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PRIMITIVE IDEMPOTENTS OF THE GROUP
ALGEBRA CSL(2,q)
NESE YELKENKAYA

Abstract
In this paper a full system of primitive idempotents of the group
algebra CSL(2,q) has been found using normed Gaussian sums over the

finite field F,= GF(q) and a result of G.J. Janusz.
INTRODUCTION
Let p be an odd prime number and Fy = GF(g) be a finite field of order
q=p° forsome seN. Then Fg=F(8) with f{#)=0, where F=F, and .
f(x)= Irr (8 ,x,F)=x"a,x"" -..~apx-a; €F [X]
is the minimal polynomial of ¢ over F. Thus
F,= FOF# .8 Fg
becomes an additive elementary abelian group. On the other hand F'q=Fq\{0}
the multiplicative group of the field Fq, is cyclic of order g-1 and th = <p>
for some generator p. LetK:= <p*> then
F'y= KupK  (disjoint)
Let W=V, , be a nontrivial irreducible additive character of the additive
group Fgsuch that 0<hy,.. h; <p-1; (hy,.. he) #(0,...,0) and
(B) = ghh ks
where f=k,.1; +k,0+..+k 6", 0=k <p-1, i=l,..,8:
g=cos{27/p)+i sin(2n/p) and by abuse of nofation we may also write k,,....k,€F.

Let £ be the irreducible multiplicative character of the multiplicative group F*q

with
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CpY=(-1) forany ieZ.
Now define

TGP )= DEBPB) x,(F)= 2 ¥ W) v, (¥)= 2 WD)

O feF, pek Hepk

and write T(), X)) Yo instead of 15)(&; '), Xl ¥); Y W) for =¥ 100
and we call 7, the normed Gaussian sum over the finite field F,

Let G = GL(2,q) denote the group of all non-singular 2x2 matrices over
F, and S = SL(2,q) denote the group of 2x2 matrices over Fq with
determinant unity. S is a normal subgroup of G.

In this paper we will use the following properties to obtain the primitive

idempotents of CSL(2,q) which correspond to the irreducible CSL(2,q)

characters.

Property 1 ([6] ). 1. Fg= F(p) = F(p®); ie. p and p? are primitive
elements of F, over F, namely, & can be chosen as p and p? for any seN,

2.a) If s=2n+1, neNU{0} then 1¢), X and y, are independent of the
choice of the primitive element 4.

b) If s=2n, neN, then
_ - 1 1
Ty '\/a’ x(s)=‘5(1+w[i)§ Y(s):‘a(l_@

for any primitive element 8 epK.
c) For any seN and for any primitive element 8 e<p™>=K we always

have
_ 1 1
T TG Xy = *5(1—%/‘31_); Yo =—5(1+WJ5),

where

{—H,iqul(modét) iy
- =T

{+i,if q =3 (mod 4)

Property 2. G be a finite group of order n and X be an algebraically
closed field with characteristic not dividing n. If » is an irreducible KG-

character affording the central idempotent e, of KG, then
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e~ x()a' Zx(g")g

el

where y(1) is the degree y .

Property 3 ( [2], [3]). Let H be a subgroup of G, w be an irreducible
KH-character of degree 1 and 17 an irreducible KG-character. Assume that the
multiplicity of 11 in the induced KG-character w© is one. If m and y afford the
central idempotents e, and e, respectively, then e,e, is a primitive idempotent

of KG which corresponds to n.

Method and Results
Let & be a primitive element of Fg; ie. Fg=F(#). Consider the
following elements of S= SL(2,q):

1 0 .
a =| i afr=1; i=l,.s.
87 1 '

Then $ has the elementary abelian subgroup
H= <a;>x..x<a;>.

The order of H is q. Since [S[= q(q’-1), then H is a Sylow p-subgroup

of § and
_ 1 0
H {[ﬁ JJ ,BEFq}

All the characters of <az> are linear and with the form
¢, (@)= ",
where g=cos(2n/p)+isin(2n/p); 0shizp-1; i=1,....,s.

Thus all the characters of H are linear and with the form
(@, - 9y) (@y=e"  (O=hi<p-1; i=l,..s)

Let us denote them by the symbol g, , .

10
If x=(ﬁ I),/}:k,+k29+...+k$9"",, (0<k;<p-1; (K, ky) # (0....,0))

is an element of H, then

Thus we have all irreducible €H-characters which are given by table 1. 101




Irreducible CH-characters

A=k +kG+...+k & k=01, p-1;

(kp,.k=(0,..,00,h=0,1,..p-1; i=1,...5; £"=1, el

Element Number of Number of
Conjugacy elements in P,
Classes the conj. class
)
| 1 |
o1
(1 0] 1 1 ki kh
ﬂ 1 q- PLIUTLEL
Table }
The irreducible CG-characters are given by table II in {5] and are as
follows:
Irreducible Degree Frequency
CG-Characters
tn) 1 g-1
}
ot q g-1
ki
{m 1) +l 1
q g —1%q —
i 2(q 1Xq~-2)
) g-1 1
Zq—l Eq(q_l)
Table 2

All the elements of H-{1} are conjugate in G and each of them are

similar to the matrix

We thus have the values of irreducible CG-characters on H. They are

shown in Table 3. .

