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PARAMETER ANALYSIS IN QUALITY
CONTROL * g

Mugerref YUKSEL

Abstract

In this study, first, the problem of optimization of the function of
net incorme was investigated considering quality as a dynamic factor. ‘
Afterwards, the net income at time ¢ was reformulated by taking into l
account the cost arising from the inspection of a product and the cost
caused by a faulty product which was not the subject of the final
quality control and gave birth to a dissatisfaction and the problem is
transformed to a linear queuing problem. The expected value of net
income 1s expressed in terms of the lose and gain rate and the optimum
value of the upper limits of the amount of the faulty products in the
sample which was the subject of quality control and rate of defective
was determined.

1 Introduction

Quality is a measurable characteristic of a process, a product or a
service. It must be measurable in order to be controlable, In other
words various levels of these characteristics must be measured in terms
of numerical values or must be transformable to numerical values [1].

Quality control is a collection of works containing qualitative and
quantitative factors and aimning to realize the established standards.

“This paper is an English translation of the substance of Ph.D. dissertation accepted
by the Faculty of Science and Letters, Technical University of Istanbul in April, 1992. 1
aun grateful to Assoc.Prof.Dr.Cevdet Cerit for his valiable help and encounragement in all
stages of this work.
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The production process takes place i an interval of time and cou-
trolled al certain intervals and at certain steps of the process. Prod-
net eoetral s realized according v acevnain peedeterniine] principles.
The technigues concerning production and control have heen changing
very rapidly in time. Mathewatical wodels of the systems changing
i thne is known as stochastics process [2].

Thea quality control must be considersd as a stochastics process
ard Lo evaluated in that fashion. On the other hand, quality control
probleins can be investigated by neans of the quantitative technigues
such s decision theory and quening theory.

The role played by statistics in the vestigation of quality stan-
dards md o the deternnination of the path followed Ty production
pioeess 18 so important thal one can say: quality contro! has gained

its conletaporary meaning with the help of statistical methods,
Le developuients observed i the field of competition, the aid
of quality factor to competition and the affects of quality control on

quality have played an important role in the importance of quality
contrel activities. Naturally. the guality control nctivities have cansed .
the arsal of the quality cost problem. The measure of guality 18 deter-
mined by controlling the costs of product quality. And this approach '
necessitates the determination of gaality costs and its classification.

Tlie quality coutrol costs caused by the quality of g_,oods and service
are generally divided into three different categories:

1.- Cost of Prevention.

2. Clust of Appraisal,

3. Cost of luternal and Kxierual failures.

The quality costs concerning the guaiity «f the prodnet or the
service, in other words the total of prevention, appraizal and internai-
external failure costs forn the total gnality cost. Total quality cost as
a frsction of the quality level may be formualated o the following way

[31:

g ooquality level, 0 <g <1

Chlgy o internal and external Failure costs prer unit of the product
at quality level ¢ . 0 << g <1

Clo{q) @ preveution and appraisal costs per unit of the product atb
quality level g, 0 < g <1

Chat) o the total quality cost per nuis of the product at guality
level g, 0 < g <1 and

Chalyg) = Ci{g) + Chig).




Luis this work developing some new approaches to quality control prob-

lemn by winking use of the guality control costs is ahined.

Total Quality

Cosls

Fallure Costs

Costs of Appraisal
Plug Prevention

Cost per good unit of product

e :
Quality of conformance

(%100 defective) {90 defective }

Figure 1. Juran’s Model of Optimuan Quality Costs [3].

2 The Optimum Quality Path Model

2.1 Optimum Quality Cost and The Concept
of Zero Defect

Optimum quality cost is the miniimun value of the total quality cost.
The quality level correspondiug to this minimuay value is e spthnoum
quality level,

The problem of deterinining the miniiesn of total quality cost is an
aptunization problem, Optimization is a process aiming to choose the
way which miuimizes or maximizes a deeision problem atnovg other
alteruasive ways [4].

