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P R I M I T I V E I D E M P O T E N T S O F T H E G R O U P 

A L G E B R A CSL (2 ,q ) 

NEŞE Y E L K E N K A Y A 

Abstract 

in this paper a full system of primitive idempotents of the group 

algebra CSL(2,q) has been found using normed Gaussian sums over the 

finite field F q = GF(q) and a result of G.J. Janusz. 

I N T R O D U C T I O N 

Let p be an odd prime number and F q — GF(q) be a finite field o f order 

q=p s forsome s e N . Then F<, = F (# ) with f( 9 )=0, where F= F p and 

f (x )= I r r (8 ^ F ^ - a ^ " 3 -...-a2x-a! eF [x] 

is the minimal polynomial o f 6 over F. Thus 

F q = F © F 0 © . . . © F ^ 1 

becomes an additive elementary abelian group. On the other hand F*q^F q\{0} 

the multiplicative group of the field F q , is cyclic o f order q-1 and F*q = <p> 

for some generator p. L e t K : = <p 2 > then 

F*q = KupK (disjoint) 

Let *F = % ^ be a nontrivial irreducible additive character o f the additive 

group F q such that 0<h],...,h s < p-1 ; (hı,...,hs) * (0,...,0) and 

v F(^) = f k ' h | + + k , h ' , 

where £ = k , . l f + k-,£ + ... + k s ^ ' ; 0<kL < p - l , i=l, . . . ,s; 

E=cos(27t/p)+i sin(2ît/p) and by abuse of notation we may also write k] s . . . ,k s eF. 

Let Ç be the irreducible multiplicative character o f the multiplicative group F*q 

with 
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Ct{pi) = (-\)i for any i e Z . 

Now define 

E a / w / ? ) ; x w m = x ^ ) ; y , ( ) w - I X / ? ) 

and write x ( s ) ; x ( s ) ; y , s ) instead o f T ( s ) ( Ç ; ¥ ) ; x<s)( V ) ; y ( s ) ( for ¥ = ¥ i.0,....o 

and we call ? ( s ) the normed Gaussian sum over the finite field F q . 

Let G = GL(2,q) denote the group of all non-singular 2x2 matrices over 

F q and S = SL(2,q) denote the group of 2x2 matrices over Fq with 

determinant unity. S is a normal subgroup of G. 

In this paper we w i l l use the following properties to obtain the primitive 

idempotents o f CSL(2,q) which correspond to the irreducible CSL(2 sq) 

characters. 

Property 1 ([6] ) . 1. F q = F(p) = F(p 2 ) ; i.e. p and p 2 are primitive 

elements o f F q over F, namely, 6 can be chosen as p and p 2 for any seN. 

2.a) I f s=2n+l, n e N u { 0 } then T ( S ) , X< s ) and y ( s ) are independent o f the 

choice o f the primitive element 8. 

b) I f s=2n, n e N , then 

\*T - V q ; x w = - | ( i + V q ) ; y ( s ) = - | ( i - V i ) 

for any primitive element 8 epK. 

c) For any s e N and for any primitive element 8 e<p 2 >=K we always 

have 

where 

_ f + l . i f q = l (mod4) / — 
V ~ [ + i , i f q = 3(mod4) _ 1 

Property 2. G be a finite group of order n and K be an algebraically 
closed field with characteristic not dividing n. I f % is an irreducible K G -

character affording the central idempotent e7 o f K G . then 
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free; 

where ^(1) is the degree x • 

Property 3 ( [2] , [3]). Let H be a subgroup of G, \y be an irreducible 

KH-character of degree 1 and n an irreducible KG-character. Assume that the 

multiplicity of r\ in the induced KG-character \\iG is one. I f r| and \|/ afford the 

central idempotents e n and e v respectively, then e ^ is a primitive idempotent 

of K G which corresponds to r). 

Method and Results 

Let 6 be a primitive element o f F q ; i.e. F q - F ( 0 ) . Consider the 

following elements o f S= SL(2.q): 

3r = 
' 1 0 

0 W 1 
; a i P = I ; i = l s. 

Then S has the elementary abelian subgroup 

H = <a]>x. . .x<a s >. 

The order o f H is q. Since |S[= q(q 2 - l ) , then H is a Sylow p-subgroup 

of S and 

A l l the characters o f <a;> are linear and wi th the form 

where s=cos(27t/p)+isin(27T;/p); 0<hj^p-l ; i = l ,s. 

