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D-LINES ON THE SURFACES OF PARALLEL MEAN CURVATURE IN ARBITRARY
DIMENSIONAL MANIFOLDS OF CONSTANT CURVATURE
Fazilet ERKEKOGLU
Abstract In this paper, we define D-lines on the surfaces isometricaily immersed in

arbitrary dimensional manifolds of constant curvature formally and geometrically after

having proved that for afl arc-length parametrized curves C in M? with the same tangent

vector COET(ME)P ,P= M?, the function

" 0 k t° ((ku)ﬂ_d_kl)
(ki) +k,t, ) =g )

for a=3,...,2+k, is a function of direction, where k,, k, t,, and s are, respectively, the

-
|-
r
[
i

normal curvature, the geodesic curvature, the geodesic torsion and the arc-length of C

and the upper index o indicates the component of the associated vector of C in the e,

direction for an orthonormal framing {e,}27% of the normal bundle. By applying

Hoffman [8]' s results for surfaces of paralle] mean curvature in manifolds of constant
curvature, we obtain the following:

(i) If the immersion is totally umbilic, then every line of M* is a D-line in the e,
direction for o=4,...,2+k and the differential equation of D-lines can be expressed in
lerms of the partial derivatives of the conformal parameter on M? in the mean curvature |
normal direction, :

(iiy If the immersion is pseudo-umbilical, then the differential equation of D-lines

can be expressed in terms of the partial derivatives of the conformal parameter on M2 in
the mean curvature normal direction.

(ili) Away from umbilic points, either every line of M? is a D-line in a normal
direction perpendicular to the mean curvature normal direction, or the differential
equation of D-lines can be expressed in terms of the partial derivates of the conformal
parameter on M? in the normal direction mentioned above.

We use Chen [1}s results to reduce the co-dimension and to obtain the final version of
the results above.

We also generalise certain classical results for D-lines on surfaces in E* and obtain some
new ones.

Keywords: D-lines (Darboux lines), parafie! (constant) mean curvature
MS Classifieation: 53C42 (52A05,53A10,53B20,53B25)
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LPRELIMINARIES

Let i: M>> M {c), ¢=0, be an isometric immersion of a 2-dimensional Riemannian manifold

1

M? in a (2+k)-dimensional Riemannian manifold Mt (¢) of constant sectional curvature ¢ and
fet X and Y be two tangent vector fields on M?; i.e., two members of T(TM?), the space of

smooth sections of TMZ. If < , > denotes the metric tensor on TM”"* than that ofi TM?is given by
<X, L Y>=g(X,Y) (L.1)

For all local formulas and computations we consider i as an imbedding thus identify M* with

i(M?) and TM? with i(TM2cTM ™, deleting reference to i and its induced maps wherever

possible. As a result, for X,YET(MZ)p we write <X,Y> for g()X,Y) which we can do via the

identification. We consider TM " restricted to the base space M2, Let [ ' denote projection in

TM""* onto TMZ. Then the normal bundle NM? is ﬁe bundle whose fibre at P is
NMP),={XeT(M )5 (XT™=0}, (12)

which is the orthogonal complement (with respect to <, >} of T(MZ)lJ in T(MM( }p. We let [ ]N

denote projection onto NM2. Let V and V be the Riemannian connections of M?and M

respectively. V is related to v by

[ VxY]™=[VxYI. (1.3)

Then the second fundamental form B of the immersion is given by

V xY=VxY+B(X,Y). (1.4)
and is a section of I"(TM2®TM2,NM2), the tensor bundle over M* whose fibre at P is the space
of bilinear maps from T(M?*)xT(M?), to N(M?),,.

B(X,Y)=[VxYT", : (1.5)
is a normal vector field on M? and is symmetric on X and Y.
Let NeT'(NM?), we write

VN=AN,X}+DyN, (1.6)
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where A(N,X) and DxN denote the tangential and normal components of v xIN. -A is a section of
I'(NM*®TM, TM?) defined by

<AN.X),Y>= -<B(X,Y),N>, (1.7)
and D is the Riemannian connection on NM2, induced by the immersion, defined by

DxN=[ V xNT". (1.8)
D is easily seen to be compatible with the metric of; NM?,
A normal vector field N on M?, is said to be parallel in the normal bundle if DyN=0 for all
tangent vector fields X.

The mean curvature vector I is the section of NM? defined by

:% trace B. (1.9)

The surface M? in M*** (c) is said to be minimal if H=0 identically.

The immersion M? — M {c) has parallel r‘nean curvature vector field if H is parallel in the

normal bundle. Sometimes this condition will be stated by saying merely that H is parallel.