The total quality cost curce secen in Figure™l is @ convex curve
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aud there is a ¢p which winimizes Ca{g). qo is the value [5] which
satisfies the inequality C{5(g,) > 0 and is the root of the equation
Cla(q) = 0 . The total quality cost which was fornwmlated above
may be reformulated in the following way by taking into account the
changes in the quality level.

g(t) : quality level at time ¢ , 0 <gq(#) <1

Chlg(#)] : internal and external failure costs, t
Chlg(1)] : prevention and appraisal costs, E
Chalg(t)] - total quality cost,
Cizlg(t)] = Cilg(0)] + Calg(t)], q(t) € ]0,1]. (1)
The minimum value of the total quality cost go(fg), which is a function [
of quality level at time £, here ¢ > 0 and ¢(#) € [0,1] , is '
by
Chola(] 5 = ¢
1219(t)] at )
such that for this root
dgy 2 d%q
" !
Chla( ) +Chla®lz >0

If there are nwore than one root which satisfies these two conditions, the
one which minimizes the C)4[g(t)] is chosen and is called the absolute
minimum.

In gencral the goal of the firms is "zero defect”. In fact "zero
“defect” means producing nothing faulty. In other words, it means de-
termining the conditions which do not suit the standards immediately,
reorganising them up to the standards and "having the correct and
up-to-standards products at the first time” and in this way reducing
faulty product cost. The decrease in the cost of internal and external
faulty products means the increase in the cost of appraisal and pre-
vention while some approaches toward the target "zero defect” on the
other hand, cause a rapid increase of these costs toward infinity [6].
We see in Figure 1 that total quality reaches its minimum value not
at the zero defect point but at some point to the left of the zero defect
point and for some amount of faulty product. Up to this point the
efforts to improve the product pulls down the total quality cost. The
effort to decrease the rate of faulty product from that point on brings
extra costs although it develops the production process.
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2.2 The Analysis of Zero Defect by Means of
Quality Cost

I waorks which aims to analyze the zero deleet the coneepi tolal qual-
ity cost has formed the starting poins and this approach is called as
tradiiional approach [5]. Fiue waserts that the knowledge obtained
throvgh high quality production is more usetu! in the decrense of pro-
duction cost than the knowledge obtained through low quality level
produztion. By making use of this assertion a dynamic model was
formulated using the knowledge which depeuds o the quality of pro-
duciion. The work of Fine is the first one saying soulething about
the dyiamic nature of the guality of production. But IMine had not
considered [5] the effect of quality ou the sale and the techuological
doevelopments which cause a decrease in the cost of appraisal and pre-
vaution i time. Hslang and Lee have developed the mosel by taking
into account the effect of these factors ou the cost of anpraisal and
prevention awd the effect of guality on the sale.

In the following model it was assumed that the accamulation of
knowledge concerning quality and technological developments produce
a decrense in the cost of exteruad and internal products 0d so nrade
possible a more comprehensive analysis of the problem passiblie. In
the model the effect of quality level changing by time ou toe price of a
unit product and the demand or the sale was used to maximnize the net
income of ‘the firm(which was desigueted by w(t) ) and Lo determine
tha Lest path which will be followed by the quality level ¢{t) which
changes on the interval [0,1] by taking into account the accumula-
tion of mowledge concerning guality and the effect of technological
unproverments on the cost of internal and external faulty products.

Ler us show by D[g(#)] the demand of 2 product of quality level ¢(t)
at time 4. 0 < ¢(¢) € 1 and ¢'(¢) > 0. On the other hand assuniing
that g(#) will not iucrease indefinitely oue cau say that ¢ ( ) <{, i
other words ¢(t) is a concave function of £. -

Pg(t)] is the price of a uuil product at quality level q( 3. While the
quality level increases the price will incresse but not indinitly £o we may
assine that P/[g(¢)] > 0 and P"[¢(t)} < 0, in other words P[q(l‘,)] is
a corcave increasing function of ¢(t). S

‘Let -G [g(t)] and Calg(t)} be respectively the cost: ot internal wnd
external faulty products and the cost of appraisal and prevention.
Cilq(t)] is a decreasing convex function of ¢(t) and Coig*}] is an
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increasing convex function of ¢(1). I other words Cilg(t)] < Q, E
CHg(#)] > 0 and Chig(t)] > 0, CHg(H)] > 0.

Let Cy4{1) is the cost of production of a unit product when the cost
of quality is not concerncd. Asswming that the cost of production will

decrease due to improveinents in the production techuology but this
decrease will ot be lufinit so one can say that C4(#) < 0 and
CH(#) > 0. '

The total quality cost is Cia{g(t)] = Ci{g(#)] + Culg(#)] and is a
convex function of ¢{#). In other words for a g, which satisfies the
equation Clylg(t)] = 0, Cihlge] > 0 and so it is possible to find a
wminimum value of Ciofg(#)].

