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BOUNDEDNESS AND STABILITY. RESULTS FOR A CERTAIN SYSTEM
OF FIFTH ORDER NONLINEAR DIFFERENTIAL EQUATIONS

Cemil Tung*

Abstract ! The paper studies equation (1.1} in two cases : (1) P=0), (if) P{=)) satisfies,
|Paxtzw | < [8, + 6, tiri+izi+w)+ U181, where &1 is a nonnegative
Junction of 1. In case (i) the asymptotic stability in the large of the trivial solution of (1.1)
is investigated , in ease (ii} a boundedness result is deduced. for solutions of (1.1). These
results generalize some of the results obtained. earlier, 2

1, Introduction and statement of the resulis

P et PR T

We shall consider the real non-linear autonomous vector differential equation of fifth order

XX XX, X% (1.1)
or its equivalent system

X =VY=Z,Z=WW=U
(1.2)

U =-FXYZW)U- ®ZW)-G(Y.Z) -H(Y) - FX)+PAXY.ZW.U)

where X e R" , R" denotes the real n -dimensional Euclidean space RxRx.. xR (n factors),

R =(- w, od), F is an nxn - matrix function,@: R" x k" - R",G:R"xR" - R" H:R" -R", ¥
‘R SR and P:RxR"xR"xR"xR" xR" - R".

The dots as usual indicate differentiation with respect to 2. The non -linear functions F, @, G,

H and ¥ are continuous and so constructed such that the uniqueness theorem is valid. The
equation (1.1) represents a system of real fifth-order differential equations of the form :

(5) ) <. . s (4) 2 T ey
x; +Zf‘f.k(xl""’xn’xl""’xu’xl""’xn’xl"“’xn)xk +¢t(x]!“"’xn’xl""’xn)
k=

+ (s 3 e By ) F (s B )+ 90,(% X, )

=D AX s X, s Ky pers X3 K s B3 Epeen X3 X0 x D), (1= 1,210, (1.3)

Key words : System of non-linear differential equations of the fifth order, Lyapunov function,
Global stability.
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Finding sufficient conditions for stability and boundedness of solutions is a problem of general
interest in theory of differential equations. The problem in this paper, in the case n =1, has been
the subject of intensive investigation in recent years (see, in particular, Abou-El-Ela & Sadek [3],
Chukwu [3], Tung ([10], [12]}, Yuanhong [14]). Recently, Abou-El-Ela & Sadek [4] and Sadek [8]
established sufficient conditions for the asymptatic stability in the large of the zero solution of the
vector differentials equations

X4 aX O+ X )+G(X )+ H(X )+BX =0
and

XOLF X)Xy X )+ G X )+ H(X )+ ¥(X) = 0,
respectively.
Tung [13] derived similar results for the problem

XO4F(X, X)X+ (X, )+ G X )+ (X )+ W) = 0

The first result obtained is comparable in generality with the results of Abou-El-Ela & Sadek [4],
Sadek [8] and Tung [13]. This paper also gives an n-dimensional extension for Abou-El-Ela &
Sadek [3] and Chukwu [5]. Furthermore, the present wark is the first attempt to obtain sufficient
conditions for boundedness of solutions of fifth order vector differential equations.

We need the following notation and definitions :

1. A (4), (i = 1,2,..,n) are the eigenvalues of the mxnm -matrix A4,

2. <X'Y> corresponding to any pair X_ ¥, of vectors in R" is the usual scalar product Zx,.y,. .
=1

<XX>=| X" for arbitrary X in R" .
3. The Jacobian matrices J(H(Z W) |Z), (d@Zw) | W), (G¥.2) | 1), JG¥.2)|2), 1, (1)
and J, (X) are given by

HPEZW)| Z) = ] ,

)

L
HBZw) | m) = (

&y

X

(
G2 7= ng_J

(
JGEZ)|2) = L

Ty (1) = [ZJ} Jy (X) = [a"ljJ f,j=12..m.