If the mean curvature vector H and the second fundamental form B satisfy |
<B{X,Y),H>=A,Y), (1.10)

for all tangent vector fields X,Y at PeM? with the same A, then M? is said to be pseudo-umbilical

at P. If M? is pseudo-umbilical at every point of M?, then M? is called a pseudo-umbilical surface

of AI\_/IE*R(C). Similarly, M? is totally umbilic at PeM? if the second fundamental form is a

constant times I, the identity matrix, in every normal direction. If M? is totally umbilic at eve
Y Ty lly 34

point of M2, then M? is called a totally umbilic surface of M (c).
The curvatures associated with V , ¥V and D are denoted R,Rand f{respcctively. For example,
R is given by
R (X,Y)N=DyDyN-DyDxN-Dyx v;N. (1.11)
Ii, like R and R is skew-symmetric on each fibre on NM?, bilinear in X and Y. Also, as is

obvious, R {X.,Y), depends only on X, and Y.
A local orthonormal framing of ™™ (resp., TM?) we mean 2+k (resp.,two) sections e; of

™™ (resp.,TMz) defined on an open set ﬁ(resp.,U) such that <e;ef>=&;. For an immersed
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manifold M2 M {c), we often consider the framing as defined on U | . It will be convenient
MI
T 2+k

to choose framing of TM' ™ that have the roperty that {e;,e;} are sections of TM*cTM ™", and
g p

es,....e2¢k} are sections of NM?, Such a framing is called an adapted orthonormal framing,
p

. . g & . . ek |
Given a basis of coordinate vectors {——,gu-—} of TM%, a completion to a basis of T™ ™ isa
1 2

. o @
choice of k orthonormal sections {eﬂ}i’;: of NM?, We will call {H,am,ej,...,em} an
1 2

adapted coordinate framing of ™™,

For a unit normal section e of NM” and a framing {ei}?:l of TM?

lc‘.‘j =<B(e;,¢{),ee>, (1.12)

is the second fundamental form matrix, in the e, direction, expressed in terms of framing {ei}j

, .
. a8
of TMZ. Similarly, for a coordinate basis {-a—u——} of TM?,
i/ e

g &
Ae=<B| — —— >,
|5 B(Bui ’6‘uj] Lo {1.13)
A normal {or adapted) framing for an immersion M*— M (c) is said to be an Otsuki frame if

e3=ﬁ ,where H is the mean curvature vector of the immersion.

If there exist an orthonormal framing {eﬂ}i: of NM? such that each e, is parallel, then we say

that the normal bundle is parallel. Such a framing of the normal bundle is called a parallel

framing.

2.CONFORMAL IMMERSIONS
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. . 24k . .. . ,
An immersion M2—> M (c), €20, is conformai if there exist coordinates (u;,u;) on M? such that

g &
<-a—u_ ¥>—E(U|,U‘))6 (2.1)

On every surface there exist conformal coordinates locally.

i S g 2K - . .
Now, let M*—> M {c), ¢=0, be a conformal immersion, If (uy,u;) are the conformal coordinates

and ds?=E(du? + du?), then

(i) g=Edy;,
and (2.2)
LB
%
g E’
where
(eh=(gy)".
E
l—'l_ 2_1—'2=_1"] =_’]_
(11) r 12 2E 4
and (2.3)
E,
1—-222 = rlll = rilz = _rlzl = ?E_’
where
JE
E =—
2} aUJ »

and T} are the Christoffel symbols given by

ij
Z.r" .

{iii) The natural orthonormal framing of TM? associated with the conformal coordinates

(up,u2) is

{el,e2}={aui/;/§,é%/x/§}. | (2.4)

(iv)lfie, is a unit normal vector field, then
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L}, = EAS. @.5)

() If {eu }: is an orthonormal framing of NM?, then

2k

I o o
H=EZ(?‘~H +hy)e,
a=3

N SN 5. ,
=— e T . L6
5 2. (e, (2.:6)

a=3

. . N H
(v)If H#0, we may choose an Otsuki frame in which efm. Then

1
H=—(A, +2,)e,

T2
[ SIS
=S e 2.7)
_and
a o Lclll +L‘§2
K+ == =0, (2.8)
for o>3.

(vii) If eq is a unit section of NM? which is parallel, then

E, E,
Z2E 2

and (2.9)

(L, +Ly) =

(L'Tl)sz _(Llultz)n = ()"(Tl + )“32) »

E: a a E’ [ 3 a
(L:ilz)a"(mzz )’I = _EL(LH + Lzz) = —-—2—1(1“‘ +iy).

(viii) If eq is a unit section of NM? which is parallel, and if the second fundamental form in

a o

. . . L, +L5,
the e, direction satisfies =constant, then

L Lt
P, = —”—2—”—11:72, (2.10)

is an analytic function of z=u,+iu,.