Let the experience gaiued up to time £ and depending upon the
level of the quality of the product be z{) [5]. One can write

y
2(t) = 2(0) + /U hir)g(r)dr (2)

Here,

z{0} : the experience owned at time £ =0

¢(7) : the quality level of the product produced ab time 7+

A7) ¢ an increasing funciion of 7 and serves as a discouut fac-
tor. It is a factor expressing that the experience gained from the last
experitnents ig more iwportant thin the ones gained from the carlier
experiments.

Let ay(#) be decreasing convex function representing the decrease
in the cost of the internal and external faulty producis due to techno-
logical improvement and let b [2(¢)] be decreasing convex function rep-
rescnting the decrease which arises due to the accumulation of knowl-
edge. Let the correspondences of ay(#) and bi[z(t)] for the cost of ap-
praisal and prevention be ay(f) and b[z(2)]. Also. ag(#) and bo[2(#)] are
decreasing convex functions. These functions are connected in the fol-
lowing fashion:

Cilg,t) = wi (B} {z{1)]E[g{t)]
Colg, 1) = ua(t)be[2{#)]Calg(#)]

and the net mmcowme of the fivin at tine # is

®(l) = {Plg(t)] — ar (b 28] Crig(t)]
— ax(B)blz(B))Culg{t)] — Cs (1)} Dlg(t)]. (3)

And our goal is to find the best quality path to maximize ().
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2.3 'The Maximization of Net Income

For a planning period T the maximization of () is egual to the
maximization of the lollowing fuuciional (5],

e
o(1) = [ e wit)a (4)
A0

The value of the (7)) is the current value of w{t) for a period T.
r is the discount factor used to determine the current value of au
income acemnulated i an interval {0,771 In the determination of the
numerical value of v inflation plays an huportant role. While the rate
of infHation increases the value of v increases. otherwise decreases.

The optimization of this functional is a problemn of the calenlus
of variations. In order to maximize (1) we will make use of the
following theorem.

THEOREM L. Let J{z] be a functional of the form

]
Fit oz 2 )i,

ol
defined on the set of functions z{¢} whicli have continuous {irst deriva-
tives in [a, b] and satisty the bonndary conditions z(a) = 4,
z{b) = B. Then a necessary condition tor J{z] to have an extremum
for a given function z(#) is that z(#) satisty Euler’s equation 7]

il

Fo— — P =10,
/T

According to this theorem (. z. 2"t = e () and the necessary
condition for the maximization ol {T) 1s the following rvelation which

is known as BEuler condition

; | Y
b%[ff‘”‘ﬂ(f-}] = '(‘(_,;{g;:;[“_'”ff(!‘-)l}
Here. 2/ is the devivative of z(#) with respect to ¢ and 2/ = hg and
q = z /h. The following lennna will be used to lind the best quality
path in order to maximize the function:.t (4).

LEMMA. The optimal quality path ¢*{f) which maximizies the
functional given by (4) satisfies dn(t)/dg < 0. :

Pegol: I the net mcomne w(#) watisfios the inequality
S (E) /&g > U theu it 15 possible to increase (L) by increasing ().
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An increase in ¢g(t) will cause on increase in z(¢). And this will cause
a decrease in the future costs of appraisal and prevention and internal
awnd external faulty products. Since the profit can not be infinite we
deduce that any value of ¢(¢) for which 0w (t)/8¢ is positive can not
be optimum. So, &n(t}/8¢ must be non-positive. In other words on
the optimal quality path the following inequality must be satisfied

(Plg()] — ar(Obalz(CLa(1)] — an(B)bal2t )}Cﬂq ()]} D{g(t}]
+{Plg(t)] —a bl[ C q(2)]
—az ()02 [2(1)]Colq(D)] = C3(2) ) D'[g(}] < 0.

THEOREM 2. If the uet income of the firm at time ¢ is a function
of ¢(t} and is expressed in the form of (3) theu the optimal strategy is
to increase the quality ¢ of the product as long as (d/dt)(ChD) >0 .

Proof: Let F({t,z2') = e "*z(t) . Then

F(t,2,2') = e " {Pgt)] — ar{t)br[2(t)]C1[a(t)]
—ap (£ 2(1)]| Cala()] — Cs(0)}D|g(1)].

