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SOME SUBCLASSES OF HARMONIC
UNIVALENT FUNCTIONS
Giilsen TOKAT

Abstract: In the second part of this paper, we define H, classes of all harmonic
functions in U = {z : |z| < 1}, f(z) = 2+ 35 a,z + 3.5 a_,% such that
o n (e j+je_ ) € 1-Je |, (k&€ 2%, Ja_,| < 1). We also give some
theorems on neighborhoods of these classes, distortion theorems, namely, a covering
theorem and a theorem on the uniform convergency of a sequence in H,. In the third
part, we give a characterization of locally univalent harmonic functions and univalent
harmonic functions in ¥ = {z : |z| < 1} by the Hadamard product. Moreover,
we prove that two subclasses of close-to-convex functions class are invariant under
Hadamard product.

1. INTRODUCTION.

Clunie and Sleil-Small [2] studied the class S5, of all complex harmonic, sense
preserving, univalent functions in U = {z : |z| < 1}, which are normalized by
F£(0) = 0 and f_(0) = 1. These functions can be written as

flz)=h(z)+g(2) =2+ Zan::“ + Za”}“ {la_,| < 1) (1.1)
2 1

= 0. The class of

where ki, g are analvticin U. SE{ is the subclass of 5, with a_,|

all functions f(z) in (1.1) which satisfy the inequality

(o]

Yon(le,i+]a_,[) £ 1=la_,}, is denoted by HS and the class of all functions
p)

' € 1—la_,|, is denoted by HC.

—n

oo
f(z) in (1.1}, which satisfy Zn2(|an| + |a
2

The corresponding subclasses of HS and HC with a_| = 0 are HS' and HCD,
respectively. The neighborhood of a harmonic function f{z), which has the Taylor

O
series {1.1), consists of harmonic functions F(z) =z + 5> A, 2" + 3. A__Z such
2 1

~A_I)+la_1—A_1]| € ¢ and is denoted N, (f).

—n

that 5.5 (jle, — A, l+1a
2

We shall denote by H, , the classes of all functions of the form (1.1) that satisfy

SonFa,lHla ) 1=l | (ke ZT).
2
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)
Proof: Let f(z) € H, and F(z) = z+z4 "+ 5IA_ T € NJf) for
1

6 < "%(1 ~lae_,|}. Applying the definition of H} to F(z) and using the definition
of neighborhood, we obtain

(s =}
AL+D a4+ 14 <A, —a,
2

oG

+> {4, —a, | +14_, —a, D Fles |+ nlle, | +la al)
2

2

o0

x)
1
<é+a, +;n le, |+ la_ |)§5+|a_1|+Eznk(|an{+[a7"|)

k—1 (1_15"411)

< T = fan )+ o |+ 2 =

Theorem 2.4. If f{z) € H:; then |f(z)| is an increasing function with respect to
|z| = 7.

Proof: In order to show that |f(z)| is an increasing function with respect to
[zl =r it sufﬁces to prove that Iog {7{z}} is an increasing with respect to |z| = r or

T10g|f ret®)] = Reilogf(re ) > 0.

Ie. ) F) ] o _
2 toglrtre®)| = Re - log(re® + Y (6,176 10 re )

—mn

22 ( )(a F leén9+a_“rn~le—in9)
et + 22 o leinH +a rn—le—inﬁ')
n -n

R[1+ |

—n

— —Re 26'+z n-— 1 ein +a e—in6)|2+

o0
+ Z (n _ 1) n— l(aneim‘i + a_ne—inﬂ et + i,ru 1 eint awﬂe—inﬂ)]
2 2
— L{ieiﬂ_i_irn—l(a e.iﬂ'ﬂ +a e._in{i +3 i n _ 1 e.ing ta e_in(,.)l:z
TA - s —-n 9 - m
1 = , _
_EE;(R - l)r"_l(aﬂemﬁ+a_ne"”g)gz} (2.3)

78




where
oo

A= ler'.ﬁ‘ _l_z(a"rrnA}einﬂ_!_ u_ﬂrn,f]e—-inb‘HZ = 0.
2
Thus,
1 o0
;8134- EZ(H+1)TH 1( el'ﬂ.9+ . —tnfiN
T2
__IZ(nﬁl n—1 em5+aun —znb‘);
1 & 1
DR L (RO EED DI LR (TN R L)
2 2

=1 n Mo, 4 o)
2

(o)

o
21 nlla,l+la,]) > 1= nf (e, +le, ]} 2 0.
2

2

This proves that - 9 log |f(re*)] > 0.

Theorem 2.5. If the sequence {f,(z)} = {h,(z) +7_(z})} C H, converges to
harmonic function f(z) = k(z)+g(z) on uniformly convergence topology, then the
sequences {k_(z)} and {g,{z)} converge respectively to h(z) and g(z) on the same
topology.