(ix) If ep is any unit vector field with <ey,e,>=0 and e, is as above, then

@

=f, 2.11
o @)
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where f is a real function with possible isolated poles. If, in addition, ey is parallel and
ir(l,'ﬁj ) / E =constant, then

(P—B=R, (2.12)

@y

where x is a real constant.

a @
(x) If H=0 is parallel and {Eu-«,gu—,H/“Hl ,64,...,32+k} is a coordinate adapted Otsuki
1 2 '

frame, then
._le%lilz_i = 2JH} =constant,
o (2.13)

is analytic.

If-,- in addition, e, is a unit normal vector field with <e,,H>=0,then
Ly +Ey
——==0 2.14

E ? ( )

and g is analytic if e, is parallel.

A more detailed discussion of the above work can be found in [§].

3. D-LINES

Darboux first studied the problem of determining the lines of a surface whose osculating sphere
is tangent to the surface at each i.aoint, and which are therefore called D-lines.
Let S be a real surface and let C be a line drawn on S, From the above definition one can see a

line C on S will be a D-line if and only if the relation
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dk,
Pk =0. (ki=ot), 3.0

holds along C, wheré ky, kg tg and s are respectively, the normal curvature, the geodesic
curvature, the geodesic torsion and the arc-length of C.
Now, let a D-line on a surface 8 be given in function of any parameter t by

u=u(t), v=v{t)
u and v being parameters on S. Then the differential equation (3.1) can be expressed in function
of the coefficients of the two fundamental forms of S and their partial derivates, namely

A7 ALY AUV H ALY FLun” + MWV 4+ v'u) + Ny —

L3

(Lu' + 2Mu'v’ +Nv'3){1:1JEu'2 +2Fuv +Gv'?| =0, (3.2)
where
L(GE —2FF +FE.)+M(2EF. - EE. —~FE )
3A1=Lu+ (G u u + v)+2 ( 1:\u v F u) ,
2H
M(GE. - 2FF. + FE.) + N(2EF. - EE. - FE
A2=Lv+ ( 1 u u) > ( 0 v u)
7H
L(GE. — M(EG. — FE
Mt (GE, FGu)+2( G, -F \,)’
2H
M(GE, - FG,) + N(EG, - FG.)
A3=Mv+ 2H2
M(2GF, - GG, - FG,) + N(EG, —2FF, + FG, )
=Nu+ 2 s
2H
M(Q2GF, -GG, —FG.) +N(EG, - 2FF. +FG
3A.4=N\r+ ( v u V) 7 ( v v+ I.I)’
2H
and
H’=EG-F?, (3.3)

where E,F,G are the coefficients of the first fundamental form and L, M,N are the coefficients of
the second fundamental form of 8.

This introduction is taken from [9].
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2 = 2+k . . . . . . . .
Let M°— M~ (c), ¢=0, be an isometric immersion given locally in conformal coordinates

{u),u2) with conformal parameter E. If {eg 2*% is an orthonormal framing of NM? we write the

corresponding differential equation in the e, direction for «=3,...,2:tk as

@%=Au’ + AyuTus + Auiuy’ + Aug + LS ujul+ L, (ujul + ujup) + L ujuy -

(L%, u]® +2L0,u) u;+L§1u;3)[1nJEu;2+2Fu;u;+Gu; =0, (3.4)
where
e a L% (GE, -2FF, +FE,, )+ L}, (2EF, —EE,,— FE,l)
JAI_(LII)>]+ 2(EG FZ)
A L%, (GE. -2FF, +FE,, ) + L3, (2EF,,~EE,, -FE,) )
2"‘( 13}:1 Z(EG Fl)
1) L% (GE,,-FG,, )+ L%, (EG,,~FE,; )
1 2(EG-F7%) ’
LC:Z (GE’I —FG’I ) + U—iz (EGal_FEq ) .
A=l + 2EG-F?)
o L (2GF,,-2GG,,+FG,, } + L, (EG,, 2FF,,+FG,,)
~p 2(EG - FY)

L%, (2GF,,~2GG, =FG,, ) + L% (EG, ~2FF,,+FG, )
2EG - F?) '

JAS(LS)n 4 (3.5)

We first make our formal definition.
DEFINITION: Let M*— KJI—M (c), c=0, be an isometric immersion and let C be a line drawn on

M?, C is said to be a D-line in the e, direction if and only if the differential equation (3.4) holds

along C, where {e, }2* is an orthonormal framing of NM?,

\ ik . . . . . P
Let M* > M " (c), ¢20, be an isometric immersion given locally in conformal coordinates

(uy,u3) with conformal parameter E. If {eq }27% is an orthonormal framing of NM? we write (3.4)

and (3.5) as
po=Au + Autul + Aguul? + ALy’ + Lyuiul + L, (uluf +uju!) + L3, ubul -

T

(L0 + 20501 g+ Lu? ) InyEQiT + o) 9] =o. (3.6)
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where

