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PARAMETER ANALYSIS IN Q U A L I T Y 
CONTROL * 

Müşerref YÜKSEL 

A b s t r a c t 

I n t h i s s t u d y , f i r s t , t h e p r o b l e m o f o p t i m i z a t i o n o f t h e f u n c t i o n o f 
net i n c o m e was i n v e s t i g a t e d c o n s i d e r i n g q u a l i t y as a d y n a m i c f a c t o r . 
A f t e r w a r d s , t h e ne t i n c o m e a t t i m e t was r e f o r m u l a t e d by t a k i n g i n t o 
a c count t h e cost a r i s i n g f r o m t h e i n s p e c t i o n o f a p r o d u c t a n d t h e cost 
caused by a f a u l t y p r o d u c t w h i c h was n o t t h e s u b j e c t o f t h e final 
q u a l i t y c o n t r o l a n d gave b i r t h t o a d i s s a t i s f a c t i o n a n d t h e p r o b l e m is 
t r a n s f o r m e d t o a l i n e a r q u e u i n g p r o b l e m . T h e e x p e c t e d va lue o f ne t 
i n c o m e is expressed i n t e r m s o f the lose a n d g a i n r a t e a n d t h e o p t i m u m 
value o f t h e u p p e r l i m i t s o f t h e a m o u n t o f the f a u l t y p r o d u c t s i n t h e 
s a m p l e w h i c h was t h e s u b j e c t o f q u a l i t y c o n t r o l a n d r a t e o f de fect ive 
was d e t e r m i n e d . 

1 In t roduc t i on 
Q u a l i t y is a m e a s u r a b l e c h a r a c t e r i s t i c o f a process, a p r o d u c t or a 
service . I t m u s t be m e a s u r a b l e i n o r d e r t o be c o n t r o l a b l e . I n o t h e r 
w o r d s v a r i o u s levels o f these c h a r a c t e r i s t i c s m u s t be m e a s u r e d i n t e r m s 
o f n u m e r i c a l values o r m u s t be t r a n s f o r m a b l e t o n u m e r i c a l values [1] . 

Q u a l i t y c o n t r o l is a c o l l e c t i o n o f w o r k s c o n t a i n i n g q u a l i t a t i v e a n d 
q u a n t i t a t i v e f a c t o r s a n d a i m i n g t o rea l ize t h e es tab l i shed s t a n d a r d s . 

' T h i s paper is an English t rans lat ion of the substance of P h . D . dissertation accepted 
by the Faculty of Science and Letters , Technical University of I s tanbul i n A p r i l , 1992. I 
am grateful to Assoc.Prof.Dr.Cevdet Cerh, for his valuable help and encouragement in all 
stages of this work. 
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T h e p i o d u e t i o n process takes place i n a n i n t e r v a l of t i m e a n d con ­
t r o l l e d ai c e r t a i n i n t e r v a l s a n d at. c e r t a i n steps o f t h e process. P r o d -
nci C' - r t r i i l is rea l i zed a c c o r d i n g i - i a cerr.ain p r e d e t e r m i n e d p r i n c i p l e s . 
' D i e techniques c o n c e r n i n g p r o d u c t i o n a n d c o n t r o l have been c h a n g i n g 
very r a p i d l y i n t i m e . M a t h e m a t i c a l models o f t h e systems c h a n g i n g 
in t i m e is k n o w n as s tochast i cs process [2]. 

T h e n q u a l i t y c o n t r o l m u s t bo cons idered a.s a s tochast i cs process 
a n d Le e v a l u a t e d i n t h a t f ash ion . O n the o t h e r h a n d , q u a l i f y c o n t r o l 
p r o b l e m s c a n be i n v e s t i g a t e d by means o f the q u a n t i t a t i v e techniques 
such as dec is ion t h e o r y a n d q u e u i n g theory . 

T h e ro le p l a y e d b y s t a t i s t i c s in the i n v e s t i g a t i o n of q u a l i t y s t a n ­
d a r d s a n d i n t h e d e t e r m i n a t i o n o f the p a t h fo l l owed by p r o d u c t i o n 
p ; K:CSS is so i m p o r t a n t t h a t one can say: q u a l i t y c o n t r o l has g a i n e d 
il.r-: c o n t e m p o r a r y m e a n i n g w i t h the h e l p o f s t a t i s t i c a l m e t h o d s . 

T h e d e v e l o p m e n t s observed h i the f i e ld o f c o m p e t i t i o n , t h e a i d 
o f q u a l i t y f a c t o r t o c o m p e t i t i o n a n d the affects o f q u a l i t y c o n t r o l o n 
q u a l i t y have p l a y e d a n i m p o r t a n t ro le i n t h e i m p o r t a n c e o f q u a l i t y 
c o n t r o l a c t i v i t i e s . N a t u r a l l y , t h e q u a l i t y c o n t r o l ' a c t i v i t i e s have caused 
t h e a: risal of t h e q u a l i t y cost p r o b l e m . T h e measure o f q u a l i t y is de te r ­
m i n e d bv c o n t r o l l i n g t h e costs o f p r o d u c t q u a l i t y . A n d t h i s a p p r o a c h 
n e c e s s i t i e s t h e d e t e r m i n a t i o n o f q u a l i t y costs a n d i t s c l ass i f i ca t i on . 

T h e q u a l i t y c o n t r o l costs cnused by the q u a l i t y o f goods a n d service 
are g e n e r a l l y d i v i d e d i n t o three d i f f e rent categories: 

1. ' Cost o f P r e v e n t i o n . 
2. Cost o f A p p r a i s a l , 

Cost, o f I n t e r n a l a n d K x i e r u a l fa i lures . 
T h e q u a l i t y costs c o n c e r n i n g the q u a / i t y the pro due-*; or the 

service , i n o t h e r w o r d s t h e t o t a l o f p r e v e n t i o n , a p p r a i s a l a n d i n t e r n a i -
e x t e r n a l f a i l u r e costs f o r m the t o t a l q u a l i t y cost. T o t a l q u a l i t y cost as 
a f u n c t i o n o f t h e q u a l i t y level m a y be f o r m u l a t e d i n t h e f o l l o w i n g w a y 
[3] : 

q : q u a l i t y level , 0 < q < 1 
C'i (q) : i n t e r n a l a n d e x t e r n a l f a i l u r e costs per u n i t o f t h e p r o d u c t 

a t q u a l i t y level q . 0 < q < 1 
C^{q) : p r e v e n t i o n a n d a p p r a i s a l costs per u n i t o f t h e p r o d u c t a t 

q u a l i t y leve l q , 0 < q < 1 
C\>[q) : t h e t o t a l q u a l i t y cos I p e r u n i t o f t h e p r o d u c t a t q u a l i t y 

l eve l q , 0 < q < 1 a n d 
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I n t i n s w o r k d e v e l o p i n g some new approaches t o q u a l i t y c o n t r o l p r o b ­
l e m by m a k i n g use o f t h e q u a l i t y c o n t r o l costs is a i m e d . 

Quality of conformance 
(%100 defect ive) (%0 defective ) 

F i g u r e 1 . J u r a n ' s M o d e l o f O p t i m u m Q u a l i t y Costs [3]. 

2 The O p t i m u m Quality Path Mode l 
2.1 O p t i m u m Q u a l i t y Cost a n d T h e C o n c e p t 
of Zero De fec t 
O p t i m u m q u a l i t y cost is t h e m i n i m u m value o f the t o t a l q u a l i t y cost. 
T h e q u a l i t y leve l c o r r e s p o n d i n g to t h i s m i n i m u m value is T ie o p t i m u m 
q u a l i t y l eve l . 

