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A STOCHASTIC EPIDEMIC MODEL 

P.K. DAS a n d S.S. DE 

A b s t r a c t A s t o c h a s t i c e p i d e m i c m o d e l o f SIS t y p e has 

b e e n i n v e s t i g a t e d . F o r t h i s , t h e c o r r e s p o n d i n g F o k k e r - P l a n c k 

e q u a t i o n h a s b e e n s o l v e d f o r s t a t i o n a r y o r e q u i l i b r i u m 

t r a n s i t i o n p r o b a b i l i t i e s . The s p a t i a l p a t t e r n s o f s p r e a d f o r 

t h e i n f e c t i v e s f o r d i f f e r e n t t r a n s i t i o n s t a t i o n a r y s t a t e 

p r o b a b i l i t i e s h a v e b e e n o b t a i n e d 1 . 

1. I n t r o d u c t i o n 

The a i m o f t h e p r e s e n t p a p e r i s t o i n t r o d u c e a 

s t o c h a s t i c e p i d e m i c m o d e l o f SIS t y p e . A n d e r s o n a nd May 

1979 , [ 1 ] L i u e t a l , 1987, [ 2 ] , H e t h c o t e a n d Van den 

D r i e s s c h e 1 9 9 1 ; [ 3 ] M e n a - L o r c a a n d H e t h c o t e 1 992, [ 4 ] and 

o t h e r s h a v e c o n s i d e r e d t h e d e t e r m i n i s t i c e p i d e m i c m o d e l s o f 

SI S t y p e s . H e r e , a s t o c h a s t i c g e n e r a l i s a t i o n o f s u c h a m o d e l 

h a s b e e n p r o p o s e d . I n t h e f o l l o w i n g s e c t i o n , t h e F o k k e r -

P l a n c k e q u a t i o n f o r t h i s m o d e l has b e e n d e r i v e d a n d s o l v e d . 

I n t h e s u b s e q u e n t s e c t i o n , t h e r a n d o m s p r e a d o f t h e 

i n f e c t i v e s h a s b e e n i n c o r p o r a t e d i n t h i s s t o c h a s t i c m o d e l 
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a n d c o r r e s p o n d i n g F o k k e r - P l a n c k e q u a t i o n has b e e n s o l v e d f o r 

t h e e q u i l i b r i u m t r a n s i t i o n p r o b a b i l i t i e s . The s p a t i a l 

p a t t e r n o f t h e s p r e a d f o r i n f e c t i v e s has b e e n o b t a i n e d f o r a 

f e w c a s e s o f t h e s e e q u i l i b r i u m t r a n s i t i o n p r o b a b i l i t i e s . 

2. S I S S t o c h a s t i c E p i d e m i c Model 

I n a S I S e p i d e m i c m o d e l w i t h a f i x e d p o p u l a t i o n s i z e N 

i s d i v i d e d i n t o d i s j o i n t c l a s s e s o f s u s c e p t i b l e s S ( t ) and 

i n f e c t i v e s . I ( t ) w h i c h d e p e n d o n t i m e t s u c h 1 ( 0 ) = I 0 >0 a n d 

S ( t ) + I ( t ) = N. The r a t e o f i n c r e a s e o f i n f e c t i v e s due t o 

t h e e x p o s e o f s u s c e p t i b l e t o t h e i n f e c t i o n a g e n t s o r 

i n f e c t i v e s i s g i v e n b y (p + p') S ( t ) w h e r e p and p' a r e 

d e t e r m i n i s t i c c o n t a c t r a t e a n d i t s s t o c h a s t i c f l u c t u a t i o n 

r e s p e c t i v e l y . I t i s assumed h e r e t h a t i n f e c t i o n d o e s n o t 

g i v e r i s e t o i m m u n i t y a n d t h e r a t e a t w h i c h i n f e c t i v e s 

r e c o v e r a n d become s u s c e p t i b l e a g a i n i s g i v e n b y ( y + y') I ( t ) 

w h e r e y a n d y' a r e d e t e r m i n i s t i c r e c o v e r y r a t e a n d i t s 

s t o c h a s t i c f l u c t u a t i o n r e s p e c t i v e l y . 