Moreover, let the Jacobian matrices J{@(Z W) |Z), J(DZ W) | W), JIG(Y.Z) | ¥), J(G(Y,Z) |Z),
Jy (Y) and J,, (X) exist and are continuous.

In the case P=0, we shall prove ;
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Thearem 1 Further to the basic assumptions on F, @ G, [f and ¥, we assume the existence
of arbitrary positive constants a, @, ,a, , &, ,a, and of sufficiently small positive constants
£o, & €, €, 63, &, & such that

(i} a, a,-a,>0(a a,-a,la,-(a a -aja, >0,

(1.4)
8, =(a, a, -o, alla, a,-a,)-(a, a,-a)® >0,

{a,a, —a,a)(a,a, —a;)

= -1 J - 2 fi R". 15
A, @, —a)) la, | 3,0 |-a;}>2c @, forall Y= R", (1.5)
Ll maay) (@@ - ) €, o vep (1.6)
o (aa, - ay) aaa,-a) @ '
where
1
=10, whde (A1)

1]
(i) F(x,Y,Z W} is symmetric and
EZLA FXY.ZW) - a, [1<¢, forall XY,Z WeR" (i=1,2..n).
(iii)  H(Z,0)=0, J(D(ZW)| Z) is negative-definite, JID(Z W)} W) is symmetric and

1
0<A, [f{J(@(z,oW)]am—azf}daJ <g, forall Z WeR" (i=1.2.m).

a4

(iv) G(Y,0)=0,J(G(Y,Z) lZ) is symmetric, J{G(Y,Z} | Y} is negative definite and

. _
0<2 [ ,f{ J(G(Y,02)aZ) -ajl}dcr)ﬁg3 forall ¥, ZeR" (i=12..n).

)
(v) H(0)=0,7,(¥) is symmetric, 4, [ IJH(O'Y)do'J 2a, , a0 - J,(1)|<e, and
0

256,

S forall YeR" (i=12,..,n).
a (e, —a,)

p [J,,(Y)— I7, (o-nda]s

(vi) "0)=0,J, (X} is symmetric and
05l (al-Ju(X) <g forall XeR" (i=12,...n).
{vii} Jy(X) commutes with J,(X*) forall X, X' eR",

H
J,(J-JW(JX)do:]Za; >0 forall Xe R" (i=12...n).
0

Then every solution X7¢) of (1.1) satisfies

lxl~0 Jx @0 L1 @]-0 1E -0 | X lo0  astse.
For the case P=(0, we shall prove;

Theorem 2 Let all the conditions of Theorem I be satisfied, and in addition , we assume

that the vector P satisfies
181

i
i
f
=



lPax. vz <ts,+ 5, +zl+Hwh+ vliao (1.8)
where &8, , 5, are positive constants and &(¢) is a nonnegative and continuous function of ¢, and

"
satisfies ‘[B(s)dssA-c oo, for all 120, where 4 is a positive constant. Then there exists a constant D

>0 such that any solution (X7¥), Y1), Z(t), Wit), Uft)) of (1.2) determined by
X(0) = X, , Y(0) = Yy, Z00) = Z,, W(0) = Wy, U(0) = Uy,
satisfies for all >0,

b l<o, [¥w]<p. | 201 b, |Ww|<b, [U]<D.

The following lemmas will be applied by the estimations of a Lyapunov function and its time
derivative.
Lemma 1.1 Let 4 be a real symmetric mor-matrix and @' 24 (4) 2 a@>0 (i=1,2,...,1), then

o' x]? 2 <4x3> 2 aflx]
a?|X]? 2 <AXax>2at|X]*.
Proof See[8].
Lemma 1.2

d 1
] = I <@, oW) Woda < <@Z W) Us>.
0
d ]
(/)] EI_'[ <G(Y. 02),Z>da < <G(Y,Z),W>.
o
d 1
() -&[—I <H{c¥}, Y>da= <H(Y)}, Z>.
]