Thus all the characters o f H are linear and wi th the form 

(<PA 1 - - -q \ ) ( a i ) = ^ ' ( 0 < h i < p - l ; i=l, . . . ,s). 

Let us denote them by the symbol (p v A . 

I f x = (\ °\ /? = k f + k ^ + ... + k s ^ - | „ ( k , , . . . ^ ) ^ (0 0)) 

is an element of H , then 

<P l l„,,(x) = £ k , V + k A - ^ h „,(/?) = ¥ ( / ? ) . 

Thus we have all irreducible CH-characters which are given by table 1. 101 



irreducible CH-characters 

/? = k, + k , 0 + . . . + k S 0 S " ' , ;k¡=0,1 , . . . ,p-1; 

(k,,. . . ,k s)^(0,.. . ;O),hi-O,l,. . . ,p-l; i=l, . . . ,s; £ p = 1 , E ^ 1 

Element Number of 
Conjugacy 

Classes 

Number of 
elements in 

the conj. class 
n I., 

(1 Cf| 

l o l j 
1 1 1 

( ¿ 3 q-1 1 £

k i h i * + k A 

Table 1 

The irreducible CG-characters are given by table I I in [5] and are as 

follows: 

Irreducible 
CG-Characters 

Degree Frequency 

I") 
z , 

1 q - \ 

(") 
% v 

q q - \ 

In,,,,) q+l 
| ( q - i ) ( q - 2 ) 

I") q-1 
i q ( q - D 

A l l the elements o f H-{1} are conjugate in G and each o f them are 

similar to the matrix 

'\ 
.1 

We thus have the values of irreducible CG-characters on H . They are 

shown in Table 3. . 

Elements 
*(*> 4 " 1 ylm.it) 

i q q-l 

1 0 1 -] 

Table 3 

• 

I f (p=(ph h is a nontrivial irreducible character of H . we have 
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<P(X)="1 (1) 

I f X*lV is an irreducible CG-character, by 

Table 1, Table 3 and (1) 

(<P.XH) = 1. (2) 

where %H is the restriction o f x to H . By Frobenius Theorem 

( < P ° , X ) G = ( M H ) H = 1 . (3) 

Let S= SL (2,q). The conjugacy classes and character table o f S is given 

in [3] . The irreducible CS-characters are as follows: 

Irreducible 
CS-charae. 

Degree Frequency 

U 1 ! 

1 1 

x. q+J 
~tq-3) 

% q-1 
i (q - ]> 

Ki 1 

** 1 

1 i 1 

i l j 1 

Let 1 = 
1 0~\ 

0 1 c ~ 
1 0 

1 1 
d = 

Table 4 

For any xeS , let (x) denote the conjugacy class o f S containing x. 

1 0 
I f P e K then \ ~ ^\ e(c); i f [ i epK then 

1 0 
e(d). 
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Thus we have the values of the irreducible CS-characters on H . They are 

shown in Table 5. 

The values of irreducible CS-characters on H. 

u Xi 9; K2 T i l 

1 1 q q + i q-1 

c 1 0 1 -1 

d 1 0 1 -1 •J-0 + W5) 

Table 5 

I f q = l ( m o d 4 ) , the element (-1) is a square in F*q . I f q^3 (mod 4), 

the element (-1) is not a square in F*q , so that c"1 and c are not conjugate and 

d"1 and d are not conjugate in S, forcing c"'e(d), d*'e(c). Thus we have the 

following Lemma: 

Lemma. 1. For q = 1 (mod 4); Every element of H is conjugate to its 

inverse in S. 

2. For q = 3 (mod 4): c ' l e(d), d - , e(c) . 

Let (p=(p h h [ be a nontrivial irreducible character o f H . By Frobenius 

Theorem 

(<p s ) G - (p G and ( (9 S ) G ,X)o=(9 S >Xs)s . 

Thus we have by (3) • 

(9S>Xs)s - ( < P G X ) G - 1 

and by [4] 

(Xs, Xs) = l or 2 

Then it is easy to see that 

((ps, 4>)s = 1 , (<ps, X i ) s = L ( q > S ^ ) s = l , (4) 

where 1 < i < (q-3)/2; l < j < ( q - l ) / 2 . 