)

.......
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Elemens z%‘n} z&”’ Igrhn) ZL{)}
C’ (:) 1 q q+1 q-1
1 4
(g }) 1 & ! 1

Table 3

is a nontrivial irreducible character of H, we have



http://ylm.it

Z P(x)=-1

acH-)}

If y= x" is anirreducible CG-character, by

Table 1, Table 3 and (1)

where yy is the restriction of ¢ to H . By Frobenius Theorem

(e = 1,

((pG= X)G=(q):X.H)H = 1.

Let S=SL (2,q). The conjugacy classes and character table of S is given

in [1]. The irreducible CS-characters are as follows:

irreducible Degree Frequency
CS-charac.
ls 1 1
4 q !
+1
X 4 %lq-ﬂ
1
8; gt a1
|
£ Al 1
!
E, }*(qﬂ} 1
]
T E(Q‘l) 1
1
L E(Q‘l) 1

[1-0J (1 o}
Letlz - C= 1
01 1 1

o
p 1

Forany xe$, let (x) denote the conjugacy class of § containing x.

If BeK then (; (D e(c); if pepK then (; (:] (d).




Thus we have the values of the irreducible CS-characters on H. They are

shown in Table 5.

The values of irreducible CS-characters on H.

ig ¢ X 8 £ ) uh Nz
1 1 q g+l g-1 toen Faen Zu-u 1o
e i 0 ] - Joendn § Si-dp | Seteadn b awdo
d 1 0 1 -1 H-min | feew | seewf) | et
Table 5

If g=1(mod 4), theelement (-1) is asquare in F',. If =3 (mod 4),
the element (-1) is not a square in F'q , sothat ¢! and ¢ are not conjugate and
d’ and d are not conjugate in S, forcing ¢e(d), d']e(c). Thus we have the
following Lemma:

Lemma. I. For q =1 (mod 4): Every element of H is conjugate to its

inverse in S.

2. For q=3 (mod 4): ¢'e(d), d"e(c).

Let ¢=,, , be a nontrivial irreducible character of H. By Frobenius

(9%%= % and ((6%°x)0= (9", x5)s -
Thus we have by (3)
(9% xs)s = (05 1)o=1
and by {4]
(Xss xs)=1 or2
Then it is easy to see that
(% $)s =1, (@°, 1)s=1, (9" 8)s=1 , 4)
where 1 <1 <(g-3)/2; 1<j<(q-1)2

IYIf g=1 (mod 4): Then xn=+1 and
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(0, E)s = (@.Epn =

=q"{§<q+1> +[Z‘P(ﬂ)};—(1+(-l)“ﬁ)+[ Z‘P(ﬁ}J%U +c—1>’ﬁ>}

Pek Depl
=1 or 0.

(5)
©°, s = (@Mn=

=q"{%(q—1)+(wa)}%(—1+(—l)"‘\/q')+[Z‘*’(ﬁ)J %(-”(“U"@}
Fepk

pek

=1 or 0.

2) If g=3(mod4): Then »=+iand

(‘PS= Eds = ((P,éjLH)H;

=q” {é(q +1) +(Z‘P(ﬁ>}éa+(—n-f i7) +(Z‘P(ﬂ)J S+ (D" iﬁ)}

Fek Pepk

=1 or 0,

(6
((PS» s = (@nymn =

:q"{é(q-1){2%@}%(-“(—1)" iJEH(Z‘P(ﬂ)} L (D) iﬁ)}

fek peck
=1or0,

where  j=1,2; B=k +k,0+..+k 87, 9o=0 hons F(B)= ghibir kb .

.....

=1, s21; 0 s kj < p-1; 0<h; <p-l, i=1,.8; (hppeh) 2 (0,..,0) and i=+=1.

If (¢°£0)s=] then (¢%5:)5=0 and (¢°m)s=1, (¢°n2)s=0.
)
If (¢%8;)s=0 then (9°&x)s=1 and (9°11,)s=0, (¢°ny)s=1.

Since x,(¥)= 2. w(B), ¥u,(w)= 2P, using (5), (6), (7)

Bek PepK
from the solution of a simple system of linear equations, we obtain the following

result which we have already shown in [6] by another way.
1 I
Lemma 2. { x, (), y,(¥) } ={-2(1 - o), - 5+ n\/E)}

Where T\:{H far g=i (modd) : i:‘\[—_l . 105

+i for q=3 (modd)




Proposition. 1) For any nontrivial irreducible character ¢=¢, , of H,
(@%9)s=1, (0%)s=1, ("85}
where 1 <i<(q-3)/2; 1=i<(q-1)/2.
2)Let epK and 6°=a;+a,0+...+a, 0°', a20. q=p".
a) If s=2n+1, neNwW{0} then for ¢=¢ 0. 0

(©%805=1, (9°E2)s=0. (¢°,1)5=1, (¢°,12)s=0

and for =ty 0. a

(0%,81)s=0, (0°E)s=1, (0°1)s=0, (9" mz)s=1.
b} If s=2n, neN then for @=@4 o

((Pssél)sz()» (CPSaiz)s=1, ((Pssﬂl)szoa ((Ps,ﬂz)s=1
and for =@ o, _ga,

(@%E0s=1, (9°.82)5=0, (9°m)s=1, (9°,n2)s=0.