T h e p r o b l e m o f d e t e r m i n i n g t h e m i n i m u m o f t o t a l q u a l i t y cos!; is an 
o p t i m i z a t i o n p r o b l e m . O p t i m i z a t i o n is a process a i m i n g t o choo.se t h e 
way w h i c h m i n i m i z e s o r m a x i m i z e s a dec i s i on p r o b l e m a m o n g o t h e r 
a l t e r n a t i v e ways [4]. 

T h e t o t a l q u a l i t y cost curve, seen in Figure' " 1 is a c m v e x curve 
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a n d there is a i/o w h i c h minimizes : C V i t g ) - <iu is t h e va lue [5] w h i c h 
satisfies t h e i n e q u a l i t y C'[2{<io) > 0 a n d is t h e r o o t o f t h e e q u a t i o n 
CyAq) = 0 • T h e t o t a l q u a l i t y cost w h i c h was f o r m u l a t e d above 
m a y be r e f o r m u l a t e d i n t h e f o l l o w i n g w a y by t a k i n g i n t o account t h e 
changes i n t h e q u a l i t y level . 

q(t) : q u a l i t y leve l a t t i m e t , 0 < q(t) < 1 
C\ [q{t)] : i n t e r n a l a n d e x t e r n a l f a i l u r e costs, 
C2[q(t}] : p r e v e n t i o n a n d a p p r a i s a l costs, 

C'i2[<y(£}] : t o t a l q u a l i t y cost , 

Ci2lq(t)] = CMt)] + C2[q(i)l q(t) € [ 0 , 1 ] . (1) 

T h e m i n i m u m v a l u e o f t h e t o t a l q u a l i t y cost qo(to), w h i c h is a f u n c t i o n 
o f q u a l i t y leve l at t i m e t , here t > 0 a n d q(t) G [0 ,1 ] , is 

such t h a t f or t h i s r o o t 

I f there are m o r e t h a n one r o o t w h i c h satisfies these t w o c o n d i t i o n s , t h e 
one w h i c h m i n i m i z e s t h e C|^[g(/.)] is chosen a n d is ca l l ed t h e a b s o l u t e 
m i n i m u m . 

I n g e n e r a l t h e g o a l o f t h e firms is " zero de fec t " . I n fact " zero 
de fec t " means p r o d u c i n g n o t h i n g f a u l t y . I n o t h e r w o r d s , i t means de­
t e r m i n i n g t h e c o n d i t i o n s w h i c h do n o t s u i t t h e s t a n d a r d s i m m e d i a t e l y , 
r e o r g a n i s i n g t h e m u p t o t h e s t a n d a r d s a n d " h a v i n g t h e correc t a n d 
u p - t o - s t a n d a r d s p r o d u c t s a t t h e f i r s t t i m e " a n d i n t h i s w a y r e d u c i n g 
f a u l t y p r o d u c t cost. T h e decrease i n t h e cost o f i n t e r n a l a n d e x t e r n a l 
f a u l t y p r o d u c t s means t h e increase i n t h e cost o f a p p r a i s a l a n d p r e ­
v e n t i o n w h i l e some approaches t o w a r d t h e t a r g e t " zero defect " on t h e 
o t h e r h a n d , cause a r a p i d increase of these costs t o w a r d i n f i n i t y [6 j . 
W e see i n F i g u r e 1 t h a t t o t a l q u a l i t y reaches i t s m i n i m u m v a l u e n o t 
a t the, zero defect po int , b u t at some p o i n t t o t h e l e f t of t h e zero defect, 
p o i n t a n d for some a m o u n t o f f a u l t y p r o d u c t . U p t o t h i s p o i n t t h e 
e f forts t o i m p r o v e t h e p r o d u c t p u l l s d o w n t h e t o t a l q u a l i t y cost . T h e 
e f fort t o decrease t h e r a t e o f f a u l t y p r o d u c t f r o m t h a t p o i n t o n b r i n g s 
e x t r a costs a l t h o u g h i t develops the p r o d u c t i o n process. 
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2.2 T h e A n a l y s i s of Zero Defect b y M e a n s o f 
Q u a l i t y Cos t 
i n w o r k s w h i c h a i m s t o ana lyze the zero delect t h e concept t o t a l q u a l ­
i t y cost has f o r m e d t h e s t a r t i n g p o i n i a n d t i n s a p p r o a c h is ca l l ed as 
t r a d i t i o n a l a p p r o a c h [5] . F i n e asserts t h a t t h e k n o w l e d g e o b t a i n e d 
t h r o u g h h i g h q u a l i t y p r o d u c t i o n is m o r e use fu l i n t h e decrease o f p r o ­
d u c t i o n cost t h a n t h e k n o w l e d g e o b t a i n e d t h r o u g h low q u a l i t y level 
p r o d u c t i o n . B y m a k i n g use o f t h i s asser t i on a d y n a m i c m o d e l was 
f o r m u l a t e d u s i n g t h e k n o w l e d g e w h i c h depends o n t h e q u a l i t y o f p r o ­
d u c t i o n . T h e w o r k o f F i n e is t h e f i r s t one say ing s o m e t h i n g a b o u t 
t h e d y n a m i c n a t u r e o f t h e q u a l i t y o f p r o d u c t i o n . B u t F i n e h a d u o t 
c ons idered [5] t h e effect o f q u a l i t y o n the sale a n d t h e t e c h n o l o g i c a l 
d e v e l o p m e n t s w h i c h cause a decrease i n the cost o f a p p r a i s a l a n d p r e -
v a n t i o a i n t i m e . H s i a n g a n d Lee have deve loped t h e m o d e l b y t a k i n g 
i n t o a c c o u n t t h e effect o f these fac tors on t h e cost o f a p p r a i s a l a n d 
p r e v e n t i o n a n d t h e effect o f q u a l i t y on t h e sale. 

I n t h e f o l l o w i n g m o d e l i t was assumed t h a t t h e a c c u m u l a t i o n o f 
k n o w l e d g e c o n c e r n i n g q u a l i t y and t e c h n o l o g i c a l d e v e l o p m e n t s p r o d u c e 
a. decrease i n t h e cost o f externa, ! a n d i n t e r n a l p r o d u c t s ::i.id so m a d e 
possible a m o r e c o m p r e h e n s i v e analys is o f t h e p r o b l e m po.- ,sib>. i n 
t h e m o d e l t h e effect o f q u a l i t y level c h a n g i n g by t i m e o n t h e p r i c e o f a 
u n i t p r o d u c t a n d t h e d e m a n d or t h e sale was "used t o m a x i m i z e t h e net 
i n c o m e o f t h e firm (which was des igneted b y n{t) ) a n d t o d e t e r m i n e 
the best p a t h w h i c h w i l l be followed by t h e q u a l i t y leve l q(t) w h i c h 
changes o n t h e i n t e r v a l [0 ,1 ] by t a k i n g i n t o account t h e a c c u m u l a ­
t i o n o f k n o w l e d g e c o n c e r n i n g q u a l i t y a n d the effect o f t e c h n o l o g i c a l 
i m p r o v e m e n t s on t h e cost, o f i n t e r n a l and e x t e r n a l f a u l t y p r o d u c t s . 

he-; us show by D[q{t)} t h e d e m a n d of a p r o d u c t o f q u a l i t y l eve l q{t) 
a t t i m e /,. 0 < q[t) < 1 a n d q'(t) > 0. O n t h e o t h e r h a n d a s s u m i n g 
t h a t q{t) w i l l n o t increase indefinitely one can say t h a t q"{t) < 0 , i n 
o t h e r w o r d s q(t) is a concave f u n c t i o n o f / . "• . 