3A=(L0), +

A2= (LCIL[):Z +

=(Lh)a+

A3:(Lcllz ),2 +

LOI[IE’I_LCII2E’2

2E

LTzE’l_LZEsz

2E

L3 E, +15%E,

2E

L

2

Lu]lE'Vl +Lu22 E"l

2E

LTzEaz _LC:IE’I

= (L 2)71 °F s
E%E,,-L,E,
3Agm (L) + =2 3.7
for o=3,...,2+k,

A point where @, is real is a point where the second fundamental form in the e, direction is
diagonaiized. For such an o, by substituting L7, = 0 in (3:6) and (3.7) we obtain

o P} 2 £r12 r3 oo ot
P =AY+ AgupTu Ay + Ayult + Ll uuy + L uiuy -

(L5u + Lyush) B +uh)] =0,

where

(3.8)

a E’l
+L

3A|:(L€|Ll)=| HoR

i

Ay=(L )}, =15

2 IE 3
E
=L} -2

I 2E ks

Lu 1‘:“”I

AS_ 22 2E

=(L5% )L

H ZE

3A,~(1%,).,+12 (3.9)

22 2E
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If e, is a unit normal vector field which is parallel in NM?, then the equations (2.9) becomes

a E’J
(L= SE

and (3.10)

a5 +L%),

o E’l o a
(L= E(Lu + Lzz) ¥

for the mentioned .

o a
A}

If, in addition, the second fundamental form in the e, direction satisfies ——E—&:constam,

then g, satisfies the Cauchy-Riemann equations, Thus

Ly -1
(855 -wn-e
and (3.11)
and then
(L= L,
T =0 (3.12)

Hence we rewrite the equations (3.9) as

E’l 3 o
3A1='2'E(2Ln +Lyn),

E’2 13
Arge

E’l 3
ATt

E, a
3A4=2—E1:(L?1 +2Ly), (3.13)

and the equation (3.8) becomes
1E,
32E

Lo+ Luput — (L + Lou)inyEQ? + wp)] =0 (3.14)

1E,
3 2F

E E |
3 3% 2 3y 2
(215, +Ly)u’ + Lhyui’u) + Luuy” +

°F °E (L%, +2L‘;2)u'23 +

P
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To give the geometric interpretation of the above work we introduce the notion of covariant
differentiation in a tensor bundle of multilinear maps.

DEFINITION: Let T, i=l,....r+1, be tensor bundles over M? with Riemannian metrics gi and

associated connections V' (e.g.(TM?, g, ¥)). If S is a section of H(léT;,Tm) and X is a section of
il

4
TM?, then the covariant derivative of S along X, denoted VxS, is the section of H@T,T1)
i=1

defined by

(VXSXY 1, Y2 V5 (S(Y 1o Y- 2 8(Y e Yo VYL YY), (315)
i=]

:

where Y is a section of T;.

EXAMPLE : B, the second fundamental form of the immersion M*—> M’ ™ (c) . B is a section of
H(TM?*®TM? NM?) defined by

(VxB)(Y.,Z)=DxB(Y,Z}-B(VxY.Z)-B(Y.VxZ). (3.16)
This immediately yields:

PROPOSITION : Let M2->M " (c), ¢20, be an isometric immersion and let {eq}2" be an

orthonormal framing of the normal bundle. For all arc-length parametrized curves C in M? with

the same tangent vector C e T(M?),,PeM?, the quantity

o dkg
ds

(ko) Hkety,  (Y=—2), (3.17)

for o=3,...,2+k, depends only on Cu, where ko, kg,_tg, and s are respectively, the normal curvature,
the geodesic curvature, the geodesic torsion and the arc-length of C and the upper index a
indicates the component of the associated vector of C in the ey direction.
Proof: Let X be a unit vector field on M? which extends C’, and let Y be the perpendicular unit
vector field with {X,Y} positively oriented. The equations

k(X)=B(X.,X),

t(X)3=B(X.Y), (3.18)
and the fact

CE-V,C =V _C, (3.19)
that gives
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TxX=k,Y, (3.20)
along C, leads us to the following, From the equality

<(VxBYX.X),ea>=<DxB(X,X),6a>-2<B(VxX,X),ea> (3.21)

=X< B(X,X), ee>-< BOXX), Dx ea>=2<B(VxX. X), €5>,

where {e,}2*" is an orthonormal framing of NM?, we obtain that

<(VxBYX,X),eoa>+<B(X,X), Dxeo>= X< B(X,X), e>-2<B(Vx X, X),ea>

= X(k®)-2<Bkp Y, X),ea>
=(k2) -2kgts. (3.22)