1) I f q s l (mod 4): Then tj=+l and 
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(<PS, £j)s ^ ((P^j|H>H 

= q " , | ^ ( q + D + 

= 1 or 0. 

(<PS, Tlj)s = ((p>Tlj|H)H 

= q - 1 | i ( q - l ) + 

= 1 or 0. 

Z W ) ^ ( - i + ( - i r ' v ^ ) + Z*</0 r ( - i + (-O jVq) 

(5) 

2) I f q = 3(mod 4): Then 7?=+i and 

( 9 S , ^j)s = (<P»%|H)H-= 

= q-' |l(q + l) + 

= 1 or 0, 

\p<=pK 

- ( l + ( - l ) J - Wq 

(6) 

( 9 S > "Hj)s = (<P,nj|H>H = 

f ' r ( q - D + 

= 1 or 0, 

where j = l , 2 ; >ff = k , + k 2 ^ + ... + k , ^ - 1 , ; <p=q>hi ^ ' h | + 

£ p = l , f ^ l ; 0 < k , < p - l ; 0 < hj < p - l , i=l,. . . ,s ; (h,,...,h s) * (0,...,0) and i = V ^ I . 

I f (<p s , ^ ) s =I then ( 9 ^ 2 ) 5 = 0 and ( 9 S , T I , ) S = 1 , ( 9 S , r | 2 ) S = 0 . 

(7) 

I f ( < P S £ I ) S = 0 then ( q > s ^ ) s = l and (<p s,ili)s=0, ( 9 S ^ 2 ) s = l . 

Since ^ m = Z ^ ( A y ( s , ( ^ ) = Z W 0 = "sing (5), (6), (7) 

from the solution o f a simple system of linear equations, we obtain the following 

result which we have already shown in [6] by another way. 

Lemma 2. {xw(V), y ( J ,CF) } = - 77^), - X- ( l + W ? ) } 

wnere rj < + i f o r q E 3 ( n ) 0 d 4 ) ; i = V - l • 105 



Proposition. 1 ) For any nontrivial irreducible character 9 = 9 h h o f H, 

(<p s ^)s=l, (9~\Xi)s=L (q>S,6j) s=l 

where l < i < ( q - 3 ) / 2 ; l < j < ( q - l ) / 2 . 

2) Let 0 epK and 6s = a,+a20+....+a s 0*'\ a^O. q=p s. 

a) I f s=2n+i s n e N u { 0 } then for q>=(p].o o 

(q ) S ^ i ) s= l , (<P S&)s=0, (9 S . i l i )s=l , (<P S . r i 2 ) s =0 

and for cp=(p0 0 . B , 

(cp S ^i)s-0, C(p S ^ 2 ) S -1 , ( 9 ^ 1 ) 5 = 0 , ( ^ 2 ) 5 = 1 . 

b) Ifs=2n, neN then for 9=9i,o,....o 

( 9 S ^ i ) s - 0 , ( < p s , y s = l , ( 9 ^ 1 ) 5 = 0 , ( 9 ^ 2 ) 3 = 1 

and for 9 = 9 0 , o.a, 

( ( p s £ , ) s = l , (<pS&)s==0, (<p s , r i I ) s= l , (9 S ^2 ) s=0. 

3) Let 0 e K and 9=9i, 0....o then for any seN (q=p s) 

( c p ^ O s - l , (<p s £ 2 ) s=0, (q> S,TH)s=l,(9 S,Tl2)s=0. 

Proof. 1 ) See ( 4 ) . 

2) Since 6 e p K then by property 1 

x« = < 

for s = 2 n + ! , n e N u £ 

-^}+Jq) for s=2n, neN 
and y w = 

for s = 2 n + l f n e N u £ } 

for s=2n,neN 

{+ l.qsl(minM) 

; i = v - l -
a) I f s=2n+i, n e N u { 0 } : 

i ) q = l ( m o d 4 ) : 77=+! and i f 9=91,0 0 t n e n 

Thus by (5) we have 

((p s .Ç,)s=L ( 9 S ^ 2 ) s = 0 , (cp s,Tn)s=l, ( 9 ^ 2 ) 5 = 0 . 