P[q(t)] is the p r i c e o f a uuif, p r o d u c t at q u a l i t y leve l q(t). W h i l e t h e 
q u a l i t y leve l increases t h e p r i c e w i l l increase b u t n o t i n i i n i t l y so we m a y 
assume t h a t P'[q{t)] > 0 a n d P"[<j{t)} < 0 / i n o t h e r w o r d s P[q(i)] is 
a concave i n c r e a s i n g f u n c t i o n o f q{t). 

L e t - C i [q(t)] a n d C 2 [ g ( i ) } be r espec t i ve ly t h e cost- o f in tern : ! . ! a n d 
e x t e r n a l f a u l t y p r o d u c t s a n d the cost o f a p p r a i s a l a n d p r e v e n t i o n . 
C'i[q(t)] is a decreas ing convex f u n c t i o n o f q(t) a n d •CbfriO] * s a i l 
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in<Teasing convex f u n c t i o n o f q(i). I n o t h e r w o r d s C { [ ( / ( i ) ] < 0, 

C\'{q(t)) > 0 a n d dM*)} > 0, > 0. 
L e t C;\{l) is the cost o f p r o d u c t i o n o f a u n i t p r o d u c t w h e n t h e cost 

o f q u a l i t y is n o t concerned- A s s u m i n g t h a t t h e cost o f p r o d u c t i o n w i l l 
decrease d u e to i m p r o v e m e n t s i n t h e p r o d u c t i o n t e chno logy b u t th i s 
decrease w i l l n o t be i u f m i t so one can say t h a t C%{t) < 0 a n d 
C"(t) > 0. 

The; t o t a l q u a l i t y cost is CV2[q{t)] = Ci[q{t)} + C2[q{l)} a n d is a 
convex f u n c t i o n o f q{t). I n o t h e r w o r d s for a qa w h i c h satisfies t h e 
e q u a t i o n C7[2[c/(/;)] - 0 , C\'2[q0] > 0 a n d so i t is poss ib le t o f i n d a 
m i n i m u m v a l u e o f Ci2[q{t)}. 

L e t t h e exper ience g a i n e d u p to t i m e t a n d d e p e n d i n g u p o n t h e 
level o f t h e q u a l i t y of the p r o d u c t be z{L) [5] , O n e can w r i t e 

* ( i ) = * ( 0 ) + f h(r)q(r)dr (2) 
Jo 

Hero , 
z(0) : t h e experience! o w n e d at t i m e t ~ 0 
q(r) : t h e q u a l i t y leve l o f t h e p r o d u c t p r o d u c e d a t t i m e r 
}I,{T) : M.n i n c r e a s i n g f u n c t i o n of r a n d serves as a d i s c o u n t fac­

tor , f t is a f a c t o r express ing t h a t (.lie exper ience g a i n e d f r o m the last 
e x p e r i m e n t s is m o r e i m p o r t a n t t h a n t h e ones g a i n e d f r o m t h e ear l ier 
e x p e r i m e n t s . 

L e t <i[{t) b e decreas ing convex f u n c t i o n r e p r e s e n t i n g t h e decrease 
i n the cost o f the; i n t e r n a l a n d e x t e r n a l f a u l t y p r o d u c t s d u e t o t e chno ­
l o g i c a l i m p r o v e m e n t a n d l e t b\ [z{i]} be decreas ing convex f u n c t i o n r e p ­
r e s e n t i n g t h e decrease w h i c h arises due t o t h e a c c u m u l a t i o n o f k n o w l ­
edge. Lot t h e correspondences of ay(t) a n d h\[z{i)} f o r the cost of ap ­
p r a i s a l a n d p r e v e n t i o n be a->(t) a n d A l s o , a2{t) a n d b2[z(t)\ are 
decreasing convex f u n c t i o n s . These f u n c t i o n s are c o n n e c t e d i n t h e f o l ­
l o w i n g f a s h i o n : 

= u\(t)hMt)]eMt)\ 

C2(g,t) = ^{t)b2[z{t)}C2[q(t)} 

a n d the net in come o f t h e f i r m a t t i m e t is 

- a2{t)b2[z{t)}C2[q{t)} - C-,(t)}D[q(f,)}. (3) 

A n d o u r g o a l is t o find t h e best q u a l i t y p a t h t o m a x i m i z e 7r(t). 
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2.3 T h e M a x i m i z a t i o n o f N e t I n c o m e 
For a p l a n n i n g p e r i o d 7 1 Urn m a x i m i z a t i o n o f n(t) is e q u a l t o t h e 
m a x i m i z a t i o n o f the f o l l o w i n g fuue i . i ona l [5 j , 

T h e value o f t h e tp{T) is the c u r r e n t value o f TY(t) f o r a p e r i o d T. 
r is t h e d i s c o u n t f a c t o r used t u determine ! t h e c u r r e n t value o f a n 
i n c o m e a c c u m u l a t e d i n an i n t e r v a l [ 0 , T ] . I n the d e t e r m i n a t i o n o f the 
n u m e r i c a l va lue of r i n f l a t i o n phiys a n i m p o r t a n t ro l e . W h i l e t h e r a t e 
o f i n f l a t i o n increases t h e value o f r increases, o t h e r w i s e decreases. 

T h e o p t i m i z a t i o n of t h i s f u n c t i o n a l is a p r o b l e m o f t h e ca l cu lus 
o f v a r i a t i o n s , i n o r d e r t o m a x i m i z e <p{T) we w i l l make; use o f t h e 
f o l l o w i n g t h e o r e m . 

T H E O R E M 1. L e t J[z] be a f u n c t i o n a l o f the f o r m 

d e f i n e d o n t h e set o f f u n c t i o n s z\l) w h i c h have c o n t i n u o u s f i r s t d e r i v a ­
t ives i n [a . b] a n d sat i s fy t h e b o u n d a r y c o n d i t i o n s z(a) = A, 
z(b) = D. T h e n a necessary c o n d i t i o n for J{z] t o have a n e x t r e m u m 
for a g i v e n f u n c t i o n z{t) is t h a t z{t) sa t i s fy E i d e r ' s e q u a t i o n [7] 

A c c o r d i n g to t h i s t h e o r e m i?{t, z. z'\ = e~''Lir{t) a n d t h e necessary 
c o n d i t i o n for t h e m a x i m i z a t i o n of ip{T) is t h e f o l l o w i n g r e l a t i o n w h i c h 
is k n o w n as E u l e r c o n d i t i o n 

H e n ; , z' is t h e der ivat ive ; of z(t) w i t h resptu;! t o t a n d z' — hq a n d 
q =•• z: (h. T h e f o l l o w i n g l e m m a w i l l \n- used to l i n d t h e best q u a l i t y 
p a t h i n o r d e r t o m a x i m i z e t h e funct ion . - . ! (4 ) . 

' L E M M A . T h e o p t i m a l q u a l i t y p a t h q*{t) w h i c h m a x i m i z i e s the 
f u n c t i o n a l g i v e n by (4) satisf ies chi(t)/0q < 0 . 