Lot us write ¢ = 2'/h . We get

F(t,z,2") = c—"'t{P(%) — ar (B [2(1)]Cy (%’)

z.’

. A zl
—ug(t)bg[z(t)]Cg(E) - cg(t)}p(g)
If we use the Euler condition
JoF d ¢ I oF d (JIF
7 =@l e ailen) =
we get,

q
h

—ughy(2)C5) D' — (P~ arby (2)C) — ughy(2)Cy — C5)D" =

3P = @b (2)C1 = asba()CH)D = 2P’ — 1b)(2)C

!

h
[1161 (2)C) + aab(2)Co} D — (- + h—g-){[P' — by (2)C

h
—GQ{JQ(Z)CE]D -+ [P — u;;_b| (Z)O] — (J,ng(z)cg — C;]D’}
a‘flbl(z) ; / '
— (T + qgaa by (z)) [C1 D"+ C] D)
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e

!

0y (2
»_(ﬂi_);_(d + qcr,zb’z(z))[CQD’ + CyD] - 5 (5)
Iis the left hand side of the equality (5), siuce P[g(2)] is an increasing
and concave function of g(t) we say P >0, P* < 0. Cig(i)] is
decreasing and convex, Calg{£)] s increasing and convex and so
g) < 0, Cl(g) > 0 and Cylg) > 0,C5(g) > 0. On the other hand

D> 0.D" < 0 and
P~ b (2)CV — aaba(2)C5 <0
and from the Lenna

P by (2)C) = asba(2)C) < 0

and sinee the third termm on the left hand side satisfies the following
inequality

P —a by (2)C) — azby(2)Cy — Cs > 0, D" <0

the left side of the equation (5) is non-negative.

From Lemima and the relation &' > 0 one can easily see that the
secotd term ou the right hand side of the equation (5) is non-negative.
On the other hand, since C4 <0 ,s0 —(C{D'/h) > 0 . If we rewrite
the remaining terms of the right haud side and reorder thew we get

1
[ By (2) O + a2bly(2)Ca) D — {qn.lb"l (#) + —};u.’lbl(z)] (C1D' +CD)

1
— {qu.gbfz(z) + Eu,.'zbg(z)] (C, D+ CAD) = wb| (2)D[C, — ¢CY]

i b{z)

+agly(2) D[Cy — qCL} — A

(€, D' + ¢l D]

ahba(z)
)

Lba(z
+ qcr,zbfz(z)] CoD' — %——;(ACQD. (6)

—ga, b (z)C, D" — {

Cy and 'y are convex functions and so €y < ¢C] and €y < ¢Ch.
On the other hand, b;(z) and d2(z) are decrecasing functions and
bi(z) < 0 and bh(z) < 0 . So the first and second term of (6) are
non-negative. If

d
E(ClD} >0
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then the third term is also non-negative so the right hand side of the
equality {5) is non-negative.

As a result, in the optimal solution {5) which was obtained accord-
ing to Buler condition ¢’ must be non-negative as long as
(d/dt){C1 D) = § . This means that the optimnal quality path ¢*(¢)
wlhich was expressed in Lemma must satisfy the relation [¢*(£)]" > 0.
This relation suggest that the level of quality must be increased in a
constant fashion. So the optimal strategy of the producer must be to
increase the level of the quality in a constant fashion and to try to
reach the target of zero defect.

In the analysis which we tried to realise the cost of the internal and
external faulty products and appraisal and prevention components of
the quality control costs were taken into account and the optimum
quality path was determined from the point of view of the producer.

2.4 The Case of Constant Demand

Up to now we supposed that demand is a function of the quality
changing in time and tried to determine the optimum quality strategy
of the producer. At this point we will suppose that the demand is
constant, that is D' = D" = 0. In this case, (5) transforms to

!
" = b (2001 = asbu()CF) D] =

h
[u.lb ( )Cl +L.'2bl C]
O N
,(;74-?:—2—){}3 — b1 (2)C) — aaba{2)Cy| D
b {z b,
—(ul ;(7) —l—qn.]b’L(z))C'fD - (az ;{z} + qaably{z) ) yD. (7)

If the investigation made for Theorem 2 is repeated here, one can see
that the term in paranthesis on the left hand side is non-negative. On
the right hand side of the equation (7) h' > 0 and the second term
1s non-negative according to Lemma. Let us rewrite the remaining
terms and reorder them and obtain

ay i (7)
h

[(.le'L(Z)C'L + agbg(Z)CQ]D - ( +qa,1b'l(z)) C:D

o (a;bg(z}
h

+w%@0@9_mw)(&—¢m
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1 1
+aohhy (2)D{Cy ~ qC3) ~ Er:.’lbl(z)CiD - Eafzbg(z)CﬁD.