Hence
(VxBY(X,X),ea>+<B(X,X), Dxea>+3 <B( VxX.X), ea>=(k%)42kst®,  (3.23)
which shows that the expression (3.17) depends only on X=C".
We thus show that, like k, and t,, the quantity in (3.17)

(k) kg ty
also depends only on the direction. Note that if e, is parallel, then

LVxBYX.X)ea>+3 <B( VxXX), ea>=(k; )°+kgt:. (3.24)
What we have done is to observe that: Just as k;, and t, can be expressed in terms of the tensor B,
the expression (3.17) can be expressed in terms of the covariant derivatives of B. It is now a
straightforward calculation to see that the entire left hand side of (3.17) is (3.4).
We now have the necessary groundwork done to make our geometric definition.
DEFINITION: Let M*— M ™™ (c), ¢20, be an isometric immersion and let C be a line drawn on
M2, C is said to be a D-line in the e, direction if and only if the relation

. dk®
fo"=(k7 ) +kgt; =0, ((kp)= el (3.25)

holdsl along C, where kp, kg, tg, and s are, respectively, the normal curvature, the geodesic
curvature, the geodesic torsion and the arc-length of C and the upper index o indicates the
component of the associated vector of C in the e, direction for an orthonormal framing {e, }*%
of NM?.
We obtain the following ;
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THEOREM : Let M'— R/I'M(c), cz0, be an isometric immersion (given in conformal
coordinates (u),u2) with conformal parameter E) with non-zero, parallel mean curvature. Then,

() If @3=@a=...=@2::=0, then every line of M? is a D-line in the e, direction for
o=4,...,2+k and the differential equation of D-lines can be expressed in terms of the partial
derivatives of the conformal parameter on M? in the e3 direction.

. (i1) If ©3=0 and @ # 0 for an « such that 4<a2+k and e, is parallel in the normal bundle,
then the differential equation of D-lines can be expressed in terms of the partial derivatives of the
conformal parameter on M? in the e; and e, direction.

(iii) If 3£ 0 and =0 for an « such that 4<a<2+k and e, is parallel in the normal
bundle, then every line of M? is a D-line in the e, direction.

(iv)If @3#0 and ¢, #0 for an o such that 4<a<s2+k and e, is parallel in the normal
bundle, then the differential equation of D-lines can be expressed in terms of the partial
derivatives of the conformal parameter on M? in the e direction.

Proof, (i) If ¢3=@4=...=2.4:=0, then

L L3 0 ¢ @© O O ‘
Hence g “=0 by (3.8) for a=4,...,2+k and (3.14) reduces to
E7 E’ E
pi=so L+ Lhuug + o5 Ly’ + 221 ) L ujuy+ L by

2E 2E

Ly i + g in B +ugh)] =0, (3.27)

for 0=3. Since L}, # 0, we have

2E 2E

3_ E" 3 T

E,,
it + o n,t ulel 4 ugng -

—2ufu) + = °F

2E

(uf? + 03 InyEui + 07) ] =0, (3.28)

Thus, every line of M? is a D-line in the e, direction for o=4,...,2+k and the differential equation

2E

of D-lines can be expressed in terms of the partial derivatives of the conformal parameter on M?
in the e direction,

(ii) If @3=0 and ¢, # 0 for an o such that 4<a<2+k, then
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L} = 1 L= . .
u) 0 La” a ( i 0 _ Lﬂ” .
Hence (3.14) reduces to (3.28) for o=3, and reduces to

[+3 ]'E" a., E u. E @ IE’ [ S [ IR [ S
= -.géLn |3+5E_Ln 170y 2éLu I 2 521—; Luuz3+L yujuy =L ujul -

L5, (gt +us”)| InyECu? + u;f)]r -0, (3.30)

for the oo mentioned above for which e, is parallel in the normal bundle. Since Lal1 # 0, we have
E,, E. o E,

ul

32E ™ IR W YT og

1
Fy t2 el [T P
u,u2 - ‘_le +u,u, - u,u; —

e 3 2F

(uf? +u) [In,/}s(u;z ru)] =0, (3.31)
Thus, the differential equation of D-lines can be expressed in terms of the partial derivates of the
conformal parameter on M? in the e; and e, direction.

(i) If @30 and @u=0 for an o such that 4<es2+k, then

LB—LS“ 0 dL“—OO 3.32
(i,-)-*OLgn an (ij)_oo' (3.32)

Hence, =0 by (3.8) for the o mentioned above.
Thus, every line of M? is a D-line in the e, direction.

