c t e r i z a t i o n o f l o c a l l y u n i v a l e n t h a r m o n i c f u n c t i o n s a n d u n i v a l e n t 
h a r m o n i c f u n c t i o n s i n (7 = {z : \z\ < 1 } by t h e H a d a m a r d p r o d u c t . M o r e o v e r , 
we prove t h a t t w o subclasses o f c lose - to -convex f u n c t i o n s class are i n v a r i a n t u n d e r 
H a d a m a r d p r o d u c t . 

1 . I N T R O D U C T I O N . 

C l u n i e a n d S l i e i l - S m a l l [2] s t u d i e d t h e class SH o f a l l c o m p l e x h a r m o n i c , sense 
p r e s e r v i n g , u n i v a l e n t f u n c t i o n s i n U = {z : \z\ < 1 ] , w h i c h are n o r m a l i z e d b y 
/ ( 0 ) = 0 a n d / : ( 0 ) = 1. T h e s e f u n c t i o n s c a n be w r i t t e n as 

O O C O 

2 1 

w h e r e h, g a re a n a l y t i c i n U. is t h e subc lass o f SH w i t h a_l — 0. T h e class o f 
a l l f u n c t i o n s f(z) i n (1.1) w h i c h s a t i s f y t h e i n e q u a l i t y 
O O 

X ) n ( l a „ i + — 1 ~~ l a - i l ' i s d e n o t e d b y HS a n d t h e class o f a l l f u n c t i o n s 
2 

O O 

f{z) i n (1-1), w h i c h s a t i s f y £ n 2 ( | a j + | a _ n J) < 1 - |a_ 1 |, is d e n o t e d b y HC. 
2 

T h e c o r r e s p o n d i n g subclasses o f HS a n d HC w i t h = 0 a re HS a n d HC , 
r e s p e c t i v e l y . T h e n e i g h b o r h o o d o f a h a r m o n i c f u n c t i o n f{z), w h i c h has t h e T a y l o r 

O O O O 

series (1.1), c o n s i s t s o f h a r m o n i c f u n c t i o n s F{z) — z + ^ j 4 ( ( Z " + YlA_7i~z' s u c n 

2 " 1 
C O 

t h a t ( l a „ — An\ + | a _ n - A_n\) + \a_i — A_j \ < 6 a n d is d e n o t e d N (/). 
2 

W e s h a l l d e n o t e b y Hh, t h e classes o f a l l f u n c t i o n s o f t h e f o r m (1.1) t h a t s a t i s f y 

0 0 

£ " f c ( M + l « - J ) < ! - > _ > I ( f c e z + ) . 
2 
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P r o o f : L e t f(z) e Hk a n d F(z) = z + E - 4 - , - " + T,A_nz" e ^ , ( . 0 for 
2 1 

5 < ^ ^ - ( 1 - |a_j |). A p p l y i n g t h e d e f i n i t i o n o f i i ^ t o F ( z ) a n d u s i n g t h e d e f i n i t i o n 
o f n e i g h b o r h o o d , w e o b t a i n 

o o 

l ^ - J + X > ( K I + l ^ _ J ) < l > i - , - a - J 
2 

o o o o 

+ ^ n ( | A „ - a J + - a _ J ) + | a _ J + ^ n f l a , ! + i a - " D 
2 2 

oo 1 ° ° 
< <5 + + ^ « . ( | a j + \a_J) < 6 + | a _ J + 7 ] T V ( K I + k _ J ) 

2 k 

< ^ l ( 1 - | - . 1 | ) + | a . , | + ^ | ^ = i . 

T h e o r e m 2.4. I f f(z) G J? fc. t h e n | / ( ^ ) | is a n i n c r e a s i n g f u n c t i o n w i t h r espec t t o 
|z| = r. 

P r o o f : I n o r d e r t o s h o w t h a t j / ( z ) | is a n i n c r e a s i n g f u n c t i o n w i t h r e s p e c t t o 
j ^ j = r , i t suffices t o p r o v e t h a t l o g \ f { z ) \ is a n i n c r e a s i n g w i t h r espec t t o \z\ — r or 

f l o g | / ( r e ^ ) i = _ R e | : l o g / C r e
i e ) > 0 . 

ft r) 00 

— l o g | / ( r e * ) | = Re-~ \og{reie + £ ( a B r V n 9 + a^rne~ine)) 
r
 r 2 

1 , T? [n ~ l ) ( a r ^ V ^ + a r " - ^ ^ ) 

r e i e + Y^T ( a n r n - 1 e i n 8 + a _ n r n _ 1 e - i n e ; 

0 0 

r i „ [ | i f 1 \ 1 n~l/ in& . —in&\\2 , = —-h.e{\e + y r ( a n e +a_ e )| + 

+ ^ ( n - l ) r " - 1 ( a „ e i n f l + a _ n e ~ i n f i ) ( e « + £ r » - l ( a n e
i n e + o , ^ - " " ) ] 

2 2 

. . 0 0 0 0 

r 2 2 

--\J2(n ~ 1)rn~1(a^i7l$ + ^-^~in9)\2} (2 .3) 
2 
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w h e r e 

2 

T h u s , 
i 0 0 

" 2 

o o 

1 y \n— l)r [ane + a _ „ e )] 
^ 2 

o o , ° o 

> l - ^ ( « + l ) r n - J ( k | + |a_„ |) - - ^ ( n - l j r " " 1 (|aB | + |a_„ |) 
2 2 

o o 

2 
O O O O 

> 1 - J ^ n f l a J + | a _ J ) > 1 - ^ n f c ( | a j + | a _ J ) > 0. 
2 2 

T h i s p r o v e s t h a t ^ l o g \ f { r e i 0 ) \ > 0. 