This expression is non-negative if

wy) e < v+ Uy (8)

here 1; = alb;(z)C! and v; = ha,b(z)(C; — ¢Cf) , (i =1,2) . So the
right hand side of (7) becomes non-negative and ¢’ > 0 . This means E
that an increase in the level of gquality will produce an increase in the
income of the firm.

3 The Role of Quality Control in The
Optimization of The Profit by means of ;.
Queuing Theory

3.1 The Factors Effecting The Demand

Up to now we assumed that demand is a function of the level of quality.
Here we will assume that the most important factor in the determi- |
nation of the demand is the level of quality and the demand is equal ]
to the amount of the production D[g(¢)] = X(t) . Here by X () we
mean the amount of production realized during a period of time ¢ at
quality level ¢(¢) . Let X (1) = 2 . As mentioned in the paper of Lee
and Tapiero, the factors other than quality level affecting the amount
of demand, consequently the amount of production are

-consumers who have used faulty products and decide

not to repeat purchase,

-consumers who have switched to other products,

-consumers who have been affected by advertising, seller

reputation, warranties, servicing reputation and switched

from competitors to this firm,

-consurners who have been affected by those customers who

have used products free from defects,

-consmners who have decided not to repeat purchase due to

negative word-of-mouth etfect.
The effects of these factors to the problem are reflected by the sym-
bols ¢v, 5, 8.0, and § respectively[8]. Here, we will formulate the net
income of the firm from sales by taking into account the cost arising
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from the inspection of a product and the cost caused by a faulty prod-
uct which was not the subject of the final quality control and pave
birth to a dissatisfaction and will try to find the expected value of it. ‘
Later on, we will consider the problem as a gueuing problem and will
find the optimum value of the faulty products in the sample with the

goal of maximizing the expecled profit,

3.2 The Way of Forming Quality Control
sSamples and Formulating The Expected
Value of The Income

Let us suppose that the proportion of substandard quality products
in a batch of product is p , where p is a random variable and its the
probability density function is f{p) . A is the rate of product which
has been the subject of the final control in the total product and

0<A<1.Inother words, if the amowunt of product is X () = = ,wc
assume that the amount of product which has been the subject of the
final control is Az . Let us denote the cost of control of one unit of
product by Ci[g{t)] . the loss caused by one unit of product which
has not been the subject of the final contral by Cylg{#)} . The loss in
question may occur due to any one of factors such as extra scrvice,
repair, replacement, the lose of consumers or any combination of these

factors.

[¥ the number of defective items in Az items which were inspected
is less than a predetermined number r | it is assumed that the level
of a desirable quality is attained and the whole lot except those found
defective in the sample is sold. If the number of defective items ex-
ceeds r , the whole lot is inspected, the defective ones are discarded
and the noudefective ones are sold. Let us denote the cost of the total
inspection by C(x,p) where the amount of product is z and the rate
of defective in product is p . In other words, the cost which arises
when y < r ;80 Aw of z units was the subject of the final control
or y > r and all of the vnits were the subject of the final control. y is
the amount of the faulty product in the sample and the total inspec-
tion cost can be formulated as

o fAxC+ (m = An)pCy, oy <
C(&"p)w{ﬂ;C’i YT

m1(t) , the net profit which is obtained from the sales per wnit of the

(9)
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product af thue 4. 1y
m (1) = Plg(#)] — Crlg(#)] — Celg(®)] — Cal8),

where Cp[¢(#)] is the interual failure cost per unit of the product arising
due to the quality level. Cylg(t)] is the mternal and external failure
cost per unit of the product at quality level g(t) , and is given by

Cy [q(t” = C'k[ff(f-)] + Cs[ﬁ'(f)]

Celg(#)] is the other prevention and appraisal cost per unit of the
product except final control cost, Le.

Celq(1)] = Calg()] — Cilg(#)).