¢
() g—t ,[ <PloX)Xodo= <¥(X),T>.
0

Proof () See {13].
1 1

i
(i %f <G(Y,0Z),Z>do= f <G(¥,62), W>do»+f J(G(Y, 62\ ¥)Z, Z>do
0 0

0

3
+ I o <H(G(Y.6Z)| eZ)W, Z>do. (1.9)
0

Since J(G| Z) is symmetric from condition (i) we get

1 1 1

&
j o*d(G(Y,aZ)|aZ)W,Z>da'=I ad(G(Ko*Z)|o-Z)Z,W>do:=I o— <G(Y cZ)W>do
o ] o GO

1
=<G(Y.Z),W> - _[ <G(Y,0Z),Wsdo . (1.10)
0 -
From (1.9) and (1.10) we obtain

d 1
= ) <Gtr.oz).25do=<G(r.z), W+ f <J(G(Y,02)| ¥)Z, Z>do < <G(¥.2), W>,
1] 0 .
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since J(G| ¥) is negative-definite from assumption {iv}.
(1) and {IV) can be proved similarly as in (ID).

2. The Lyapunov Function V(X,Y,Z,W,U)

The proofof the theorems depends on a scalar differentiable comparison function
V (X, Y.Z, W.U). This function and its total time derivative satisfy fundamental inequalities.
We define V' as follows
2a,(2a, -a,)

@,a, —a;

I - a, -
+La3_9_&_ugi_aﬁ s+ 2, BT A ") oh
A, —a &, —ay,

WX Y ZW,U) = <UUs+2a, <U W=+ <l Z>+ 2_{ <IZ, oW}, W>do

T [—azaa(alaz —a3)
+2<¥(X), I2a, | <GY,cZ) Z>da+ Lﬂ“———— a, a0 |<Z.2>
0

oa,a, —as
+2a, 8<¥.Z>+2a, <ZH(Y)> 2a,<Y,2>+2a, <¥ (X),Z>+ (ba, -a, a <l V>

! 2 a, —a
2| catron) vodo+ 2ad@a, —ay)

2a,({a,x, ~a
+ <V (X}, Y>+26<Y, L
o\a, — s oo, —as
1
+28 «, <W,Y>+2<W,H(Y)>+25f <¥aXxj Xodo, (2.1)
D
where
a(aa, ~a
5= {._5(_&__3_). 5} (2.2)
aa, —a,

The properties of the function V (X,Y.Z W, ) are summarized in Lemma 2.1 and Lemma 2.2.
Lemma 2.1 Let all the conditions of Theorem | be satisfied. Then the function V' satisfies

VI EZWU)=0 a x| +| Y] +|z])* +| 7| +] U] =0, (2:3)
vcrzwuy=o if Jx? +xf® +|z]? +j )’ +fu)® >, (2.4)
VX EZWU )0 as JXI7 +Fr|* +fz}* +§ )" +]UL? . (2.5)

Proof Clearly V (0,0,0,0,0) =0, since &(Z,0) =G(Y,0)= H() = ¥0} = 0. We now prove

(2.4) and (2.5). Since J ; (¥) is a symmetric matrix, then it follows that the matrix {"defined
by (1.7) is symmetric. Further, the eigenvalues of ["are positive because of (v). Consequently the
1

square root T2 exists, and this is again symmetric and nonsingular for all Ye R" .
Therefore the function (2.1) admits the representation
2

W = (ura, BT @ Z+ﬁ,1
l aa, —a; (a2, —as)’ &,
y Gal@@ o as) y (@, - %) 173 gy (D520 y+ rzz+ rzwu’
Xy — X, (oo, —as) (o, ~ay)
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5
+A, |Wra, 2|+, (2.6)
[

where
| _ B 2
V] =25I <¥’(O'z@,X>do’-M I 2"I"(X)! s
0 Xy — g
v,= m———{ [ ¢t 1o ), }')}
., -a;
5 2
+{6af3—ala5 aa a‘_as) }lli’l(