A l s o , i t i s i m p l i c i t y a s sumed t h a t b i r t h s a n d d e a t h s 

o c c u r w i t h i n t h e f i x e d p o p u l a t i o n s i z e N a t e q u a l r a t e s a nd 

t h a t a l l t h e new b o r n i n d i v i d u a l s a r e s u s c e p t i b l e . The r a t e 

o f d e c r e a s e o f i n f e c t i v e i s g i v e n b y (8 + 5') l i t ) w h e r e 6 

a n d 5' a r e t h e s p e c i f i c b i r t h a n d d e a t h r a t e a n d i t s 

s t o c h a s t i c f l u c t u a t i o n r e s p e c t i v e l y . The f l u c t u a t i o n s P',y',8' 
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a r e s u p p o s e d t o be W i e n e r p r o c e s s e s w i t h s p e c i f i e d 

p r o p e r t i e s as w i l l be g i v e n b e l o w . 

The s t o c h a s t i c d i f f e r e n t i a l e q u a t i o n f o r I ( t ) i s , t h u s 

a g e n e r a l i s a t i o n o f t h e d e t e r m i n i s t i c m o d e l and i s g i v e n by 

I ' ( t ) = (P + P'> l i t ) S ( t ) - (y + y') I ( t ) - (8 + 5') I ( t ) 

= (P + P') I (N - 1) - (y + y') I - (8 + 5') I 

f ( I ) = p i ( N - I ) -<y + 8 ) 1 

g d ) - - i 2 

g ' { I ) = - I 

w h e r e r\{t) = P' and n / ( t ) = p'N - y' - 8' a r e t h e W i e n e r 

p r o c e s s e s s a t i s f y i n g t h e s t a t i s t i c a l p r o p e r t y w i t h 

<n<t> >0 a n d < T ] ( t i ) r ) ( t z ) > = 28 ( t i - t 2 ) 

< r , ' ( t ) >0 a n d < n ' ( t i ) n' ( t 2 ) > = 28 ( t i - t 2 ) . 

The F o k k e r - P l a n c k e q u a t i o n c o r r e s p o n d i n g t o t h e 

s t o c h a s t i c d i f f e r e n t i a l e q u a t i o n ( 1 ) i s 

= f ( I ) + T i ( t ) g ( I ) + T i ' ( t ) g ' ( I ) (1) 

w h e r e 

dp 

dt 
= -p 51 - f ( D 

dp 

ai + a i 2 { ( g 2 + g , 2 ) P l 
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T h i s p a r t i a l d i f f e r e n t i a l e q u a t i o n c a n be s o l v e d f o r 

t h e e q u i l i b r i u m t r a n s i t i o n p r o b a b i l i t i e s f o r l a r g e I a n d i t 

i s f o u n d t o b e 

2 B I " PN + y + 5 

P ( I , t / I 0 , t 0 ) = - p - e a 0 [ 1 - ^ + - i L 

CD B C 3 Ĉ D 7BC C j C 2 _ A 
1 8 I J 1 2 I 3 1 4 4 I J ~ 4 8 I 4 2 4 0 1 " 2 8 8 0 1 " + 1 2 0 1 * 2 0 1 * 

Where 

C: 

A = 
2 

3Cp 

C = - p 

D - - ^ - - £ e t c . 

Thus we s e e t h a t e q u i l i b r i u m t r a n s i t i o n p r o b a b i l i t y f o r 

l a r g e n u m b e r o f i n f e c t i v e s I i s v a n i s h i n g l y s m a l l . F o r v e r y 

s m a l l number o f i n f e c t i v e s we c a n f i n d t h e s o l u t i o n f o r t h e 

e q u i l i b r i u m t r a n s i t i o n p r o b a b i l i t y w h i c h i s g i v e n b y 

m 2 p i 

P ( I , t / I O I t.) - A > - T - » J " " f - « 

y + 5 
F o r , N> — — _ p ->• 0 as I -» 0 
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7 + 5 
F o r , N< _ , p —> co as I —> 0 

P 

T h e r e f o r e , f o r t h e e q u i l i b r i u m t r a n s i t i o n p r o b a b i l i t y 

o f c o m p l e t e w i p i n g o u t o f t h e e p i d e m i c 

Y + 5 
We m u s t h a v e , N< — 

P 

y + S 
A l s o i f N = , t h e n f o r v e r y s m a l l number o f i n f e c t i v e s 

P 

we c a n f i n d t h e s o l u t i o n f o r t h e e q u i l i b r i u m t r a n s i t i o n 

p r o b a b i l i t y w h i c h i s g i v e n b y 

C - I T " 1 

p ( l , t / I 0 , t 0 ) = - p e P _ 

H e r e a l s o t h i s t r a n s i t i o n p r o b a b i l i t y becomes l a r g e f o r 

s m a l l number o f i n f e c t i v e s . 