T h e o r e m 2.5. I f t h e sequence {fn{z)} — {hn{z) + gn{z)} c # 2 c onverges t o 
h a r m o n i c f u n c t i o n f(z) ~ h{z)+g(z) o n u n i f o r m l y c o n v e r g e n c e t o p o l o g y , t h e n t h e 
sequences {hn(z)} a n d {g„{z)} c onverge r e s p e c t i v e l y t o h(z) a n d g{z) o n t h e s a m e 
t o p o l o g y . 

P r o o f : S ince fn e i i 2 f o r each n G N , t h e sequence { f r „ { z } } is u n i f o r m l y 

b o u n d e d . T h e r e f o r e w e m a y select a n u n i f o r m l y c o n v e r g e n t s u b s e q u e n c e { / i n f c ( z ) } . 

C o n s i d e r t h e s u b s e q u e n c e {g„k{z)}- A g a i n , w e m a y select t h e u n i f o r m l y c o n v e r 

g e n t subsequence {gni_ ( 2 ) } . N o w , w e s u p p o s e t h a t { / i „ f c ( z ) } c onverges u n i f o r m l y 

o n c o m p a c t subsets t o s(z) a n d { p n ( 2 ) } c onverges u n i f o r m l y o n c o m p a c t sub¬

sets t o t(z). B e c a u s e o f u n i f o r m l y c o n v e r g e n c e o f {hnk(z)}> e a c h subsequences 

{hn (z)} C {hn (z)} c onverges u n i f o r m l y t o s(z), t o o . H e n c e 

{fn iz)} = {hn ( 2 ) } + {9 ( z ) } c o n v e r g e s u n i f o r m l y o n c o m p a c t subsets t o 

r(z) = s(z) + t(z). S ince { / „ { z ) } c onverges u n i f o m l y o n c o m p a c t subsets t o 
f(z) = h(z)+g(z), f(z) = T { Z ) . T h u s , w e get ^ = bn, a_n = ft_n a n d t(z) = g(z), 
s(z) = h(z) b y t h e T a y l o r series o f f(z) a n d r ( z ) 

f{z) =h{z) + g{z) = z + Y2a»z" + Y2a-»J" 
2 1 
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a n d 

r{z) = s(z)+t(z) = z + ^T,bnz" + ^ V n z " 
2 : 

T h i s r e s u l t is s a t i s f i e d a l l u n i f o r m l y c o n v e r g e n t subsequences o f {/),,(.= ) } a n d 
{<?„ ( 2 ) } ' T h e r e f o r e , {hn{z)} converges u n i f o r m l y o n c o m p a c t subsets t o h(z) a n d 
{gn{z)} c onverges u n i f o r m l y o n c o m p a c t subsets t o g{z). 

, H A D A M A R D P R O D U C T O N H A R M O N I C U N I V A L E N T F U N C T I O N S 

T h e o r e m 3 . 1 . A h a r m o n i c f u n c t i o n 

f(z) = z + 52 an-" + J2°-"J" ('a-'! < lf < ^ 3̂1̂  
2 1 

( / ^ 0 f o r (0 < \z\ < 1) (3 .2 ) 

2 

b e l o n g s t o JT Z-tt i f f 

k(z) is d e f i n e d as 

= ( T ^ + £ ( T ^ F ' { | e | - 1 , | s | < 1 ) - ( 3 - 3 ) 

P r o o f : L e t / e H L a . B y t h e d e f i n i t i o n o f i f L u , |/_| < \ fz \ f o r a l l 
z e U a n d j / J ^ 0. T h e r e f o r e , t h e i n e q u a l i t i e s 

l ( / * k)(z)\ = \zfM+ezfT\ = H l / J l l + e f i | 

> H I / , | [ i - H | ^ | ] 