(@551, (95620620, (0°m)s=1, (9°12)s=0.
Proof. 1) See (4).

2) Since @ epK then by property 1

—10-nJg) for s=2n+, neNup) ~2(1+7Jg) for s=2n+1, neNUp}
KXo = and Yu=
—%(I-J-JE) for s=2n,neN —%(1—\,’3) for s=2n, neN

+1.q=l (madd) ‘
where 7 ={ S A

+i.qe3 (madd) :‘
a} If s=2n+1, neNw{0}:
i) q=1(mod4): n=+1 andif @=@0, o then

D W =ry ) VB =y, ®)
Pek Pepk

Thus by (5) we have

((Pss‘il)s:la ((PS, £2)s=0, ((PS,T]I)5=1, ((Ps,nz)s=0-

If @°=a,+a; @+..+a,6"", a;#0 and A=k, +k,0+..+k,0°"
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then Bﬁ=a,k5+k'29+...+k'5|95'l. Since @epK, if feK then 88 epK and if

A epK then g8 eK. Thus we obtain

ZEalﬁ! - Zgh = Yy Zsalk‘ - ng‘ RO )

fek fepk feplk Aek

Let p=¢, ,,thenby (5} and (9) we have
1 1 - 1
(0%, £s =qf'{;(q 1)+ 2 21+ (1) ‘«/E)+x¢.f)5(1+(fnf\/5)}
(10)
a1 1 " 1 .
(@, my)s =4 '{Ecq—l)+yl,,5(-1+(—1)l 'JE)+x(,,5<-1+(—1)JJE)}
i=1,2
and by (10) _
((pss él)S:O’ ((Pss E_\l)S=1: ((psa M l)S=03 ((Pse TIZ)SZI
ii) g=3 (mod 4): »=+i and if @=@¢;4_g thenby (8) and (6) we have _
(% 80s=1, (9% Es570, (0%, Mm)s=1, (9°, M) |

@ &)s =g {é‘(qﬂ) + Y %(1 + (D iyfg)+x,, %(l +(=1)"" iﬁ)}
(11)
(@% s =47 {%(q -1 +y, %H-F (-1 i\/E)v%x(,}%(wI + (D iﬁ)}
j=1.2 '

and by (11)
((psa é])SzO, ((psv &2)521, ((Ps'» 4| I)S:O: ((PS: T‘?)S:I-
b) If s=2n, neN: Then g={ {mod 4) and if
@=0@ig. o by (5) and (8) we have
(@, EDs=0, (% £2)s=1, (¢°, n)s=0, (9%, n2)s=1.
If p=p, 4, by (10)
(q}ss E;I)S=15 ((PS': E,J)S:Os ((Pss T}I)Szls ((Pss n2)5=0-
3)If ¢ <K by property | forany seN
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—%(I-Jq_} for g=1({mod4} —%(H Jg) for g=i(mod4)
Kim = v Ya=
_“5(1_1@) for g=3(mod4) Ji(m\,q) for g=3(mod4)

o=@,
i) g=1 (mod 4): Then by (5) and (8) we have
(0% 80571 (9% &s=0. (0", M0s=1, (97, 112)s=0.
ii) g=3 (mod 4): Then by (6) and (8) we have
(@, &)s=L (9% €570, (9% ns=L (9% my)s=0.
Finally using the above proposition and property 3, we have the following

theorem:

Theorem. If ey, €, | €, €&, €, &, , €, , are the central idempotents

afforded by the irreducible CSL(2.q)-characters ¢, xi, 6, &, &, mi, M2
respectively and e, , is the central idempotent afforded by the irreducible
CH-character ¢, , then:

1) The primitive idempotents of the group algebra CSL(2,q) which
correspond to ¢, ;. ©; are as follows:

.......

€ Chirn, > S1i iy, €8 4 Gy, respectively,

where [ <i<(q-3)¥/2; 1 <j<(q-1¥/2, I <h<p-I, i=1,..,8; (hy,e.ho)#(0,...0).
2) If gepK and 6° = aj+a,0+.+a, 0%, a;20, then the primitive
idempotents of the group algebra CSL(2,q) which correspond to &;, €2, 11, 12
are as follows:
a-) If s=2a+1, ne NL{(}
€ €000 €50 000 €5,600,.00 Oy fa. 0a
, respectively.
b-) If s=2n, neN
€ %, 000 %000 €506 800

, respectively,
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1 6
3-) If 0K and u:[o ) then for any seN, the primitive
P

idempotents of the group algebra CSL(2,q) which correspond to &, &3, M1, ™2

are as follows:

. -1, . -1
€: € o, _a> M Erg olf 3 €y €p gy UEHEp oM
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