T h u s , we c o n c l u d e t h a t we c a n h a v e a n e q u i l i b r i u m 

t r a n s i t i o n p r o b a b i l i t i e s f o r c o m p l e t e w i p i n g o u t o f e p i d e m i c 

f o r t h e c a s e when 

y + 5 
N < 

P 

3. S t o c h a s t i c g e n e r a l i s a t i o n w i t h random d i s p e r s a l o f 
i n f e c t i v e s 

We may c o n s i d e r t h e s t o c h a s t i c S I S m o d e l w i t h r a n dom 

d i s p e r s a l o f i n f e c t i v e s , 

F o r r a n d o m d i s p e r s a l o f i n f e c t i v e s t h e s t o c h a s t i c 

d i f f e r e n t i a l e q u a t i o n i s 
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51 — = f ( I ) + T i ( X , t ) + ccA^I (2) 
ot 

De ( 1 9 8 7 , 1 9 9 1 , 1 9 9 5 ) , [ 6 , 7, 8] has i n t r o d u c e d t h e 

s t o c h a s t i c p a r t i a l d i f f e r e n t i a l e q u a t i o n o f t h e f o l l o w i n g 

f o r m ( a l s o o t h e r f o r m s ) f r o m t h e c o n s i d e r a t i o n o f t h e random 

n a t u r e o f t h e c o n t r i b u t o r y f u n c t i o n s o f t h e e c o l o g i c a l 

n i c h e s o r f a c t o r s t h a t d i r e c t l y o r i n d i r e c t l y i n f l u e n c e t h e 

g r o w t h a n d e v o l u t i o n o f b i o l o g i c a l s y s t e m . 

w h e r e X i (X, t ) i s t h e b i o - d e n s i t i e s o f t h e i t h s p e c i e s 

5 ( i = 1,2) a t X € R n ( n = l , 2 ) a t t i m e t a n d S = S(£i) a n d 
8Xi 

s t a n d s f o r f u n c t i o n a l d e r i v a t i v e w . r . t . X i a r e t h e random 

v a r i a b l e s ) . 

F o r d i f f e r e n t c h o i c e s o f t h e f u n c t i o n a l S g i v e s t h e 

d i f f e r e n t g o v e r n i n g s t o c h a s t i c d i f f e r e n t i a l e q u a t i o n s . 

91 dS 
Here' Tt Ti + m x' t ] 

w h e r e , 

S = Jsdx 

= i j [ a ( V i ) 2 - ß N I 2 + -|- ß l 3 + 5 l 2 + y l 2 ] dx 
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The F o k k e r - P l a n c k e q u a t i o n c o r r e s p o n d i n g t o t h e s t o c h a s t i c 

d i f f e r e n t i a l e q u a t i o n ( L a n g e v i n e q u a t i o n ) ( 2 ) c a n be w r i t t e n 

as 

dt X 6 l 2 { x ) 5 l ( x ) 8 l ( x 

r 6 8 8S 

f o r t h e t r a n s i t i o n p r o b a b i l i t y w h i c h c a n b e w r i t t e n as a 

p a t h i n t e g r a l as 

1 t" 
P ( I ' , t ' / I " , t " ) = C J e x p {- — i d t A ( I , I , t ) } D l { t > 

Z t ' 

W i t h b o u n d a r y c o n d i t i o n s 

I { x , t ' ) = 1 ' ( x ) 

I ( x , t " ) = I " ( x ) 

1 r SS Where A ( I , I , t ) = - = - J d x I ( x , t ) + 
2 5 1 ( x f t ) 

a n d I at 
2 

F o r t h e s t a t i o n a r y s t a t e , a { V I } 2 - 0 N I 2 + - y p i 3 + 5 l 2 + y l : 

i s i n d e p e n d e n t o f t i m e i n t h e r e g i o n V o f R2 

a { V l ) 2 - P N I 2 + p i 3 + y l 2 + 8 I 2 = f ( x ) , s a y 

We f i r s t c o n s i d e r f ( x ) = 0. 