If C4(t) is the procduction cost per unit of the product except the
costs concerning quality. the net profit of the firm at time ¢ will be

b
&
4
L
‘,
T
I
3

formulated ag
(i) = { m (o — Awp) — [AxCy + (& — Ax)pCy], if Y <
' wye(l —p) — Gy i oy
Tf the number of defective items in a sample ol size A is less thau r |
then Az the defective ones ave discarded and the rest which is equal
to @ — Azp is sold. Otherwise the whole of the lot is controlled,
cdelcetive ones are discarded and the rvest is sold, In this case the

expected value of the income s
EBirt)x(t).p] = {mx— Azwp) — [A2Ci + (w — Ax)pCil} *
Ply <r)+ [mu(l = p) — oG] Ply > r).

¥*

and if (), is the probability density function of x, the expected value
of the net profit will be

Elx(t)lp] = Z[{m (x~ Awp) — [AxC; + (2 — A)pCs)}Ply < r)+
+ [7.1;]:1;(1 — ) — Gy Py > r))h(e)
= El{r (3 — Ap) — [AC; + (1 = Al Py <)+
+ [m{l=p) =GPy > r)]. (10)
If quality control samples are drawn raudomly, we may assume that

the probability of obtaining 2 faulty products among Az units is
binomial with parameters Az and p. Then

P(y < T') _ Z (A"‘(“)p-rn(l . p')/\;::—m, (ll)

m=0 e

and P{y > r) =1 — Py <7r). where Az is an integer.

257




3.3 The Rates of Loss and Gain

The customers using the products of the firm in question may switch
to the product of the rival firms and vice versa. Let us call the number
of customers which are lost by the firm and the number of customers
which ‘are gained in unit time respectively as the rate of loss and the
rate of gain. Let us suppose. that these quantities are proportional to
the amount z produced by the firm.

The losses may oceur due to faulty products and due to non-faulty
products. Let ¢, and d respectively be the rate of losses occuring due
to these two different situations. Then the rate of loss for one product
is

all = A)pP(y <r) + 8Py < r)[A(l —p) + (1 — A) (1 — p}]
Ply>r)(1—p)}
a(l — A)pPy < r)+d(1 — p). (12)

o

+

and for x product is
ap = wlo(l — A)pPly < r)+ (1 ~p)] .

The gains may occur due to (i) consumers who have been affected
by advertising. seller reputation, warranties, servicing reputation and
switched from competitors to this firm, (i) consumers who have been
affected by those customers who have used products free from de-
fects, (iii) consumers who have decided not to repeat purchase due
to negative word-of-mouth effect. Let 6,0, and [ respectively be
parameters to these actions. The gain which is a combination of the
actions symbolized by the parameters ¢, o, and 8 will form the base
for formulating the rate of gain for one product as

A= G+o[(A—Ap)(1) + (L — A)(1 - p)] Py < r)+
+ of{l =p)Ply > r)(1)] - B(1 — A)pPly <)
= G+o{l—p)—F{1l—A)pPly <r). (13)

and for = product is

A =zl +a(l —p) - p{1 - ApP(y <)) .

This formulation gives us the possibility of interpreting the problem
as a quecuing problem with linear rate of arvivals and linear rate of
service if we consider the rate of gain as rate of arrival and the rate of
loss as rate of service[9].
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3.4 The Expected Value of The Elements in
The System for Queues of Linear Arrival and
Service Rates

Let the number of the elements exists i the system describe the sit-
uation of the system. Let us assume that there are x elements in
the system. Let us call the munber of arrivals in unit time as ar-
rival rate and the nnnber of those who Lave completed their service
aud lefl the system as service vate. Let arrival rate and service rate
be variables. When there are  elements in the system, let us de-
scribe this situation by [7, and corresponding arvival and service rates
respectively A, and i, Daring a time interval of length b let the pas-
sage fromn a situation to neighboring situation be possible. By choos-
ing b sufficiently small, the other passages can be made impossible.
We will formulate the differential- difference cquation systein of this
model in terms of Pr(t) whicl is the probability of having = elements
in the system at time § . P,(t + £) is equal to the sum of following
these three mutually exclusive cvents.

(1} There is 2 eloments at time ¢ and no arrival occurs during i and

no service is completed during /i .

(ii) There is z — 1 elements at time ¢ and one arrival ocewrs dur-
ing A and no service is completed during h .

