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BOUNDEDNESS AND STABILITY RESULTS FOR A CERTAIN SYSTEM 
OF FIFTH ORDER NONLINEAR DIFFERENTIAL EQUA TIONS 

Cemil Tunç* 

Abstract: The paper studies equation (1.1) İn two cases : (i) ?sQ, (it) P(^0) satisfies, 
\P(tXY,Z,W,U)\ * + <5j (İi'H + l^l + 1^1 + 1^1)]^, where 0(t) is a nonnegative 

function of t. In case (i) the asymptotic stability in the large of the trivia! solution of (I. J) 
is investigated; incase (ii) a boundedness result is deduced for solutions of (LI). These 
results generalize some of the results obtained earlier. 

1. Introduction and statement of the results 

We shall consider the real non-linear autonomous vector differential equation of fifth order 

X{S)+F(X,X,X,X )XiA) + 0(X,X)+G(X,X)+H(X)+ ¥(X)=P(t, 

X.X^X.X^) (1 .1) 

or its equivalent system 

X ~ Y, Y = Z, Z = W, W = U, 
(1 .2) 

¡7 = - F(X, Y.Z, W)U-€>(Z,W)- G(Y,Z) -H(Y) - *F(X)+P(t,X, Y,Z. W, U) 

where X e R" , R" denotes the real n -dimensional Euclidean space RxRx...xR (n factors), 
R=(.OD,CO),F is an nxn-matrix function,^; R" x R" -> R" , G : R" x R" -±R" ,H :R" ->Rn, 
: R" ~>R" and P : Rx R" x R" x R" x R" x R" —> R" . 
The dots as usual indicate differentiation with respect to t. The non -linear functions F , @, G, 
H and *F are continuous and so constructed such that the uniqueness theorem is valid. The 
equation (1.1) represents a system of real fifth-order differential equations of the form : 

+ g(xl,.,.,x,/,x\,...fxj + hl(xl,...,xn)+if/l(x],...,xj 

=p£xl,...,xi/,xl>...,xf,xl,...,xn;x ,xn;x[*},...,xl4)), (i = 1,2,-,»). (1 .3) 

Key words : System of non-linear differential equations of the fifth order, Lyapunov function, 
Global stability. 
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Finding sufficient conditions for stability and boundedness of solutions is a problem of general 
interest in theory of differential equations. The problem in this paper, in the case n =1, has been 
the subject of intensive investigation in recent years (see, in particular, Abou-El-EIa & Sadek [3], 
Chukwu [5], Tunç ([10], [12]), Yuanhong [14]). Recently, Abou-El-Ela & Sadek [4] and Sadek [8] 
established sufficient conditions for the asymptotic stability in the large of the zero solution of the 
vector differentials equations 

X(S)+AX{i)+0(X)+G(X)+H(Xj+BX= 0 
and 

X{5) +F('X)X{4) + 0(X)+G(X)+H(X)+ *P(X) = 0, 
respectively. 
Tunç [13] derived similar results for the problem 

X^^+FfX, X)X{4) + @(X,X)+G(X)+B(X)+ Y(X) = 0 

The first result obtained is comparable in generality with the results of Abou-El-Ela & Sadek [4], 
Sadek [8] and Tunç [13]. This paper also gives an n-dimensional extension for Abou-El-Ela & 
Sadek [3] and Chukwu [5]. Furthermore, the present work is the first attempt to obtain sufficient 
conditions for boundedness of solutions of fifth order vector differential equations. 

We need the following notation and definitions : 

1. \ (A), (i = l,2,...,n) are the eigenvalues of the nxn -matrix A. 
n 

2. <X,Y> corresponding to any pair X, Y of vectors in R" is the usual scalar product '^Jxjyi . 
;=1 

<X,X> = \\xf for arbitrary X in R" . 

3. The Jacobian matrices J(0(Z, W) \ Z), J(&(Z, W) \ W), J(G(Y,Z) \ Y), J(G(Y,Z) \ Z), JH (Y) 
and (X) are given by 

J(0(Z,W)\Z) = 

J(0(Z, W)\W) = 

J(G(Y,Z) \ Y) = 

J(G(Y,Z)\Z) = 

s s 

af> 

J) 
( 
t 

> 

r \ 

1 

, 0\j = U,...,n). 