T h e n 

2 
c t ( V l ) 2 - p N I 2 + -j- P I 3 + y l 2 + 5 I 2 = 0 (4) 
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The f i r s t o r d e r n o n - l i n e a r p a r t i a l d i f f e r e n t i a l e q u a t i o n c a n 

be s o l v e d b y J a c o b i ' s m e t h o d ( S n e d d o n , 1957) [ 7 ] . The 

s u b s i d i a r y e q u a t i o n s a r e ( f o r t w o d i m e n s i o n a l ) . 

d x j = dX2 d x 3 _ d u i _ d u ; 

2a u i 2 a u 2 •> 2 „ . 0 O 
2 u 3 { I 2 í-pN + y + 5 + — p i 3 } 

du-

• u 3
2 (-2pNI + 2 p l 2 + 2 y l + 2 S l ) 

(5) 

w h e r e 

u i = -P- ( i - 1, 2) 
O X i 

x = ( x i , x 2 ) , I = x 3 a n d u b e i n g assumed r e l a t i o n b e t w e e n x 

a n d X3 t h a t i s u ( x , x 3 ) = 0 o r u ( X i , x 2 , x 3 ) = 0 

From (4) 

a ( u 2 + u 2 ) + u 2 {- PNI 2 + 5 — R l 3 + y l 2 + 8 l 2 ) = 0 (6) 
1 2 3 J I 

S o l v i n g u r s we g e t m = c o n s t a n t = a i ( i = 1,2) a n d u 3
2 { - I 2 | J N 

2 
+ (y + 8) I + — j p i 3 } = c o n s t a n t = a ( s a y ) 

2 2 2 2 
a ( a i + a 2 ) + a = 0 o r , a = -a (a! + a 2) 

We c a n f i n d t h e c o m p l e t e i n t e g r a l o f t h e e q u a t i o n (6) 

a n d h e n c e i n t e g r a t i n g t h e P f a f f i a n e q u a t i o n 
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3 2 
du = E Uidxi = 2 Uidxi + u 3 d l 

i=l i=l 

V ct(ai2 + a 2
2: 

= E Uidxi ± x d l 
i - i — — — ^ 

The s o l u t i o n u = 0 i s given by 

V a (ai 2 + a 2
2 ) 

= (aiXi + a 2x 2) ± J ^ - — - d l = constant 
3" I 2((3N~ y - 5 ) - =- B l 3 

A f t e r performing the i n t e g r a t i o n we have 

I = Y {pN- y - 6) sec h 2 $/2 

where 
A- ( a i X i + a 2 x 2 ) 

Va(ai2 + a2
2) 

For t h i s c ase, the s p a t i a l p a t t e r n has been depicted i n 

F i g . 1 . 

For non zero constant f { x ) , the complete i n t e g r a l can 

be found i n the s i m i l a r f a s h i o n . 

y + 8 

f o r , f ( x ) = -pV3(N-p)\ where p = - ~ — 

we have 
3 s t u 2 V(PN-y-5) A - (AiXi + A 2x 2) I = — (PN-Y-5) seen 2 ^ — x (8) 

V a ( a i
2 + a 2

2)+ 4p{N~p) 3 
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The s p a t i a l p a t t e r n i n t h i s c a s e has been shown i n F i g . 2. 

I n t h i s way we c a n f i n d t h e e q u i l i b r i u m s p a t i a l 

d i s t r i b u t i o n o f t h e i n f e c t e d p o p u l a t i o n . 

C o n c l u d i n g remark : 

I n t h i s c o n s i d e r a t i o n a s t o c h a s t i c e p i d e m i c m o d e l has 

b e e n p r o p o s e d . The F o k k e r - P l a n c k e q u a t i o n c o r r e s p o n d i n g t o 

t h e s t o c h a s t i c p a r t i a l d i f f e r e n t i a l e q u a t i o n s h a s b e e n f o u n d 

a n d s o l v e d f o r t h e e q u i l i b r i u m o r s t a t i o n a r y t r a n s i t i o n 

p r o b a b i l i t i e s . F o r s e v e r a l v a l u e s o f t h e t r a n s i t i n 

p r o b a b i l i t i e s i n c l u d i n g t h e maximum one t h e s p a t i a l p a t t e r n s 

h a v e b e e n c a l c u l a t e d a n d d e p i c t e d i n t h e f i g u r e s 1-2. These 

p a t t e r n s t h u s c o r r e s p o n d s t o h a v e some f i x e d p r o b a b i l i t i e s . 

One i s t h e maximum p r o b a b i l i t y a c t u a l l y f i g 1 . c o r r e s p o n d s 

t o a s p a t i a l p a t t e r n h a v i n g t h e maximum t r a n s i t i o n 

p r o b a b i l i t y . 
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