I V o o f : I f t h e net i n c o m e 7f[t) satisfh.-s t h e i n e q u a l i t y 
dir(l)/dq > 0 t h e n i t is pe>ssible to increase TT[L) b y i n c r e a s i n g q{t). 

•J-
(4) 
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A n increase i n q(t) w i l l cause o n increase i n z(t). A n d t h i s w i l l cause 
a decrease i n t h e f u t u r e costs o f a p p r a i s a l a n d p r e v e n t i o n a n d i n t e r n a l 
a n d e x t e r n a l f a u l t y p r o d u c t s . Since t h e p r o f i t can n o t be i n f i n i t e we 
deduce t h a t a n y value of q(t) for w h i c h dir(t)/dq is p o s i t i v e can n o t 
be o p t i m u m . So, dir(i)/dq m u s t be n o n - p o s i t i v e . I n o t h e r w o r d s o n 
t h e o p t i m a l q u a l i t y p a t h t h e f o l l o w i n g i n e q u a l i t y m u s t be sat i s f i ed 

+ {Pm)-al(t)bl[z{t)}Cl[q(t)} 

-a2{t)b2[z{t))C2[q{t)] - C-MjV'W)} < 0. 

T H E O R E M 2. I f t h e net in come o f the firm a t t i m e t is a f u n c t i o n 
o f q{t) a n d is expressed i n t h e f o r m o f (3) t h e n t h e o p t i m a l s t r a t e g y is 
t o increase t h e q u a l i t y q o f t h e p r o d u c t as l o n g as (d/dt)(C\D) > 0 . 

P r o o f : L e t F(t, z, z') = e-rin{t) . T h e n 

F(Uz,z') = e-r'iPbm-aatMzWmqit)] 

- " 2 W & 2 k * ) ] C 2 b ( l E ) ] - C 3 ( i ) } i ? [ g ( i ) ] . 
L e t us w r i t e q = z' jh . We get 

F{^z„z<) = ^ r f ' { P { j L ) ~ ^(tMz(t)]Ci(^) 

I f we use t h e E u l e r c o n d i t i o n 

dF_ 

dz dfAdz1 } or 
0F_ 

dz 
we get 

~\-{P" - aMz)C" - a2b2(z)C^)D - 2(P' - aibi(z)Ci 

-a2b2(z)C!2)D' ~(P~ aih{z)Ci - a2b2(z)C2 - C3)D"] 

[a,b\{z)C, + a2b'2(z)C2]D - [~ + ~){{P' - aM*)C[ 

-a2b2(z)C'2)D + [P - aLbi (z)C, - a2b2(z)C2 - C:i]D'} 

~(^^+qa,b\(z))[CiD' + C[D} 
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_ ( ^ M i ! + q a , l i l ( z ) ) [C2D> + C'2D\ - ^ f - (5) 

I D t.lio l e f t h a n d side o f t h e e q u a l i t y (5 ) , since P[q{t)} is an i n c r e a s i n g 
a n d concave f u n c t i o n o f q(t) we say P' > 0, P" < 0. C\[q{t)\ is 
decreas ing a n d convex, C2[q{t)} is i n c r e a s i n g a n d convex a n d so 
C\{q) < 0, C\'{q) > 0 a n d C'2(q) > Q,C%(q) > 0. O n t h e o t h e r h a n d 
D' > 0. D" < 0 a n d 

P" ~avb\{z)C'{ - a2b2{z)C'.2' < 0 

a n d f r o m t h e L e m m a 

P' ~aiby{z)C[ -a2b2{z)C2 < 0 

a n d since t h e t h i r d t e r m on the le f t h a n d side satisfies the following 
i n e q u a l i t y 

P - a{b{{z)C\ - o,2b2{z)C2 - Ch > 0, D" < 0 

t h e le f t s ide o f t h e e q u a t i o n {5) is n o n - n e g a t i v e . 
F r o m L e m m a a n d t h e r e l a t i o n h! > 0 one can easi ly see t h a t t h e 

second t e r m o n t h e r i g h t h a n d s ide o f t h e e q u a t i o n (5) is n o n - n e g a t i v e . 
O n t h e o t h e r h a n d , since (7J < 0 , so -(C'^D'/h) > 0 . I f we r e w r i t e 
t h e r e m a i n i n g t e r m s o f t h e r i g h t h a n d side a n d reorder t h e m we get 

faf/^C, + a2b'2(z)C2}D - [qa,b\(z) + ya'Mz)] (C\D' + C[D) 

-[qa2b2(z)-\- yai2b2(z)](C2D,^G!2D)=ayb'1{z)D[Cl - qC\] 

+a2b>2[z)D[C2 - qC2] - a^j^[C,D< + C[D] 

-qrMb\ (z)CiD' - [ ^ | ^ + qa2b'2{z)}c2D' - ^ f ^ d 2 D . (6) 

C\ a n d C2 are convex f u n c t i o n s a n d so C\ < qC[ a n d C2 < qC'2. 
O n t h e o t h e r h a n d , b\{z) a n d b2{z) are decreas ing f u n c t i o n s a n d 
b[{z) < 0 a n d b'2(z) < 0 . So the first a n d second t e r m o f (6) are 
n o n - n e g a t i v e . I f 

jt(CiD)>0 
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t h e n t h e t h i r d t e r m is also n o n - n e g a t i v e so t h e r i g h t h a n d side o f t h e 
e q u a l i t y (5) is n o n - n e g a t i v e . 

As a r e s u l t , i n the o p t i m a l s o l u t i o n (5) w h i c h was o b t a i n e d ac cord ­
i n g to E u l e r c o n d i t i o n q' m u s t be n o n - n e g a t i v e as l o n g as 
{d/d,t){C\D) > Ü . T h i s means t h a t t h e o p t i m a l q u a l i t y p a t h q*(t) 
w h i c h was expressed i n L e m m a m u s t sat i s fy t h e r e l a t i o n [q*{t)]' > 0. 
T h i s r e l a t i o n suggest t h a t t h e level o f q u a l i t y m u s t be increased i n a 
c o n s t a n t f a s h i o n . So t h e o p t i m a l s t r a t e g y o f t h e p r o d u c e r m u s t be t o 
increase t h e l eve l o f t h e q u a l i t y i n a c o n s t a n t f a s h i o n a n d t o t r y t o 
reach t h e t a r g e t o f zero defect . 

I n the a n a l y s i s w h i c h we t r i e d to rea l ize the cost o f t h e i n t e r n a l a n d 
e x t e r n a l f a u l t y p r o d u c t s a n d a p p r a i s a l a n d p r e v e n t i o n c o m p o n e n t s o f 
t h e q u a l i t y c o n t r o l costs were takım i n t o account a n d t h e o p t i m u m 
q u a l i t y p a t h was d e t e r m i n e d f r o m t h e p o i n t of v i e w o f t h e p r o d u c e r . 