(iv) If g3 2 0 and o2 0 for an o such that 4<a<2+k, then

L) = {La‘ ' 2 } and (1Y) =[L‘:' 0 ] (3.33)
UoLe Ly ' 0 -L},

Hence (3.14) reduce to (3.31) for the o mentioned above.
Thus, the differential equation of D-lines can be expressed in terms of the partial derivates of the
conformal parameter on M? in the e, direction.
REMARK: Since 3 is analytic, either it is identically zero or has only isolated zeros. Thus,
either the immersion is pseudo-umbilic or the pseudo-umbilic and totaly umbilic points are
isolated. As a corollary of the theorem we have the following:
COROLLARY: Let M*>M (c), ¢=0, be an isometric immersion (given in conformal

coordinates (u;,u;) with conformal parameter E) with non-zero, parallel mean curvature, Then,
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(i) If the immersion is totaly umbilic, then every line of M? is a D-line in the e, direction
for a=4,...,2+k and the differential equation of D-lines can be expressed in terms of the partial
derivates of the conformal parameter on M? in the ¢; direction.

(i1) If the immersion is pseudo-umbilical, then the differential equation of D-lines can be
expressed in terms of the partial derivatives ofithe conformal parameter on M? in the e; direction.
If, in addition, there exist a parallel unit normal section e, of NM? for which g is real and non-
zero, where 4<a<2+k, then the differential equation of D-lines can be expressed in terms of the
partial derivatives of the conformal parameter on M? in the e, direction.

(iii) Away from umbilic points, if there exist a paralle] unit normal section ey of NM? where
4<a<2+k, then either every line of M? is a D-line in the ey direction (if po=0) or the differential
equation D-lines can be expressed in terms of the partial derivates of the conformal parameter on
M? in the e, direction (if 4% 0).

Proof: The proof follows immediately from the theorem.

We also have the following version of the theorem:

THEOREM: Let Mz-m)ﬁm(c), c20, be an isometric immersion (given in conformal

coordinates (1;,u;) with conformal parameter E) with non-zero, parallel mean curvature. If M? is

not a minimal surface of a hypersphere of M (c), then either every line of M? is a D-line in the

eq direction or the differential equation of D-lines can be expressed in terms of the partial

1+k
a<=J

derivatives of the conformal parameter on M in the e, direction for a #3, where {ea}tis a
parallel framing ofithe normal bundle.
Proof: Since the mean curvature vector H of the immersion is non-zerc we may choose an Otsuki

. _ - '
frame ofi the normal bundle bundle: {eg=m,e4,...,ez+k}. Then, in terms of the basis of

8 @ .
coordinate vectors {I’Eu—} of- TM?, the equation of D-lines on M? is given by (3.16). If M? is
| 2 .

. —2+k .
not a minimal surface of a hypersphere of M" " (c), then the curvature of the normal connection
is zero [1] which is precisely the condition for simultaneous diagonalization [8]. Thus the
equation (3.6) reduces to (3.8). Since the triviality of the normal connection is equivalent to the

parallelity of the normal bundle [2] the equations (3.10) are valid. Also, since each @, is analytic
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by (x), the equations (3.11) and (3.12) are valid too. Therefore we have (3.14). Now, either ¢,=0
and every line of M® is a D-line in the e direction or ¢o# 0 and the differential equation ofi D-
lines can be expressed in terms of the partial derivatives of the conformal parameter in the e,
direction for 4ga<2+k.

The immersion M2~ M (c) is said to be totally geodesic at PeM?’ if the second fundamental

form is identically zero in every normal direction. If M? is totally geodesic at every point of M?,

then M? is called a totally geodesic surface of M (¢). Since =0 on a totally geodesic
surface for a=34,...,2+k, we deduce that: All lines of a totally geodesic surface are D-lines in
every normal direction.
4. REDUCING THE CO-DIMENSION o
On an analytic function ¢ # 0 of z=u,+iu,, defined in a neighbourhood of the origin in the (u,uz)-
plane, and constants ¢, with >0, Hoffman [8] proved that, up to euclidian motions and
isothermal coordinates E(u),uz), locally there exist one and only one surface in M (), denoted
by Mz((p,a,B), with parallel mean curvature H such that a=[H| and ¢=3, Bp=1ps where 3 and
@q are given in (viii). These surfaces are, easy to check fhat, contained in either in an affine 3-
space or in a great or small 3-sphere of M (c) and they are neither minimal surfaces in M (c) |
nor minimal surfaces of hyperspheres of M’ (c). It is then possible “to classify surfaces, ‘
isometrically immersed in constant curvature manifolds, with parallel mean curvature vector as
following

(1) Minimal surfaces of M (c),

(ii) Minimal surfaces of a hypersphere of M™"* (c),

(iil) Surfaces in an affine 3-space or in a great or small 3-sphere of M {c) and locally given
by Hoffman surfaces [1], [4]. '
D-lines on the surfaces ofi parallel mean curvature in four dimensional manifolds of: constant
curvature has been studied sepcratély [7]. For arbitrary co-dimension we now have the final
version of the last theorem.
THEOREM: Let M*—>M™™* (c), ¢20, be an isometric immersion (given in conformal

coordinates {u,,u;) with conformal parameter E) with non-zero. parallel mean curvature, If M? is
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T 2+k . . . . .
not a minimal surface of a hypersphere of M ¥ {c), then either every line of M? is a D-line in the
eq direclion or the differential equation of D-lines can be expressed in terms of the partial
_ derivatives of the conformal parameter on M? in the e4 direction.