(iii) There is = + I elements at time £ and no arrival occurs dur-
ing h and one service is completed during A .
I we calculate the probabilities P.(t+ ) and P, (#+A) and take limnit
for h — 0, we obtain the following dilferential- difference equation

systent.
P:{f) = —(As+ ."".'r:)P:t‘(t) + Ape1 Pt () + pres 1 Per1 (F)
Pri(t) = *}‘upu(t) + H’Ipl(ﬂ'

I let us substitute A, = Az, jio, = x|, we get

PL(t) = (4 @z Peld) + Al — D1 (0) + (e + )Pt (), (14)

Py(t) = pPy(t). (15)

Let E[z(t)] Le the expected value of the eleinents in the system at
time £.

Elelt)] = Z x Py (). (16)

w==l)
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For our wodel F[z(t}] means the expected value of the amount of
production for time ¢. If we multiply the both sides of (14} by z and
sumon x = 1,2, - we obtain

Ela(t) = 3 «Plt)
=1

= D0 w)BLa)]
and from this equation
Elz(t)] = ceP M1,
It F[z(0)] =« . then it will be [10]
Bla(t)] = i

Substituting the values of loss and gain rates obtained for one product,
respectively (12) and (13}, in this equation we get

Fla(t)] = texp{[f + (e — §)(L — p)—
(a+B)(1 - A)pP(y < )]t} (17)

3.5 The Determination of The Optimum
Value of Py <), r and p for Maximizing The
Expected Value of Income

Let the rate of faulty products p have a degenerate probability density
function. That is

IR I N e
f(}))—{o , PF Do

For p=mp, .

Blx(t)] = > Elr(®)lplf (») = Elx(t)lp]

=0

_ If we substitute p, = p and Py < r) = v for the sake of brevity and
simplicity, we get from (10)

Bln(t)] = Elz{)](1 — A)(mip + Ci — pCy)v +m (1 —p) — Ci.

260




Tt we substitute the value of Efx(#)] given by (17) we get

Efn(t)]] = (1 - A)mp+ C; = pCilv +mi (1 — p) — Cilx
expiff + (o — )1 —p) — (e + B)(L = Aypolt}. (18)

#

T (18). let us substitute

o =1 — A)mp+ C; - pCy)
b =m{i ~-p) -,

e ={1—- Ao+ Hp

d =8+ (o -8l —p).

w el
E[x(t)] = i{av + b)el =+ (19)

Tu this section, the optimum value of ¢ 18 #* which is the upper hound-
ary for the faulty products in the sample and the optinun value
of 2 is p* which is the defective rate will detenpine in order to maxi-
inize the expected value of the profit.
In the equation (19), if the fivst dervivative with vespect to v is cqual
to mevo, it will be
" (20)

ot

If we substitute the value of o* in the second devivative of Efn (#)] with
respoect to o, we got

{Rr{t s
LJEZ( ”i,.:,... = —iactet O T (21)

Tu the following, the value of ¢* | the conditions for which Fn ()] lhas
made maxinnuan or mininnun arc investigated.

[ If all the product is not the subject of the final control, that is
if 0 < A < 1 then ¢ will be positive, that is,if 7 — C > 0 and for
all Gy >0, a=p(r—Cy)+C >0 and for v =v*, d*E[x(#)}/dv? <
0-. s0 Elx(1)] will be maximam in »* . If 7; - ¢y < 0 but « =
pl{m — Cy) + G > 0 then for v =" | Ein({)] will be maximun.

W —Cs <0and a=gplm — Cy)+ €, <0 then for » = o*

A E[r(H)]/dv? > 0 so. Bjr(t)] will be minimun for » = »* . This
weans that Elx(t)] will reach to its waximuwm at » = 0 or v = 1. Due
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to this. let us compare the value of E[x(#)] at v = 1 with its value
al v =0.

E[W“)]l,.-;,l _a+ b =l
Eln)]], b

a < 0and so @+ 0 < b . on the other hand v = 0 can not avoid the
profit Leing positive by itself and so & > 0 and  (« + 8)/b < 1, Since
cx»0and1>0.e %<1, So,

Elr(t)]l,
Eln ),

(0],

and Elw(t)] will reach its maxinnun at v =0
The optimum value of the upper limit of the faulty products in the
sample % was determined for v* = 0, 0 < v* < 1, v* = 1 and the

L)
o}

following results were obtained:

ILIftw* =0, then v = P(y <r)=0. In this case Py >r) =1,
that is A = 1 and so the sample must be rejected and the whole of
the product nst be controlled. This means that » =+* = 0 . In this
case. o = ¢ = 0 . Efn(t)] = ibet® and is independent of v . Since the
case Py < r) =0 can not avoid the profit being positive by itself,
we get the result that & > 0 and we will investigate it later on.