Proof: Since f, € H, for each n € N, the sequence {k_(z}} is uniformly
bounded. Therefore we may select an uniformly convergent subsequence {A,, (z}}.
Consider the subsequence {g, (z)}. Again, we may select the uniformly conver-
gent subsequence {g“kl (2)}. Now, we suppose that {h (z)} converges uniformly
on compact subsets to s(z) and {g"k; (z)} converges uniformly on compact sub-
sets to t{z). Because of uniformly convergence of {h_ (z)}, each subsequences
{h"k z)} C {hﬂk(z)} converges uniformly to s(z), too. Hence

{fa, ( )} = {hﬂk (2)} + {7, (z)} converges unifermly on compact subsets to
1
( ) = s{z) + (z). Since {f, (z)} converges unifomly on compact subsets to
= h{z)+ (2) =r(z). Thus, weget a, = bpn, a_, = b__ and t(z) = g(z),
) h(z) by the Taylor series of f(z) and r(z)
fe)=hr{z)+5z) =2+ a,z +3 a %
2 1
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and i
r(z) = s(z) +t(z) = z—l—anz +Zb_ﬂ3n i

2 1 :
This result is satisfied all uniformly convergent subsequences of {i,(z}} and

{g, {z)}. Therefore, {hn{z}} converges uniformly on compact subsets to h(z) and
{gn{z)} converges uniformly on compact subsets to g{z).

3. HADAMARD PRODUCT ON HARMONIC UNIVALENT FUNCTIONS

i
1

Theorem 3.1. A harmonic function
o] oo
fley=z2+> az +Y a7 (la_l<1, J|zi<1) (3.1)
2 1
belongs to H Lu iff

(Fxk)(z)#£0 for (D<|z|< 1) (3.2)
k(z) is defined as
z -z

k{z) = Ty +£(1%z)2,

(el <1, el < 1) (3.3)

Proof : Let f € H Lu. By the definition of HLu, |f_| < |{f,| for all
z € U and |f,| # 0. Therefore, the inequalities

((F * B)(2)| = |2, + 27 = ||l |11 + e 2]
zfz
I
2 Az - el

> 21— fel) 2 0

are satisfied. Thus, we obtain for {0 < |z| < 1) (f * k)(z) # 0. For the converse,
let (f *k)(z) # 0 for all z (0 < |z| < 1). Therefore, the inequalities

2f, +e2f_#0,

zf, # —€zf; (3.4)

are satisfled. We shall investigate the last inequality in two different cases:

i) For every = (0 < [z| < 1) which satisfy f_(z) = 0, (4) becomes f_(z) # 0.
Thus, the inequality |f.(z)] < |f,{z)| is obtained and this means that f(z) is
locally univalent at these points.
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ii) Let f_(z) # 0 for some z (0 < |z] < 1). Since (4) is satisfied for each
¢ (|le] €1} and for these points,

7. ()] > 17:(=)

is obtained. Thus f(z} is locally univalent at these points, too. Moreover, {f_(0)] =
la_,| < [f.{0)} =1 is right by hypothesis. Thus, f € H Lu.

Theorem 3.2, Let f =h+5 € HLu, If
(Frke)(z)#0  0<|z] <1 (3.5)
where k; = kg + ekg (|g| < 1) and

z
holz) = ——— el <1, fy] <1,

then f € §,,.

Proof: For0 < |z| < 1

1

-y

(f % ko)(z) = {[h(zz) — h(yz)] +<[glzz) —Fly2)]} #0. (3.6)

We consider two cases;

i) For all x and y which satisfy the equation §(zz)—g(yz) = 0 and the conditions
iz] <1, |yl €1, from (3.6),

flez) — flyz) = h{zz) — h(yz) # 0.

it) For all z and y which satisfy the relation g{zz) — g{yz) # 0 and the conditions
|z] €1, |yl €1, (3.6) becomes

h —h )

M # —c foreach e (Jg] <1)
g(zz) - g(yz)

after that, the ineguality
|k (z2) — h{yz)|

9(es) gtz

is satisfied. Therefore,

|f(z2) — fyz)| 2 |k(zz) ~ h{yz)| — |g(2z) — g(y2)| > O

that is f{zz) # f(yz) for these points. Thus, f(z) is a univalent harmonic function
in U.

81




Theorem 3.3. f

() = h(z) + 7(z) € Cy has properties |g'(0)| < {2'(0)} and
h4cg € C for all e {|e] =

1). For an analytic convex function (=), the function
(0 +0P)(=)* £(2) ol =1 (3.7)

is a close-to-convex function which satisfies properties of f(z).

Proof : Let F(z) = H(z) 4+ G(z) = (p + a@)(z) * fF(2)(w * h)(2) + &l * g)(2).
We apply the conditions of Theorem C to F(z}:

)f)=z2+Y5a,z +>ra_,z andp(z)=z+3 5 A,z . Then,
G (0)] = Jea_,| < |ef = [H"(0)]

i) H(z) + eG(z}) = v x (h + ctg){z) is a close-to-convex function because of
hypothesis of theorem and Theorem B. As result, F € Cy by the Theorem C.

Theorem 3.4. Let f(z) = h{z) +7{z) € C,, such that h + eg € K for some
(e} < 1) and ¢ € K. Then the function

(2Rep x £)(2) (3.8)

is a close-to-convex harmonic function and has property of f{z).

Proof : Let F(z) = H{z) + G{z) = (2Rep * [)(z) = (o * h)(z) + (¢ * g}(2).
Applying the conditien of Theorem D, we obtain that the function
(H+eG)z) = (g*(h+eg))(z) is a convex function by the hypothesis of theorem
and Polya-Schoenberg Conjecture. Thus, F € Cg.
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