2.4 T h e Case o f C o n s t a n t D e m a n d 
U p t o n o w we supposed t h a t d e m a n d is a f u n c t i o n o f the q u a l i t y 
c h a n g i n g i n t i m e a n d t r i e d to d e t e r m i n e t h e o p t i m u m q u a l i t y s t r a t e g y 
o f the p r o d u c e r . A t t h i s p o i n t we w i l l suppose t h a t t h e d e m a n d is 
c o n s t a n t , t h a t is D' = D" — 0. I n t h i s case, (5) t r a n s f o r m s t o 

İ[-(P» - ayb^C1; - a-Mz)C'i)D] = 

[aib'L(z)Cl+ a2b'2{z)C2}D 

- ( [ + Y i ) i P > ~ aM*)C\ - o,2b2(z)C'2]D 

- + qaJv[z))C\D - ( ^ f l + qa2b>(z))c!2D. (7) 

I f the i n v e s t i g a t i o n m a d e for T h e o r e m 2 is r e p e a t e d here , one can see 
t h a t t h e t e r m i n p a r a n t h e s i s o n t h e left h a n d side is n o n - n e g a t i v e . O n 
t h e r i g h t h a n d side o f t h e e q u a t i o n (7) h1 > 0 a n d t h e second t e r m 
is n o n - n e g a t i v e a c c o r d i n g t o L e m m a . L e t us r e w r i t e t h e r e m a i n i n g 
t e r m s a n d r e o r d e r t h e m a n d o b t a i n 

[ f l i ^ W d + a a f t i W C a p - + flûı&U*)) C\D 

+ qa>2-b2{z)) G'2D = aib\ {z)D{C\ - qC{) 
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+a2U2{z)D{C2 ~ qC'2) - ja'Mz^D - ja'2b2(z)C'2D. 

T h i s express ion is n o n - n e g a t i v e i f 

u\ + 'ii,2 < V] + v2 (8) 

here U i - a'MzWi a n d v{ = haj^z^d - qC)) , (i = 1,2) . So t h e 
r i g h t h a n d side o f (7) becomes n o n - n e g a t i v e a n d q' > 0 . T h i s means 
t h a t a n increase i n t h e level o f q u a l i t y w i l l p r o d u c e a n increase i n t h e 
i n c o m e o f t h e firm. 

3 The Role of Qual i ty Control in The 
Opt imizat ion of The Profit by means of 
Queuing Theory 
3.1 T h e Factors E f f e c t i n g T h e D e m a n d 
U p to n o w we assumed t h a t d e m a n d is a f u n c t i o n o f t h e leve l o f q u a l i t y . 
H e r e we w i l l assume t h a t t h e m o s t i m p o r t a n t f a c t o r i n t h e d e t e r m i ­
n a t i o n o f t h e d e m a n d is t h e l eve l o f q u a l i t y a n d t h e d e m a n d is e q u a l 
to t h e a m o u n t o f t h e p r o d u c t i o n D[q(t.)} = X(t) • Here b y X(t) we 
m e a n t h e a m o u n t o f p r o d u c t i o n r e a l i z e d d u r i n g a p e r i o d o f t i m e t at 
q u a l i t y leve l q(t) . L e t X(i) = x . A s m e n t i o n e d i n t h e p a p e r o f Lee 
a n d T a p i e r o , t h e fac tors o t h e r t h a n q u a l i t y leve l a f f e c t ing t h e a m o u n t 
o f d e m a n d , c o n s e q u e n t l y the a m o u n t o f p r o d u c t i o n are 

- c o n s u m e r s w h o have used f a u l t y p r o d u c t s a n d decide 
n o t to r e p e a t purchase , 

- c o n s u m e r s w h o have s w i t c h e d t o o t h e r p r o d u c t s , 
- c o n s u m e r s w h o have been af fected by a d v e r t i s i n g , seller 

r e p u t a t i o n , w a r r a n t i e s , s e r v i c i n g r e p u t a t i o n a n d s w i t c h e d 
f r o m c o m p e t i t o r s t o t h i s firm, 
- c o n s u m e r s w h o have been af fected b y those c u s t o m e r s w h o 
have used p r o d u c t s free f r o m defects , 

- c onsumers w h o have d e c i d e d n o t t o repeat purchase due t o 
n e g a t i v e w o r d - o f - m o u t h effect. 

T h e effects o f these fac tors t o the p r o b l e m are re f lec ted b y t h e s y m ­
bo l s cv,i\0,a, a n d /? r e s p e c t i v e l y [ 8 ] . H e r e , we w i l l f o r m u l a t e t h e ne t 
i n c o m e o f t h e f i r m f r o m sales by t a k i n g i n t o account t h e cost a r i s i n g 

255 



f r o m t h e i n s p e c t i o n o f a p r o d u c t a n d t h e cost caused b y a f a u l t y p r o d ­
uc t w h i c h was n o t the s u b j e c t o f t h e f i n a l q u a l i t y c o n t r o l a n d gave 
b i r t h to a d i s s a t i s f a c t i o n a n d w i l l t r y t o f i n d t h e e x p e c t e d v a l u e o f i t . 
L a t e r o n . we w i l l cons ider t h e p r o b l e m as a q u e u i n g p r o b l e m a n d w i l l 
f i n d t h e o p t i m u m va lue o f t h e f a u l t y p r o d u c t s i n t h e s a m p l e w i t h t h e 
goa l o f m a x i m i z i n g t h e expected p r o f i t . 

3.2 T h e W a y o f F o r m i n g Q u a l i t y C o n t r o l 
Samples a n d F o r m u l a t i n g T h e E x p e c t e d 
V a l u e o f T h e I n c o m e 
L e t us suppose t h a t t h e p r o p o r t i o n o f s u b s t a n d a r d q u a l i t y p r o d u c t s 
i n a b a t c h o f p r o d u c t is p , w h e r e p is a r a n d o m v a r i a b l e a n d i t s t h e 
p r o b a b i l i t y d e n s i t y f u n c t i o n is f(p) . A is t h e r a t e o f p r o d u c t w h i c h 
has been t h e s u b j e c t o f t h e f i n a l c o n t r o l i n t h e t o t a l p r o d u c t a n d 
0 < A < 1 . I n o t h e r words , i f the a m o u n t o f p r o d u c t is X(t) = x ,wc 
assume t h a t t h e a m o u n t o f p r o d u c t w h i c h has been t h e s u b j e c t o f t h e 
f i n a l c o n t r o l is Ax . L e t us denote t h e cost of c o n t r o l o f one u n i t o f 
p r o d u c t b y C.;{q{t)} , t h e loss caused by one u n i t o f p r o d u c t w h i c h 
has n o t been t h e s u b j e c t o f the f i n a l c o n t r o l by Cs[q{t)\ . T h e loss i n 
q u e s t i o n m a y o c cur due t o any one o f fac tors such as e x t r a service , 
r e p a i r , r e p l a c e m e n t , t h e lose of consumers or any c o m b i n a t i o n o f these 
fac tors . 