1
V,= fllWll’ +2.[ <Pz oW),Wodo- a, |W*,
] 0

1
V, =2a, f <G(Y,02),Z>do- a, a, | Z}*,
0

2e(aa, —a,a;)

vV, = <Y, Z>. (2.7

{a,a, — ;)

The functions F,, ¥, and V| can be estimated as in [£3], in fact the estimates there show that

a.d, £
V> et | X, 0 {*———‘“40, (a;j_a)}nfu%Vszc—,;uwnf. 28)

Since
—rG(Y oz)) = [I(G(¥, o2)| 022,
then we obtam ‘
G(¥, 2) =lf (G, 02)| 0Z}2)do:
Therefore ’ | ,

1
Vv, =2a, _[ <G(Y,0Z).Z>dc-a, a,|Z|*
0

oL
=2, I f NG00, Do, 0, 2)-a l}o, Z Z>do, do, 20, (2.9)
0 0

by (iv).
On gathering the estimates (2.7), (2.8) and (2.9) info (2.6) we conclude that

- S 2
Welra, i EAT =) g, Gy zﬁf—yﬂ A, [ Wra, 7|
aoy —as (@@, —a;) &, :
a0 2e(aa, —a,,)
+eat X+ 3% }Yﬁ W+ 38y Xy ‘
eal || X {4a4(a|a4 17y + — i (@@, ~ ) <V, Z>
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http://%7b4Gi7.iT,%20%5eZJIct,%20ir2Z%5d-a3/%7da-2Z1Z

It follows from the first six terms of this inequality that there exist positive constants D, (7=1.2,3,4,5)
such that

2V 2D, | x| 42D, [Y]* 42D, [ 2)* +D, [ 7] +D, |U|?

2 -
M(Y,ZZ {2.10}
(e, —as)
The inequality (2.10) is the same as the inequality in [13]. Thus the estimates for V' give that
2v 2D, | X +0, §¥I? +D, |2+, 1#]* 40, fU|?
asin[13],

Lemma 2.2 For every solution (X{t), Y(#).Z¢t), W(1), U(¥)) of (1.2) we have

N

V=20 (), Y0, 20), W), Ut)) <0 for all 120, and especially (2.11)

2.

r.

d
=V (XY, 20),W(1), U(9)<0 for x>+ 7Y +1Z]* < %) > +|Uf? =0, (2.42)

Proof From (2.1),(1.2) and Lemma [.2 we have
V <« (< FXYLZWUL - a, <U,U>)
a2, -a,) _
a,a, — &

la, <ozm),w>a, + 5}<W,W>]

i';
|
i

i [a:,,(o:,a2 —-a,)
a,o, — o

<G (VE).Z> -{a, &ZI>+a, <J, (V)ZZ> -a,<ZZ>}]

a,(a,ax, —a;y) '
A&V HY)> - —— < J () >} - a, <FXLZW)UW>
2 AT i
z o, (a0, — ;)
+al<UW>-{<GYZ),U> - a; <ZUs}- ———————< FAY.ZWU Z>

oo, —a,

X, (=
+{!4(E2 3)

}<U,Z>- S<F(X.Y,ZW)Y,Us+ Sa, <Y, U>
aa, — o

a,la,a, — &
) %—;La_}){@(z’ W).Z> - a, <W,Z>}-{a, <W,Z> - <W.J (D Z>}
g T s .

- o, <V, Wot< Sy ()Y, W> - S{<G(Y.2).Y> - a, <Y 2>}

- S{<PZW), V> -a, <W.Y>}-a, a,<YZ>ta, <Jy (X)Y.Z>, {2.13)
rom (it) and Lemma 1.1 we have
<FXY,ZWUUs>-a, <UUs>z2e|U|*. (2.14)
1t follows (2.2), (iii} and Lemma 1.1 that

. @(Zm,%,{wﬁa_«(a__w;_), 5}<m . 8
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file:////X/y-
file:////X/V

=a, [J <{J HZ oW oW - a, NW,Wdo]