Moreover, let the Jacobian matrices J(0(Z, W) \ Z), J(0(Zr W) \ W), J(G(Y,Z) \ Y), J(G(Y,Z) \ Z), 
JH (Y) and Jv (X) exist and are continuous. 

In the case P=0, we shall prove ; 
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Theorem 1 Further to the basic assumptions on F, <J>, G, //and IP, we assume the existence 
of arbitrary positive constants a, ,al ,a, , a, ,as and of sufficiently small positive constants 
e0, e, £{, £r ,£3, st , £<, such that 

(i) a, a , - a, >0. (a, al - a, )a, - (at at -a5)a, > 0, 
(1 .4) 

S0 = fa, a, - c, as)(al a} - a,) • (at a, -a J1 >0 , 

J j ^ - a ^ a -a,) f o r M Y e R " , (1 .5) 
( o r , a t - a , ) 

( g v ^ - ^ _ ( g , g ) - a s ) r ( r ) _ A > 0 f o r a l l r g r _ 
(axaA-as) a4(ala2-a^) 

where 

rXY)~\jH<<sY)d<T. (1 .7) 
o 

(7/) F££ r.Z, W9 is symmetric and 

^ [ F i l J ' . Z ^ - a . / m for ail Xr.Z, ^ / ? " 0=l,2...,n). 

(Hi) &(Z,ty=0, J(0(Z, W)\Z) is negative-definite, J(0{Z, W) i W) is symmetric and 

0<A \{j(<^Z,oW)\dW)-a2l)d<T <e2 for all Z, fiW,2 n/ 

(iv) G(Y,Q)=0,J(G(Y,Z)\Z) is symmetric, J(G(Y,Z) 11? is negative definite and 

0 < ^ ^ J [ j ( G ( r , o 2 ) | o - Z ) - a 3 / } r f C T ^ 3 for all 7, Ze/J" (i=l,2,-,n). 

(v) H(0)=0, }H(7) is symmetric, 4 ^Jjff(rfO<*£rj - J a ^ / - y w ( y > | ^ 4 and 

JH(Y)~ \jH{<yY)dcr\<-^~-^ 7 f o r a 1 1 Y e R " (i=h2,...,n). 
\ 0 J a* ( « [ « 2 - « 3 ) 

fv/; tffty = 0, J T fX> is symmetric and 

Ö<4 (a5I-Jv(X)) <s5 forall Aet f" f/=/,2 n). 

(vii) JV(X) commutes with JV(X') for all X, X'e R", 

A,^Jv(aX)dajza^>0 {ov^lXeR" (i=l,2,...,n). 

Then every solution X(t) of (1.1) satisfies 

\x{t)\-*o, i | l ( / ) l ->o , as /->». 
For the case P^O, we shall prove; 

Theorem 2 Let all the conditions of Theorem 1 be satisfied, and in addition , we assume 
that the vector P satisfies 
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j| t 3 ^.^ J".^ w [[ < + ^ 2 rll ill+1| +1| i^jj+[[ t̂ tf̂ ] ̂ r/̂ . (1 .8) 

where <?, , S1 are positive constants and 9(t) is a nonnegative and continuous function of t, and 

satisfies ^8(s)ds<A< <x>, for all t>0, where A is a positive constant. Then there exists a constant D 
>0 such that any solution (X(t), Y(t),Z(t), W(t). V(t)) of ( l .2) determined by 

X(0) = X0, Y(0) = YQ, 1(0) = Z 0 , W(0) = W0, U(0) = U0, 
satisfies for all / > 0, 

|^||<£>, \\Y(t)\\<D, \\Z(t)\\<D, \\W(t)\\<D, \\U(t)\\<D. 

The following lemmas will be applied by the estimations of a Lyapunov function and its time 
derivative. 

Lemma 1.1 Let A be a real symmetric nxn-matrix and a' >^ (A) > a>0 (i=],2,...,n), then 

a'\\X\\7 ><AX,X>2a\\X\\2 , 

a '2 \\X\\2 > <AX,AX> >a2 \\X\\2 . 

Proof See [8]. 

Lemma 1.2 

i . 
(I) 4 - I <0(Z,aW),W>d<7 <<0iZ,W),U>. 

dt 0 

(II) — J <G(Y,oZ),Z>da< <G(Y,Z),W>. 
dt 0 

(III) 4 " i <H(oY),Y>d<J=<H(Y),Z>. 
dt „ 

( , V ) At 
dt 0 

— J <x¥(cX),X>do=<Y(X),Y>. 