I f t h e n u m b e r o f de fect ive i t e m s i n Ax i t e m s w h i c h were i n s p e c t e d 
is less t h a n a p r e d e t e r m i n e d n u m b e r r , i t is assumed t h a t t h e level 
o f a des i rab le q u a l i t y is a t t a i n e d a n d the w h o l e l o t except those f o u n d 
de fect ive i n t h e s a m p l e is so ld . I f t h e n u m b e r o f de fect ive i t e m s ex­
ceeds r , t h e w h o l e l o t is i n s p e c t e d , t h e defect ive ones are d i s c a r d e d 
a n d t h e n o u d e f e c t i v e ones are so ld . L e t us denote t h e cost o f t h e t o t a l 
i n s p e c t i o n b y C(x,p) w h e r e t h e a m o u n t o f p r o d u c t is x a n d t h e r a t e 
o f de fec t ive i n p r o d u c t is p . I n o t h e r w o r d s , t h e cost w h i c h arises 
w h e n y < r .so Ax o f x u n i t s was t h e s u b j e c t o f t h e f i n a l c o n t r o l 
or y > v a n d a l l o f t h e u n i t s were t h e s u b j e c t of the f i n a l c o n t r o l , y is 
t h e a m o u n t o f t h e f a u l t y p r o d u c t i n t h e sample a n d t h e t o t a l inspec ­
t i o n cost can be f o r m u l a t e d as 

TT](t) , t h e ne t p r o f i t w h i c h is o b t a i n e d f r o m t h e sales per u n i t o f t h e 
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p r o d u c t ai. t i m e i . is 

* lOO = P[q{t)} - Ck[q(t)] - Ce[q(i)) ~ C 3 ( i ) , 

w h e r e C\ [<:/(£)] is t h e i n t e r n a l f a i l u r e cost, per u n i t of t h e p r o d u c t a r i s i n g 
due; to t h e q u a l i t y level . C\[q(t)} is the i n t e r n a l a n d e x t e r n a l f a i l u r e 
cost per u n i t o f t h e p r o d u c t a t q u a l i t y leve l q{t) . a n d is g i v e n b y 

Cl[q{t)] = Ck[q{t)]+Cs[q{t)]-

Ce[q{t)] is t h e o t h e r p r e v e n t i o n a n d a p p r a i s a l cost per u n i t o f the 
p r o d u c t except, f i n a l c o n t r o l cost , i .e. 

I f C'i(t) is t h e p r o d u c t i o n cost pier u n i t of t h e p r o d u c t except t h e 
costs c o n c e r n i n g q u a l i t y , the net p r o f i t o f the firm at t i m e t w i l l be 
f o r m u l a t e d as 

TTi (:/; - Axp) - [AxCt + {x - Ax)pCs), i f y < r 
^ \Tt]x{l-p)-xCi , i f y > r 

I f t h e n u m b e r oi ' de fect ive i t e m s i n a sample o f size Ax is less t h a n r , 
t l i e n Ax t h e defect ive ones are d i s c a r d e d a n d the rest w h i c h is e q u a l 
to x — Axp is so ld . O t h e r w i s e the w h o l e o f t h e l o t is c o n t r o l l e d , 
de fect ive ones are d i s c a r d e d m i d the rest is so ld , I n t h i s case t h e 
expec ted va lue o f the i n c o m e is 

E{Mt)\x(t).p] = { T T , ( X - Axp) - [Axd + (x - Ax)pCs}} * 

* P(y < r) + [TT )X (1 - p) - xd]P(y > r). 

a n d i f k(x), is t h e p r o b a b i l i t y d e n s i t y f u n c t i o n oi x, t h e e x p e c t e d value 
o f t h e ne t p r o f i t w i l l be 

E[At)\p} = ]£[{ni(x~Axp)~iAxC1 + (x-Ax)pCs}}P(y<r) + 

+ [TtprO -p)-xCi)P(y>r)}h(x) 

= E[x{t.)][{*dl ~ M ~ [Mi + ( 1 - A)pCs}P{y < r ) + 
+ [nl(l-p)-Ci]P(y>r)]. (10) 

I f c [ua l i ty c o n t r o l samples are d r a w n r a n d o m l y , we m a y assume t h a t 
the p r o b a b i l i t y o f o b t a i n i n g in. f a u l t y p r o d u c t s a m o n g Ax u n i t s is 
b i n o m i a l w i t h p a r a m e t e r s Ax a n d p. T h e n 

P(y<r)= £ (A:!)pn'(\ - p ) A r ">.. (11) 

a n d P(y > r) = I — P{y < 7-).. w h e r e Ax is an integer . 
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3.3 T h e Rates o f Loss a n d G a i n 
T h e c u s t o m e r s u s i n g t h e p r o d u c t s o f the f i r m i n q u e s t i o n m a y s w i t c h 
t o t h e p r o d u c t o f t h e r i v a l f i r m s a n d v i ce versa. L e t us c a l l t h e n u m b e r 
o f c u s t o m e r s w h i c h are lost by the f i r m a n d t h e n u m b e r o f cus tomers 
w h i c h 'are g a i n e d i n u n i t t i m e respec t ive ly as the r a t e o f loss a n d t h e 
r a t e o f g a i n . L e t us suppose, t h a t these q u a n t i t i e s are p r o p o r t i o n a l to 
t h e a m o u n t x p r o d u c e d b y the f i r m . 

T h e losses m a y occur due t o f a u l t y p r o d u c t s a n d due to n o n - f a u l t y 
p r o d u c t s . L e t a, a r id 6 r espec t ive ly be t h e r a t e o f losses o c c u r i n g due 
to these t w o d i f f e r e n t s i t u a t i o n s . T h e n t h e r a t e o f loss for one p r o d u c t 
is 

y. = a(l-A)pP(y<r)+5P(y<r)[A(l-p) + (l-A)(l-p}} 
+ P{y>r)(i-P)} 
= cy(l-A)PP(y<r) + 6(l-p). (12) 

a n d for x p r o d u c t is 

X/J. = x[a(l - A)pP(y < r) + 6(1 - p)] . 

T h e ga ins m a y o c cur due to ( i ) c onsumers w h o have been af fected 
b y a d v e r t i s i n g , sel ler r e p u t a t i o n , w a r r a n t i e s , s e r v i c i n g r e p u t a t i o n a n d 
s w i t c h e d f r o m c o m p e t i t o r s to t h i s f i r m , ( i i ) c onsumers w h o have been 
affected by those cus tomers w h o have used p r o d u c t s free f r o m de­
fects , ( h i ) c onsumers w h o have d e c i d e d n o t to r epeat purchase due 
t o n e g a t i v e w o r d - o f - m o u t h effect. L e t 0 ,<j , a n d (3 r e spec t i ve ly be 
p a r a m e t e r s to these ac t i ons . T h e g a i n w h i c h is a c o m b i n a t i o n o f t h e 
a c t i ons s y m b o l i z e d by t h e p a r a m e t e r s 0,(7, a n d 0 w i l l f o r m t h e base 
for f o r m u l a t i n g t h e r a t e o f g a i n for one p r o d u c t as 

A - 0 + o[(A-Ap)(l) + (l-A){l-p)]P(y<r) + 
+ a[(l-p)P(y > r ) ( l ) ] - 0(1 - A)pP(y < r) 
= 0 + <j{l-p)-/3(l-A)pP(y<r). (13) 

a n d for p r o d u c t is 

x\ = x[0 + ( 7 ( 1 - ; ; ) - P{1 ~ A)pP(y < r )J . 