> M I / , I U - M ) > o 

are s a t i s f i e d . T h u s , w e o b t a i n f o r (0 < \z\ < 1) ( / * A:)(z) ^ 0. Por t h e converse , 
l e t ( / * k){z) ^ 0 f o r a l l z (0 < \z\ < 1 ) . T h e r e f o r e , t h e i n e q u a l i t i e s 

z / , ^ - e J / r (3 .4 ) 

are s a t i s f i e d . W e s h a l l i n v e s t i g a t e t h e l a s t i n e q u a l i t y i n t w o d i f f e r e n t cases: 

i ) F o r e v e r y z (0 < \z\ < 1) w h i c h s a t i s f y / _ ( z ) = 0, (4 ) becomes fx(z) ^ 0. 
T h u s , t h e i n e q u a l i t y \fT(z)\ < \ft{z)\ is o b t a i n e d a n d t h i s m e a n s t h a t f(z) is 
l o c a l l y u n i v a l e n t a t these p o i n t s . 
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i i ) L e t f-{z) ^ 0 f o r some z (0 < \z\ < 1 ) . S ince (4 ) is s a t i s f i e d f o r each 
e < 1) a n d for these p o i n t s , 

| /,(*)l> |/r(*)l 

is o b t a i n e d . T h u s f(z) is l o c a l l y u n i v a l e n t a t these p o i n t s , t o o . M o r e o v e r , | / r { 0 ) j = 
l 0 - J < = 1 is r i g h t b y h y p o t h e s i s . T h u s , / e H Lu. 

T h e o r e m 3.2. L e t / = h + g € H Lu. I f 

U*kc){z) ^ 0 0 < \z\ < 1 (3 .5) 

w h e r e ke = ko - f eko (\e\ < 1) a n d 

M Z ) = ( 1 - « ) ( 1 - V * ) W ^ J ' H ~ * * ' J 

t h e n f € SH. 

P r o o f : F o r 0 < \z\ < 1 

(/ * ke)(z) = { [ h ( a : 2 ) - h(yz)} + e[g{xz) - g{yz)}} ± 0. (3 .6 ) 
x y 

W e c o n s i d e r t w o cases: 

i ) F o r a l l x a n d y w h i c h s a t i s f y t h e e q u a t i o n 'g(xz)—g~{yz) = 0 a n d t h e c o n d i t i o n s 
M < L | y | < 1 , f r o m ( 3 . 6 ) , 

f{xz) - f(yz) - h(xz) - h{yz) ^ 0. 

h ) F o r a l l x a n d y w h i c h s a t i s f y t h e r e l a t i o n ~g{xz) — g~(yz) ^ 0 a n d t h e c o n d i t i o n s 
\x\ < 1 : |y| ^ 1^ (3-6) b e c o m e s 

h(xz) - h{yz) 
— — - — — — - ^ - e f o r e a c h e e < 1 
5 ( x z ) - g ( i / z ) 

a f t e r t h a t , t h e i n e q u a l i t y 
\h(xz) - h(yz)\ i 

\g(xz) - g{yz)\ 

is s a t i s f i e d . T h e r e f o r e , 

\f(xz) - f(yz)\ > \h(xz) - h(yz)\ - \g(xz) - g(yz)\ > 0 

t h a t is f(xz) ^ f(yz) f o r these p o i n t s . T h u s , f(z) is a u n i v a l e n t h a r m o n i c f u n c t i o n 
i n U. 
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T h e o r e m 3.3. f(z) = h{z) + g(z) G C H has p r o p e r t i e s j g ' ( 0 ) | < |/ i ' (0 )| a n d 
h + sg £ C f o r a l l £ = 1 ) . F o r an a n a l y t i c c o n v e x f u n c t i o n ip(z), t h e f u n c t i o n 

(<p + av)(z)*f(z) M - 1 (3 .7 ) 

is a c l o s e - t o - c o n v e x f u n c t i o n w h i c h satisf ies p r o p e r t i e s o f f{z). 

P r o o f : L e t F(z) = H(z) +G{z) = + oTp){z) * f{z)(ip * / i ) ( z ) + a(v> * s ) ( 2 ) -
W e a p p l y t h e c o n d i t i o n s o f T h e o r e m C t o F(z); 

i) f{z) = z + Y^2 a " Z + S i ° a - n
 z a n i ^ ^(z) — 2 + £ 2 ° A„ z • T h e n , 

|C?'(0)j = i a a _ 1 | < \a\ - \H'(Q)\ 

i i ) H{z) + £"G(z) — <p * (h + Eag)(z) is a c l o s e - t o - c o n v e x f u n c t i o n because o f 
h y p o t h e s i s o f t h e o r e m a n d T h e o r e m B . A s r e s u l t , F G C H b y t h e T h e o r e m C. 

T h e o r e m 3.4. L e t f(z) — h{z) +g(z) G CH s u c h t h a t h + eg £ K f o r s ome 
£ , (|f| < 1) a n d ip € K. T h e n t h e f u n c t i o n 

(2Re<p*f){z) (3 .8 ) 

is a c l o s e - t o - c o n v e x h a r m o n i c f u n c t i o n a n d has p r o p e r t y o f f(z). 

P r o o f : L e t F{z) = H(z) + G(z) = {2Rey * f)(z) = (y> * / i ) ( z ) + (*> * 5 ) ( z ) . 
A p p l y i n g t h e c o n d i t i o n o f T h e o r e m D , w e o b t a i n t h a t t h e f u n c t i o n 
(H +eG)(z) = (<p * (h +eg))(z) is a c o n v e x f u n c t i o n b y t h e h y p o t h e s i s o f t h e o r e m 
a n d P o l y a - S c h o e n b e r g C o n j e c t u r e . T h u s , F £ C H -
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