I f 0 s =a i+a 2 0+...+zsOs-\ a^O and ,?=ki+k 2r?+...+k sf? s ' 1 
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then 6>/?=a,k s+k 2i?+...+k' sı9 s" 1. Since 0 epK, i f ß e K then 0ß epK and i f 

^ e p K t h e t i ó¡/? e K . Thus we obtain 

Let <p = <pa O o ı t henby (5) and (9) we have 

(<pUj)s =?" , {|(? + i) + ^ ^ ( i + (-o j- ,,/9) + * ( o } a + (-oJ>/?) 

(10) 

( 9 S , T i j ) s = g - | | | ( g - l ) + ^ o ^ ( - l + (-O j" iVi) + ̂ | c - 1 + ( - ^ Ä 

and by (10) 

(qrUOsK), ( 9 S , ^ ) s = l , (q>S, T|i)s=0, ( (p S , î l 2 ) s=l 

i i ) q=3 (mod 4): r¡=+\ and i f cp=q>ıs(i,...,o then by (8) and (6) we have 

(cpUOs^l, ( (p s ^ 2 )s=0, (<P S ,TI , )S=1, (9 S,Tn)s=0. 

I f io = ^ 0 „ then by (6) and (9) we have 

(q>S, Tij)s = ? - ' { ^ ( g - l ) + y ( I ) ^ ^ ^ 

and by (11) 

( q > s ^ i ) s = 0 , (q> S ,^)s=L (<p S ^.)s=0, (cps, r | 2 ) s = l . 

b) I f s=2n, O G N : Then q = t (mod 4) and i f 

(p=<Pi,o Q by (5) and (8) we have 

(cps, ^ ) s = 0 , ( c p s , ^ 2 ) s = L (9 S ,T l i ) s -0 , ( (p s , n 2 ) s=l . 

I f <P = <Po o.0lby (10) 

( < p S , 4 i ) s s l , (<p S,k)s=0, (q> s ,Tn) s =l, (q>S, Tl2)s=0. 

3) I f 0 e K by property I for any S G N 

( I I ) 
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-k.l-<JÏ) for ? =l (mod4) -%\+Jq) for ^ ] ( m o d 4 ) 

-k^i-Jq) for ?=3(mod4) 

I F > 7 ^ 1 . 0 o : 

i) q ^ l (mod 4): Then by (5) and (8) we have 

(<p S^i)s=l, (<pU 2)s-0, (q> S ,Tl i )s=l , (q>S, Tl 2 )s=0. 

i i ) q=3 (mod 4): Then by (6) and (8) we have 

(cpUOs^L (cpS,^)s=0, ( 9 S , T I , ) S = 1 , ( 9 S , r ] 2 ) s =0. 

Finally using the above proposition and property 3, we have the following 

theorem: 

Theorem. I f e+, e z . t e e , e^}, ê  2 , ê  ( t e n 2 t are the central idempotents 

afforded by the irreducible CSL(2,q)-characters <J>, XL> 6j, £h 2̂> Tl2 

respectively and e h K is the central idempotent afforded by the irreducible 

CH-character (p h j h [ then: 

1) The primitive idempotents o f the group algebra CSL(2,q) which 

correspond to <j), Xi» a r e a s follows: 

e*ehi h_ ; e x. eL h > ; e6 . e h | „_ respectively, 

where l < i < ( q - 3 ) / 2 ; l < j < ( q - l ) / 2 , l < h ; < p - l , i=l, . . . ,s; (h b . . . ,h s)^(0,...0). 

2) I f 9 e p K and # s = ai+a29+...+^ 9"\ a^O, then the primitive 

idempotents o f the group algebra CSL(2,q) which correspond to £j, £ 2, T ) I , r j 2 

are as follows: 

a-) I f s=2n+l ,neNu{0} 

e i l

e ) . 0 , . . . 0 ' CQ 0 , O [ s e i ) , e i , 0 , . . , 0 ' e 0 0,f| 

, respectively. 

b-) I f s=2n, n £ N 

e i , e 0 0,o, » e £ j e i . O 0 ' e ; i , e 0 0,o, > ^ ^ I . O 0 

, respectively. 
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3-) I f ÛeK and u = J then for any seN, the primitive 

idempotents o f the group algebra CSL(2,q) which correspond to £,i> ^2» "Hh ^2 

are as follows: 

^ . o 0 ; l , £ 'i 1

1ao...,o"~'; V ı , o . - ° ; a ^ , e i , o j> w " ' -
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