Proof (I) See [13] . 

(II) <G(Y,aZ),Z>dcr= } <G(YloZ),W>da^\ <J(G(Y,aZ)\Y)Z,Z>da 
d { 0 0 

+ \ a <J(G(Y, oZ) I aZ) W,Z>da. (1 .9) 
o 

Since/fGlZJ is symmetric from condition (iv) we get 

'f "f V d 
J a<J(G(Y,oZ)\aZ)W,Z>dcT=\ CT<J(G(Y,aZ)\uZ)Z,W>du=\ a~-<G(Y,aZ),W>da 

= <G(Y,Z), W> - | <G(Y, aZ), W>dcr. (1 .10) 

From (1.9) and (1.10) we obtain 

d ' 
— J <G(Y,aZ),Z>da= <G(Y,Z),W>A <J(G(YlaZ)\Y)Z,Z>da<<G(YlZ),W>. dt n 

182 



since J(G\Y) is negative-definite from assumption (iv). 
(Ill) and (IV) can be proved similarly as in (II). 

2. The Lyapunov Function VQt,Y,Z,W,U) 

The proof of the theorems depends on a scalar differentiable comparison function 
V (XY,Z,W,U). This function and its total time derivative satisfy fundamental inequalities. 
We define V as follows 

2V (XJ,Z,W,U) =<U,U>+2ctl <V,W>+ 
2 a 4 ( g , g 2 - g 3 ) 

a,a. - a. 
<U,Z>+2) <0(Z,aW),W>do-

a, -
a 4 ( g , g 2 - g 3 ) 

g, a a. 

+ 2<,P(X),i¥>+2a, J <G(Y,c-Z),Z>da+ 
a2aA{axa2 ~ g 3 ) 

g , g 4 - a 5 

- a4 ~atS <Z,Z> 

+ 2a 3 Ô<Y,Z>+2a, <Z,H(Y)> -2as<Y,Z>+2a, <Y(X),Z>+(Sa, -a, aJ<Y,Y> 

g , g , - a . 

+ 2 £ g , < ^ > + 2 < ^ # f i > + 2 < ? J < ¥ f ^ > ^ > ^ 

where 

( 2 . 1 ) 

(2 .2) 
g,g 4 - g 4 

The properties of the function Kf%r,Z, i f , i / > ) are summarized in Lemma 2.1 and Lemma 2.2. 

Lemma 2.1 Let all the conditions of Theorem 1 be satisfied. Then the function V satisfies 

v(xxz,w,v) = o at H r̂l)2 +||^[|2 +U^|)2 + l | ( 1 2 +U^112 = ^ (2-3) 

V(X,Y,Z,W,U)>0 i f \W Hr\\2+IZI2+\\W\\2+\\U\\2 >0, ( 2 . 4 ) 

V(XXZ,W,U )-+<*> as \\X\\2 ^\Y\\2 ^\Z\\2+\\W\\2+\\V\\2(2.5) 

Proof Clearly V(0,0,0,0,0) = 0, since 0(Z,O) =G(Y,0)= H(Q)=YF(Q) = 0. We now prove 

(2.4) and (2.5). Since i H (Y) is a symmetric matrix, then it follows that the matrix /^defined 
by (1.7) is symmetric. Further, the eigenvalues of rare positive because of (v). Consequently the 

square root J"2 exists, and this is again symmetric and nonsingular for all Ye R". 
Therefore the function (2.1) admits the representation 

2V = WU+a, W+ AK 1 2 ~Z+SY\\2 + 4 0 

g , a 4 - a 5  

g , ( g | g 4 - g 5 ) . ( g , a 2 - g 3 ) 

- g 5 ) ' 
2 + — H 

a , g 2 ~a3 ( g ,g 4 - g 5 ) r
 2 wpo+ 

( g , g 4 - a 5 ) 
a, -
g g . 
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+A7 \\W+at Z | | 3 + 2 > , (2 .6) 

where 

V = 2s\ <r(oX),X>d<7-
a4(ata2 -a3) 

K = 
aAa.a, ~a.) V 

{H{aY),Y)da-{HiX)tY)\ 
a](x4-as { 0 j 

112 

r~*v(X)\ , 

s V 

a \ 0 

K„ = 2 « , J <Gp:oZ),Z>da- a, a, | | Z | | 2 , 
o 

F

5

 = — — T ^ < y . 2 > . (2.7) 