Proof. Since M? is neither a minimal surface of M*" (c) nor a minimal surface of a hypersphere

of M™™ (), M? is contained in an affine 3-space or in a great or small 3-sphere of M’ (c) and

H
locally given by Hoffman surfaces, Let {es=-— .es} be an Otsuki frame of the normal bundle.
Ve I

Since Hx0 parallel and co-dimension is two the normal bundle is parallel and @3 and @4 are both

analytic. Now, ¢3# 0 since pseudo-umbilic immersions with non-zero, parallel mean curvature

lie minimaly in a hypersphere of M {c). Hence, either ¢4=0 and every line of M? is a D-line in

the e4 direction or ¢4# 0 and the differential equation of D-lines can be expressed in terms of the
partial derivatives of the conformal parameter on M in the e, direction.
We end with the argument for the proposition of section 3 that actually suffice to prove a slightly

more general statement:
—1+k . <. .
THEOREM: Let M>5> M ™" (¢), ¢20, be an isometric immersion and let {eq} 2% be orthonormal

frame of the normal bundle. For all arc-length parametrized curves C in M? with the same

tangent vector CHET(MZ)p,P eM?, the expression

d 2 24k
E(Hk“ )42k, > kM2, @.1)
a=3

is a function of direction, where ky,ke,t; and s are, respectively the normal curvature, the geodesic
curvature, the geodesic torsion and the arc-length of C and the upper index o indicates the

component of the associated vector of C in the e, direction.

Proof: An easy calculation shows that

k]’l

d 3 24k 2+k

— (k. ) +2k, D ket =23 k%p° (4.2)

dS gu=3 ¢ a=3

In the case of a hypersurface; i.e., if the codimension is one, assuming that k#0 and dividing

{4.2) through by 2 k, we get (3.1)
5.DISCUSSION
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For surfaces in E®. the condition of constant mean curvature has been well-studied. For
hypersurfaces, the requirement that H be parallel is equivalent to H being of constant length. In
this paper, we are mainly interested in immersions with codimension is greater than two. There,
parallel mean curvature is a stronger condition, it implies [[Hi=constant .

The 2-sphere in euclidian (2+k)-space is totally umbilic. Hence, all lines of the 2-sphere are D-

lines in the normal direction perpendicular to the mean curvature normal direction. Conversely, a

totally umbilic surface M2 of M”"(c) is a standart sphere of radius 1/{H|| in the euciidian case,
and a great or small sphere in the case ¢>0, .

Totally umbilic implies pseudo-umbilic but pseudo-umbilic does not imply totally umbilic, take a
flat Clifford torus in E* which is an immersion of E? into the unit sphere $*(1)<E*, given by

X: E2>E*
V2 V2o 2 2
(u;,u2) "}(“*2— COS\/EUI, _‘2— sin \/2 iy, “Z—COS 2 uy, _Z_Sin 2 w),(5.1)
whose image X(E?) is a torus T? with sectional curvature zero in the induced metric. A simple

, , H | . ,
calculation shows that, for an Otsuki framing {es=3;— ,e4}, this immersion is pseudo-umbilic

IH

but not totally umbilic. These various types of umbilicity may be confusing to the reader familiar
only with hypersurfaces in euclidian space. There, pseudo-umbilic=umbilic = totally umbilic
since there is only one normal direciton.

In the case that M =E*¥ . the linear subspaces and their franslates are evidently totally
geodesic submanifolds. Hence, all lines of the planes are D-lines in every normal direction. For

>0, e, M zSZ+k(1/ \/E)C:E(P'kw, the intersections of linear subspaces of B with
S”"(l/ Je } are totally geodesic submanifolds. Hence, all lines of the small or great (k+1)-spheres
of $7*%(1/4/c} are D-lines in every normal direction. These includes some of the Hoffman
surfaces. These surfaces are, easy to check that, contained in a 3-dimensional totally geodesic
subspace of M’ (c) if B=0.