T h i s f o r m u l a t i o n gives us the p o s s i b i l i t y o f i n t e r p r e t i n g t h e p r o b l e m 
as a q u e u i n g p r o b l e m w i t h l i n e a r r a t e o f a r r i v a l s a n d l i n e a r r a t e o f 
service i f we cons ider t h e r a t e o f g a i n as r a t e o f a r r i v a l a n d t h e r a t e o f 
loss as r a t e o f serv i ce [9 j . 
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3.4 T h e E x p e c t e d Va lue o f T h e E l e m e n t s i n 
T h e S y s t e m for Queues of L i n e a r A r r i v a l a n d 
Service Rates 
L e t t h e n u m b e r of t h e e lements exists i n t h e s y s t e m descr ibe t h e s i t ­
u a t i o n o f t h e s y s t e m . L e t us assume t h a t t h e r e are x e l ements i n 
the s y s t e m . L e t us ca l l t h e n u m b e r o f a r r i v a l s i n u n i t t i m e as ar ­
r i v a l r a t e a n d t h e n u m b e r o f those w h o have c o m p l e t e d t h e i r service 
a n d le f t t h e s y s t e m as service r a t e . L e t a r r i v a l r a t e a n d service r a t e 
be var iab l e s . W h e n t h e r e are x e lements i n t h e s y s t e m , let us de­
scr ibe t h i s s i t u a t i o n b y Ex a n d c o r r e s p o n d i n g a r r i v a l a n d service rates 
r e s p e c t i v e l y A ; ( ; a n d / i . T . D u r i n g a t i m e i n t e r v a l o f l e n g t h h let t h e pas­
sage f r o m a s i t u a t i o n t o n e i g h b o r i n g s i t u a t i o n be poss ib le . B y choos­
i n g h, s u f f i c i e n t l y s m a l l , t h e o t h e r passages can be m a d e i m p o s s i b l e . 
W e w i l l f o r m u l a t e t h e d i f f e r e n t i a l - d i l ference e q u a t i o n s y s t e m o f t h i s 
m o d e l i n t e r m s o f PT\t) w h i c h is t h e p r o b a b i l i t y o f h a v i n g x e l ements 
i n t h e s y s t e m at t i m e t . P:,\t + It) is equal t o t h e s u m o f f o l l o w i n g 
these t h r e e m u t u a l l y exc lus ive events. 

( i ) T h e r e is x e lements a t t i m e t and no a r r i v a l o ccurs d u r i n g h a n d 
no service is c o m p l e t e d d u r i n g //. . 

( i i ) T h e r e is x — 1 e lements a t t i m e t a n d one a r r i v a l occurs d u r ­
i n g h a n d n o service is c o m p l e t e d d u r i n g h . 

( i i i ) T h e r e is x + I e lements a t t i m e t a n d no a r r i v a l o ccurs d u r ­
i n g h a n d one service is c o m p l e t e d d u r i n g h . 
I f we c a l c u l a t e the p r o b a b i l i t i e s Pr(t-\- h) a n d Pv(t-\-h) a n d t a k e l i m i t 
for //, —» 0, we o b t a i n t h e f o l l o w i n g d i f f e r e n t i a l - d i f ference e q u a t i o n 
s y s t e m . 

P'M) - - ( A a . + / i ^ W + ^ 1 ^ , ; - l { i ) + / i a . - + l i J x + i ( i ) 
PUt) - -\0Po(t)+P\Pl(t). 

i f let us s u b s t i t u t e A.t- = A,x\ / i T — //,;/: , we get 

P',{t) = " ( A + !i)xl>,\l) + X(x - l ) P , _ , ( i ) + /_t(x + l)P,+ l(t)., (14) 

P'o(t) {15) 

L e t E[x(l.)] be the expec ted va lue o f t h e e lements i n t h e s y s t e m at 
t i m e t. 

GO 



For our m o d e l E[x{t)] means t h e e x p e c t e d va lue o f t h e a m o u n t o f 
p r o d u c t i o n for t i m e t. I f we m u l t i p l y the b o t h sides o f (14) by x a n d 
s u m o n x = 1 , 2, • • • we o b t a i n 

Et[x{l)\ - E-'^-W 
- [X-f,)E[x(t)], 

a n d f r o m t h i s e q u a t i o n 

E[x{t)} = ce^-fl)l. 

I f E[x(0)} - i , t h e n i t w i l l be [10] 

E[x(f,}} - v ; c | A " ^ ' 

S u b s t i t u t i n g t h e values o f loss a n d g a i n rates o b t a i n e d for one p r o d u c t , 
r e s p e c t i v e l y (12) a n d (13) , i n t h i s e q u a t i o n we get 

E[x{t)} = i.exp{[9 + ( a - 6)(1 - p ) -
{a + 0){\-A)pP[y<r))t} (17) 

3.5 T h e D e t e r m i n a t i o n o f T h e O p t i m u m 
V a l u e o f P(y < r ) , r a n d p for M a x i m i z i n g T h e 
E x p e c t e d V a l u e of I n c o m e 
L e t the r a t e o f f a u l t y p r o d u c t s p have a degenerate p r o b a b i l i t y d e n s i t y 
f u n c t i o n . T h a t is 

J [ l ) 1 0 , p^po 

For p = p(1 , 

E[ir{t)] = E E[n(t)\p]f(p) = E[n(t)\p0] 
p-p„ 

I f we s u b s t i t u t e pa = p a n d P(y < r) = v for t h e sake o f b r e v i t y a n d 
s i m p l i c i t y , we get f r o m (10) 

E[n(t)] = E[x(t)](l - A){ixyp + Q - pC,)v + TTJ ( 1 - p ) - Q . 
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I i ' w e s i i b s t i l u t e t h e va lue of E[x{t)} g i ven b y (17) we get 

E[ir(t)] = - A){*w + d - pC,)v + TT,(1 - p) - d]* 

* exp{{0 + (cr - <S){1 -p) - (a + £ ) { ! - A ) y w ] i } . (18) 

I n ( 18 ) . let us s u b s t i t u t e 

a = (1 - A ) ( 7 t a j + CY- - p ( 7 , ) 

• c = { \ - A ) ( i v + /*)?) 
d = 6 i + ( a - r ) ) ( l - / i ) . 

wo get 

E[ir{t)] = i{av + b)e{~'""+<111. (19) 

I n t h i s sec t i on , t h e o p t i m u m v a l u e o f r is r * w h i c h is t h e u p p e r b o u n d ­
a r y for t h e f a u l t y p r o d u c t s i n the s a m p l e a n d t h e o p t i m u m value 
o f p is p* w h i c h is t h e de fect ive r a t e w i l l d e t e r m i n e i n o r d e r to m a x i ­
m i z e t h e e x p e c t e d value; o f t h e p r o f i t . 

I n t h e e q u a t i o n (19 ) , i f t h e f i r s t d e r i v a t i v e w i t h respect t o v is e q u a l 
t o zero, i t w i l l be 

" - l j c t / 0 n \ v = . (20) 
act 

I f we s u b s t i t u t e the value o f v* i n t h e second d e r i v a t i v e o f Zi[7r(£)] w i t h 
respect t o v , we get 

dv2 

= -iaciA-™ ± a ) l (21) 

I n the f o l l o w i n g , (die value o f r ; * , t h e c o n d i t i o n s for w h i c h E[TT(I.)] has 
m a d e m a x i m u m or m i n i m u m are i n v e s t i g a t e d . 