The functions i 7 , , K, and V3 can be estimated as in [13], in fact the estimates there show that 

^"• 'W ' -^L ( ; tJ | 7 1 ' <2-s» 
(G(Y,aZ)) = [J(G(Y, aZ) I oZ^Z], 

G(Y,Z)=\ [J(G(Y,aZ)I o^ZJrfo: 

Since 

da 
then we obtain 

Therefore 

V4=2aJ <G(Y,o-Z),Z>da-a]a1\\z\\ 
o 

=2a , J j <{4Gi7.iT, ^ Z J I C T , i r 2 Z ] - a 3 / } a - 2 Z 1 Z > i / o - | ^ >0, (2.9) 
0 0 

by (iv). 
On gathering the estimates (2.7), (2.8) and (2.9) into (2.6) we conclude that 

+ ^ \\X\\2

 + { I ]]7||2+—J HI \+

2f^'a^l<Y,Z>. 
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It follows from the first six terms of this inequality that there exist positive constants D, .2,3,4,5J 
such that 

2V > D , \\X\y- +2D2 | | Y | 2

 + 2 D 3 | | Z l | J

 +Dt +D5 \\U\\2 

(ataA-a5) 

The inequality (2.10) is the same as the inequality in [13]. Thus the estimates for V give that 

2V > Dt \\X\\2

 +D2 I Y\\2 +D3 \\Z\\2

 +D4 1 W\\2 +£)5 | V\\2 

as İn [13]. 
Lemma 2.2 For every solution (X(t), Y(t).Z(t), W(t), U(t)) of (1.2) we have 

V &~V (X(t), Y(t),Z(t), W(t), U(t)) <0 for all t >0, and especially (2 .11) 
dt-

~V(X(t)J(t)M),W(i),V(t))<Ohr \\X\V + \\Y\\2 +IZ|| 2 +\\W\\2 + | | t / | 2 (2 .12) 
dt 

Proof From (2.1), (1.2) and Lemma 1.2 we have 

V < • {< F(X,Y,Z,W)U,U> - a, <U,U>) 

-[a, <0(Z,W),W>-\a,+ ' 4 V ' 2 ^ -<? <W,ff>] 

- r £ i l a ' g * ~ a a ) < G ^ZJ,Z> - { a , <5<Z,Z>+a, < JH(Y)Z.Z> -a5<Z,Z>}] 
aia4-a5 

- {S<Y,H(Y)> - g i - ( g ' g 2 ~a^<Jv (X)YJ>) - a, <F(X,Y.Z,W)U,W> 
axa4-a5 

a., ( a , a , - a , ) 
+af<U,W>-{<G(Y,Z),U> - a3 <Z,U>}~ ' 2 - - ^ { M Z , J f ? i / , Z > 

1 a , a 4 - a s 

+ j g l g 4 ( g | a a " g 3 ) } < t / , Z > - 5<F(X,Y.Z,W)7.V>+ <Y,U> 

a4(a,a2 - a , ) 
{<0{Z,W),Z> - a, <W,Z>}-{a4 <W,Z> - <WJH(Y)Z>\ 

a]a4 - c f j 

- ai<Y,W>+<J^(X)Y,W>-8{<G(Y,Z),Y>-a, <Y,Z>} 

- 3{<0(Z,W)lY>-a1 <WJ>}-a, a5<Y,Z>+a, <J^(X)Y,Z>. (2 .13) 
rrom (ii) and Lemma 1.1 we have 

<F(X,Y,Z,W)UlU>-al <U,U> >s0\\ U\\2 . (2 .14) 

It follows (2.2), (Hi) and Lemma 1.1 that 

a, <0(Z,W),W>- 1 4 ' 2 \<W,W> 
[ 3 a,a< - a 3 J 185 

file:////X/y-
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= at [ J <{J[ 0(Z,aW)\oW] - a, l}W,W>da] 

a,aA{axa2 ~a3) K m r j / ^ n n r l l J 

+ )aia2-a3+S- * — \<W,W> > e\\IV\\2 . (2 .15) 
aiaA -a 

a Act.a, -a~) 
4 - -<G (Y,Z),Z>-{a2 $<Z,Z>+a, <JH(Y)Z,Z>~as<Z,Z>} 

= g < ( g | g a a ^ J" <J(G(Y,aZ)\aZ)Z,Z>da-{a, S<Z,Z>+a, <JH(Y)Z,Z>-a5<Z,Z>) 