An immersion M? — E* is said to be a standard product immersion if M? is a piece of the
standard product immersion of 8'(1x$'(p) into E*. p may take the value of +, so this includes

right circular cylinders. If r=p, then M? is a piece of the Clifford torus. An immersion M* —
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§%1/+/c) is a standard prodﬁct immersion if there is a 4-dimensional affine subspace in E* such
that M? Hes in it and is a‘standard product immersion in the euclidian sense. When |p / E] is
constant, Hoffman surfaces are pieces of the standard product immersion. Hence, either every
line of M? is a D-line in the e4 direction (p=w) or the differential equation of D-lines can be
expressed in terms of the partial derivatives of the conformal parameter on M? in the e; and eq
direction {r=p, r#p). )

For the immersions M% —» M?**(c) with non-zero, paralle]l mean curvature and constant Gauss
curvature K, it is shown [8] that, if the normal bundle is parallel, then K may take only the values
0or ||H||2+c. If K={H|[*+c and c20, then M? is immersed as a piece of the standard 2-sphere. An
immersion M* - M**(c), ¢20 with non-zero, parallel mean curvature and K=0 is a standard.

11
product immersion S'(r) x $'(p), 0 <r <o, 0 <p < w, where [H|* = ey +p—2 [31.

For the complete surfaces M* — E*™ with non-zero, parallel mean curvature and Gauss
curvature K which does not change sign, M? is either a product surface of two plane circles or a
product surface of a straight line and a plane circle [1]. An immersion M? - M?**(¢), ¢20 with

non-zero, parallel mean curvature and constant Gauss curvature K which does not change sign

= or a product of circles S'1)xS'(p), 0 <r<w, 0<p<oo,

1
must be a sphere of radius —————7
(IHI +e)

with the standard product immersion [7].

Since we are mainly interested in surfaces with non-zero, parallel mean curvature, in this paper,
no result has been stated for the case H=0. Only, using the fact that, an immersion M? —
M**(¢), ¢0 with non-zero, parallel mean curvature is pseudo-umbilical < M? lies minimally
in some hypersphere of M2™ (¢), we observe that if M* is a minimal surface of a hypersphere of
M**(c), then the differential equation of D-lines can be -expressed in terms of the partial
derivatives of the conformal parameter on M? in the mean curvature normal direction.

A closed, oriented surface M? of genus zero immersed in M*** (¢), ¢=0, with non-zero, paralle]

mean curvature is pseudo-umbilical and lies minimally in a hypersphere of radius (—”W

i8],
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Finaily, a compact; flat surface in E*** with non-zero, parallel mean curvature is a product of
¥ p

two plane circles [1].

6. ON CERTAIN CASES OF INTEGRATION

Suppose that
W)=t (6.1)
In this case
w'=1, u,""=0, u2'=1132w , Uph'= dluzz s (6.2)
du, du,

and the equation (3.14) becomes

] 2 o E a Es a ] o ' 7‘1 ; -
P = gp @+ L)+ op L 513 25 L 4355 + 215,30 + L% w'ug"-

s+ L5 u)(In/E(QL+u}t)] =0 (6.3)
For-a right circular cylinder of radius 1/2J{H)| (a product of circles S'(1/2fH|)xS'(p) with p=w0) we

have -

2HHH 00
{LU) of @ @p=lg ol (6.4)

Then, the equation (6.3) immediately gives

du, &', _ 0 . (6.5)
du, du} ’
for 0=3, since I}, =2 ||H|} = constant and E=1. Whence we deduce
u= Cruy +Ca, (6.6)
which give the circular helices.

Thus, D-lines in the mean curvature normal direction are the circular helices and all lines are D-

iines in the e, direction.
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FFor the case of a Clifford flat torus given by (5.1) (a product of circles S'( % X Sl(%)) we have

[ 1 0
(L‘U)—(O 1} and (L‘}j):{o H1:|- (6.7)

Then, all lines are D-lines in the mean curvature normal direction by (6.3). Since (6.3) reduces to
(6.5) for =4, D-lines in the e, direction are circular helices.

The Clifford torus may be considered as lying in the 3-sphere of radius 1 which is itself
immersed in E*. A moment’s reflection and a glance at (6.7) will show that the mean curvature
vector of the Clifford torus in E* is the mean curvature vector of §* (1) = E* Consequently, ¢4 in
the framing used for (6.7) is normal to the Clifford torus that is tangent to $°(1). We have thus
shown that the Clifford torus is a minimal surface in SB(l ).

For the right circular eylinder, the fact that it’s geodesic are also D-lines is analogue of the fact
for the hypersurfaces in E*-and the same is true for the sphere-namely : the only surfaces all of
whose geodesic are elso D-lines are the sphere and the cylinder of revolution. The proof is based
on the Laguerre formula and we refer the reader to the extremely elegant work of Semin [9] for
suzfaces in EX. In an earlier paper [5], we deﬁﬁed Laguerre lines of the surfoces of narallel miz
curvature in four dimensional manifolds of constant curvature and rewriting the Laéuerre
formula form the classical point of view, naturally generalizes this fact. We have investigated
Lagzuerre lines ofi the surfaces of paralle] mean curvature in arbitrary dimensional manifolds of

constant curvature separately [6].
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