Caalaa, -a
+{a,a2 —a3+5——'—;—(;—'——’3—’l}<nf,n/>zg||nf||z. (2.15)
iRy T s
(24 - -

AN 285) o 127 (e, <L Tora, <J, (DI.T5 - <275}

oy — s

afaa, -a,)’
=4t f <J(G(Y,02)| 6Z)Z.Z>da {a, 6<ZZ>+a, <J,(NZT> -a <775}

a4 —ds

- (alad “a:as)(alaz _as)
- a,a, - a

<ZI>-la, | J, (¥ -as)<Z,Z> - ea, <Z Z>2ea, || Z)*
by (iv}, {2.2), (1.5) and Lemma 1.1.
Similarly, by using {2.2), (¥), (vi) and Lemma 1.1 we have

o<Y H(Y)> - <Jy (XL Y>

&, —a;

el =2 0y s zea, |1

oo, ~ O

1
= §j <Y, Jy(oY}Y>do-
0
Thus the first four terms in (2.13) are majorizable by

- (g2, [|¥]* + ga, | 2|7 + ] W] ? +e | U] * ). (2.16)

Now let R(X, Y Z W L) denote the sum ofithe remaining terms in (2.13). By the hypotheses
ofi Theorem | and Schwarz’s inequality we obtain

IR YZW,UNSD, (6, + &, +&, + &, +&)( | F]* +1Z|* +|w]? +[U]?) (2.47)

for some constant D, >(0.
Combining inequalities {2.14) - (2.17} in (2.13), we obtain

Vs-(ea, [T +ea, |Z]* +e| W] +e U] *)
+D,(5 + e, + &t e v )Y+ Z]) 7+ +|UR?)
I
- ominfea, , ga, , & & (| 7] +] 2] * +#]* +|U]* )
1
if D{e +e,+&,+6,+&)S Emin{gaf4 s €0, , & &}
Hence , we can conclude that
V )0 forall 120, and especially
d 2
=V EOYO.Z0.W0),U)< 0 for [X]* +[[¥]* +|Z]* +|w|* +[U]|* >0
which proves the lemma.
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3. Proof of Theorem 1

The basic properties of ¥ (X,¥,Z W,U), which we have proved in Lemma 2.1 and Lemma 2.2,

Jjustify that the zero sofution of (1.2) is asymptotic stability in the large [7].
The system of equations (1.2) is equivalent to the differential equation (£.1). There follows,
thus, the origina) statement of Theorem 1.

4. Proof of Theorem 2
Consider the function ¥ defined as above. Then under the conditions of Theorem 2 the
conclusion of Lemma 2.1 can be obtained, that is,
2V 2 D, |xf* +D, | P} +D, |Z]* +D, |w}* +D, jU|? (4.1)
and since P{t.X,¥,Z, W,U)#0 the conclusion Lemma 2.2 can be revised as follows
alac,~a,)

V <<Uta, W+
axy —a;

Z+8Y, P XY ZW U )>.

Since Pt X, Y. Z, W, U )} satisfies (1.8), by Schwarz’s inequality we obtain
o _ '
@l =) | vl pexrzm Ul
o, —a;

<D, (Jui+wh+lzli+lvins, + &, (ri+fzi+wi+uiney .

v <(|Ul+a W]+

Mcg}

where D, =max {l,al,
o, -a

Hence we can easily obtain

V<D, + Dy (Y17 + z)7 + ) + Ul 1a, (4-2)
where D, =448, D,, D, =8 D,+44,D,.
L D—'{&"&—D—'&}Th it foll fi 4.1) th
et [, =min AR RN E en it follows from (4.1) that

VD, (vt +{z)t + )+ o). (4.3)

From (4.2) and {4.3) we have
V < D,8)+ D,V 6,

where D, = -

Dll
Gronwall - Bellman inequality yields
v < D, exp| [D,6(4s).

where D, =V0)+ DA - 187

The proof of Theorem 2 is complete.
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