> i _ j _ j S A i i i ^ ^ - i f f , \\JH(Y)\\-a5}<ZlZ>-sa1<Z,Z>>£a, Z 2 

by (iv), (2.2), (1.5) and Lemma 1.1. 
Similarly, by using (2.2), (v), (vi) and Lemma 1.1 we have 

aAa,a1~a.) 
8<Y,H(Y)> - —< J v (X)Y, Y> 

a,a, -a, 

= d\ <YlJfj(aY)Y>da- a^a*a* g^< (X)Y,Y> >eaA \\Y\\2 . 

Thus the first four terms in (2.13) are majorizable by 

- (saA 1 r|| 2 + ea, \\Z\\2 + e\\ W\\2 +e0 \\ U\\2 ) . (2 .16) 

Now let R(X,Y,Z,W,U) denote the sum of the remaining terms in (2.13). By the hypotheses 
of Theorem 1 and Schwarz's inequality we obtain 

I R(X YX W, U)<D7(i, + e2 + s, + sA + es)( || Y\\2 +1Z||2 + J W\\2 +1| U\\2) (2 .17) 

for some constant D>0. 
Combining inequalities (2.14)-(2.17) in (2.13), we obtain 

V< - {saA 1 Y\\2 + ea2 \\Z\\2 +*| W\\2 +£01 U\\2) 

+ A (*, + e s + € 1 + e A + s,X\\ Y\\2 +||Z|1 2

 +|[ r | 2 +|| t / | 2 ) 

< - I m i n i m , , ^ , e, £o}(\\ Y\\2 + | |Z | | 3 + | W | 2 + | U\\2 ) 

i f Z)7(£, + f : + £ 3 + £ 4 + f 5 ) < — min{ea A , eax ,£, £0}. 

Hence , we can conclude that 

V(t)& for all / >0, and especially 

jV(X(t),Y(t),Z(t).W(t),U(t))<0 for \X\\2 + | ( F f + | Z | | 2 + | ^ | | 2 + [ t / | | 2 >0 

which proves the lemma. 
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3. Proof of Theorem 1 

The basic properties of V (X,Y,Z, W,U), which we have proved in Lemma 2.1 and Lemma 2.2, 
justify that the zero solution of (1.2) is asymptotic stability in the large [7]. 

The system of equations (1.2) is equivalent to the differential equation (1.1). There follows, 
thus, the original statement of Theorem 1. 

4. Proof of Theorem 2 

Consider the function V defined as above. Then under the conditions of Theorem 2 the 
conclusion of Lemma 2.1 can be obtained, that is, 

2V>Dt W+D, \\Y\\2+D, | | Z | | 2 + A \\W\2+D5 \\U\\2 (4.1) 

and since P(t,X,Y,Z, W,U)^0 the conclusion Lemma 2.2 can be revised as follows 

V < <U+a, W+ A 1 2 —Z+SY, P(t,XXZ,WtU)>. 

Since P(t,X,Y,Z,W,U) satisfies (1.8), by Schwarz!s inequality we obtain 

V < ( I £/| +a, || W\ +

 a f ̂  " g > ) J2 | | + « | TVIP(t,X,Y.Z, W,U)| 

where D = max i \,a,, ,o f. 
a,a 4 - a s 

Hence we can easily obtain 

v <[D9 + DW r l lI ' l l 2 + ||z||2 +1w\ 2 + 1 1 / | 2 ; ] ^ t ) , ( 4 . 2 ) 

where A = 4ST DT , DA = J, A + 4*. A -

f a a A A l 
Let A i = m i n 1"2"*"2"»~2"*~2*J * T h e n i l f o l I o w s f r o m ( 4 < I ) t h a t 

F > A , ( I ^ | | a + | |2 | | 2
 + | i r | | 2

 + | | f/ | | 2 ) . (4 .3) 

From (4.2) and (4.3) we have 

V < Dg0(O+ DX2V 6(t), 

where A 1 = ~ i L . 

Gronwall - Bellman inequality yields 

where D,3 = V(0)+D9A l g 7 

The proof of Theorem 2 is complete. 
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