ITL For 0 <o <1 when e >0,

et —~ bet

0 <o = <1, ac >0
act _

anc will be
0 < a— bt < act,

From 0 < & - bet we get & > bl . Heve, & = C + plmy — C,) and
I = (a+ Fpt . From ¢ — bef < act we get A < 1 — "EZM . Under
* of the faulty products which

these conditions, the optimuo value »
is admissible in the sample is found from the relation

.,\V
Ply <" ) =" = Z C{Ax. i)p'(l — py &,
i=0
IV. Tf w* = 1 then 4 = 1 — "l_—fb' 0 < A < 1. The relation
Ply <¢*) =4 = 1 wmeans that the optinmun admissible value of the
faulty products in the sample is +* = Az | s0 » = Az,




V. If 4 =1, in other words if the whole of the product is con-
trolled. then a4 = ¢ = 0 and Eln(t)] = 4be®™. This means that the
expected value of the product is independent of v .

For this case let us investigate the path of E{x(¢)] which will be
a function of the value p = p, . The fivst devivative of E[x(¢)] with
respect to p is

dE[w(t)]

dp = i{—m ~|m(1~p) - C]lo—8)ttexp{[0+ (o —6) (1 —p)t}.

Now, let us investigate the changes in Elx(t)] for (0—46) > 0and (o~
3y < 0.

14) If ¢ ~ 8 > 0, theu dE[x(t)l/dp < 0, so E[w({)] is monotoue
decreasing and reach s maximom at p = 0 and minimum at p =1 .
On the other hand if A = 1, in other words if the value of p is
s0 high that the control of the whole of the product is necessary,
therr p must be positive. The situation p = 1 is an extreme case which
can not be encountered in practice so it can be omitted. If we assume
that p can not he preater tlian a preassigned value ps and smaller than
a preassigned value p) , 1o other words if 0 < py <p < po < 1 then

mar ()] = im (1 —p1) — Ci] # exp{l@ + (o — 6)(1 — p1)]E}.
nunEln ()] = ilm (1 — po) — Cif x exp{[f + (o — 6)(1 — pu)it}.
Ou the other hand.

ﬁ%%’(f_” = i(o - §)1{2m; + [m (1 — p) — CiJ(o — 5)t}

eap{[d + (o — d)(1 — p)t}

and when o—4 > 0 then d*E[n(8)]/dp? > 0 and E[x(1)] is a monotone
decreasing convex function(Figure 23,
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Figure 2. The relation between p and Eln{{)} for 0 —d > 0

£ [t}
A

;D : : - > P
P= p’] pz p=

2 W — 8 <0 thien it s possible to selve the eguation
dE[m{i)]/dp = 0 . From this equation,

9 1 . Fil|
pr=1——[C; — ——]
b m [ (o — c))?’:]
Here. 0 < %.[CL - (ﬂz‘ﬁ)l,] < 1. Aud
PEm(1 i ; .
;][Mi . irty (o — 0)# cap{[6 + (o = ) (1 —p")}t} <0
dpz r=e

Tlis means that £lw{t)] is waxiuun at p = p* and is minimun at
ouc or botly of the end poiuts of the interval (0,1) (Figwree 3{a) and
Figare 3{h) ).
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Figare 3(a) and 3(b). The relation between p ad E[vr(i,)] for o —4d <0

E [m( )] E [m(t)]

|
|
|

3{a) : 3( b)

CONCLUSIONS

In this work, total quality cost was considered as a function of the
quality level which is a function of the time variable. Net income was
formulated as a function of the several components of the quality cost
and was proved that optinnun quality path requires an action towaud
zero delect point. The net income function at time ¢ was formualated
in torms of the cost Cilg()] cansed by the nspection of a wwit prod-
nct and the lost CLjy(4)] caused by the use of a faulty product which
was sold without Gnal inspectivn. By establishing a correspondence
between new custouters and arrival process. lost customers and ser-
vice process the problem was considered as a linear quening problem.
The rate of the faulty products p is considered as a vawdom variable
Lhaving a degenerate probability density function and the optinm
bhouwndries of the faulty products and the rate of defective itemns in the
quality control saanples was fouwd 1 order to optimize the net income
function.
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