I . I f a l l t h e p r o d u c t is n o t t h e s u b j e c t o f t h e f i n a l c o n t r o l , t h a t is 
i f 0 < A < 1 t h e n c w i l l be p o s i t i v e , t h a t i s , i f TTI — Cs > 0 a n d for 
a l l d > 0 , a = p(ni-C8) + C; > 0 a n d for v = v* , c(zE[jr{f))Jdv2 < 
()•. so E[%(t)] w i l l be m a x i m u m i n v* . I f 7t] — Cs < 0 b u t a = 
p{-K\ — Cs) + d > 0 t h e n for v — v* , E[n(i)} w i l l be m a x i m u m . 

i f 7T] - G3 < 0 a n d a = p(7n - C s ) + G, < 0 t h e n for v = «* 
/ / 2 i ? [ 7 r ( / ) ] / / i u 2 > 0 so, £[TT(/.)] w i l l be m i n i m u m for v — v* . T h i s 
means t h a t E[TT(£)] w i l l r each to i t s m a x i m u m at v = 0 or v = 1. D u e 
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to t h i s , l e t us c o m p a r e t h e value; o f E[iv{t)) at v — 1 w i t h i t s va lue 
a t if = 0 . 

a < 0 a n d so a + b < b . o n the o t h e r h a n d v = 0 can n o t a v o i d the 
p r o f i t b e i n g p o s i t i v e by i t se l f a n d so h > 0 a n d (a -h b)/b < 1 , Since 
c > 0 a n d /, > 0 - e _ c ' < 1 . So, 

m m < ^ -1 

a n d E\v;{t)\ w i l l r each i t s m a x i m u m a t v = 0. 
T h e o p t i m u m va lue o f t h e u p p e r l i m i t of the f a u l t y p r o d u c t s i n t h e 

s a m p l e r i: was d e t e r m i n e d for v* = 0. 0 < v* < 1, = 1 a n d the 
f o l l o w i n g r e s u l t s were o b t a i n e d : 

I I . I f « * = 0, t h e n v = P{y < r) = 0 . I n t h i s case P{y > r) = 1 , 
t h a t is A = 1 a n d so the s a m p l e m u s t be re j ec ted a n d the w h o l e o f 
the p r o d u c t m u s t be c o n t r o l l e d . T h i s means t h a t r = r* = 0 . I n t h i s 
cast;, a. = c = 0 . E[7r(£)] = '/./;r: t i l a n d is i n d e p e n d e n t o f v , Since the 
case P(y < r ) = 0 can not, avo id the p r o f i t b e i n g p o s i t i v e by i tse l f , 
we get t h e r e s u l t t h a t b > 0 a n d we w i l l i nves t i ga te i t l a t e r on . 

I I I . For 0 < v* < 1 w h e n a > 0 , 

a - bet 
0 < v — — < 1, ac > 0 

act 

a n d w i l l be 
0 < a - bet < act. 

F r o m 0 < a ~ bet we get k > bl . H e r e , & = d + p(iri - C,H) a n d 
I = ( « + /?);>/, - F r o m a - bc i < ac* we get A < 1 - . U n d e r 
these c o n d i t i o n s , t h e o p t i m u m va lue r* o f the f a u l t y p r o d u c t s w h i c h 
is a d m i s s i b l e i n t h e s a m p l e is f o u n d f r o m the r e l a t i o n 

P(y < r * ) = v* = YjC{Ax,iV{l - p ) A x - \ 

I V . I f v* = 1 t h e n A = 1 - 0 < ^ < 1 . T h e r e l a t i o n 
P{y < r * ) = w* = 1 means t h a t t h e o p t i m u m a d m i s s i b l e va lue o f t h e 
f a u l t y p r o d u c t s i n t h e s a m p l e is r * = Ax , so r — Ax . 
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V . i f A = ] , i n o t h e r words i f the w h o l e o f t h e p r o d u c t is con ­
t r o l l e d , t h e n a = c - 0 a n d E[ir{t)] = ibedt. T h i s means t h a t t h e 
e x p e c t e d v a l u e o f t h e p r o d u c t is i n d e p e n d e n t o f v . 

For t h i s case l e t us investigate! the p a t h o f E[n{t)] w h i c h w i l l be 
a f u n c t i o n o f t h e va lue p = p„ . T h e f i r s t d e r i v a t i v e of E[7c(t)] w i t h 
respect to p is 

= v ; { ^ . [ ^ ( i _ p ) - C i ] ( i r - i ) i } f i i p { [ £ / + ( < r - 5 ) ( l - p ) ] * } . 
t ip 

N o w . l e t us i n v e s t i g a t e t h e changes i n E [ 7 r ( i ) ] for [a— 5) > 0 a n d (a — 

<5) < 0 . 
1°) I f a - <5 > 0, t h e n dE[ir(t)]/dp < 0, so E[n(t)] is m o n o t o n e 

decreas ing a n d reach i t s m a x i m u m a t p = 0 a n d m i n i m u m a t p = 1 . 
O n t h e o t h e r h a n d i f A = 1 , i n o t h e r w o r d s i f t h e va lue o f p is 
so h i g h t h a t t h e c o n t r o l of t h e w h o l e o f the p r o d u c t is necessary, 
t h e n p m u s t be p o s i t i v e . T h e s i t u a t i o n p = 1 is a n e x t r e m e case w h i c h 
can n o t be e n c o u n t e r e d i n p r a c t i c e so i t c a n be o m i t t e d . I f we assume 
t h a t p can n o t l i e g rea ter t h a n a preass igued va lue p-i a n d s m a l l e r t h a n 
a preass igued va lue pL , i n o t h e r w o r d s i f 0 < p\ < p < p2 < 1 t h e n 

rnaxE[>K(t)} = i [ 7 n ( l - P l ) - d] * exp{[0 + (a - <5)(1 ~Pl)}t}. 

minE[n{t)} = ( 1 - p 2 ) - d] * exp{[$ + (a - 5)( 1 - p2)}t). 

O n t h e o t h e r h a n d . 

dZEtjM = ,(£J _ S)t{2%1 + [iri(1 _p) _ _ s)t} 
dp-

exp{[0+{a-6)(l-p)]t} 

a n d w h e n a —5 > 0 t h e n f i 2 £[7r ( t ) ] / c /p 2 > 0 a n d # p r ( t ) ] is a m o n o t o n e 
decreas ing convex f u n c t i o n ( F i g u r e 2}. 
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F i g u r e 2. T l i e r e l a t i o n be tween p a n d E{ir{l.)} for a — 6 > 0 

2") i f rr - A < 0 t h e n i t is poss ib le to solve t h e e q u a t i o n 
tlE{n{l,}}/<lp ~ 0 . F r o m t h i s e q u a t i o n , 

H e r e , t) < - M C * 

1 

< 1 . A n d -5)/.. 

a y 
_ t / 7 r j ( a - i ) / , * exp{[9 + ( a - t ) ) ( l - p * ) ] / , } < 0 

T h i s means t h a t E[n{t)) is m a x i m u m a t p = p* a n d is m i n i m u m at 
one or b o t h o f t h e end p o i n t s o f the i n t e r v a l ( 0 , 1 ) ( F i g u r e 3 (a) a n d 
F i g u r e : j (b ) ) . 
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F i g a r o 3(a) a n d 3 ( b ) . T h e r e l a t i o n b e t w e e n p a n d E[ir{i)} for rr — 6 < 0 

I n t h i s w o r k , t o t a l q u a l i t y cost was cons idered as a f u n c t i o n o f t h e 
q u a l i t y level w h i c h is a f u n c t i o n o f t h e t i m e var iab le . N e t in come was 
f o r m u l a t e d as a f u n c t i o n o f t h e several c o m p o n e n t s o f the q u a l i t y cost 
a n d was p r o v e d t h a t o p t i m u m q u a l i t y p a t h requires a n a c t i o n t o w a r d 
zero de lect p o i n t . T h e net i n c o m e t i m e t i o n at t i m e t was f o r m u l a t e d 
i n t e r m s o f t h e cost C,[q{t)} caused by the i n s p e c t i o n o f a u n i t p r o d ­
uc t a n d t h e lost C J i / f / . ) ] caused by t h e use of a f a u l t y p r o d u c t w h i c h 
was sold w i t h o u t f ina l i n s p e c t i o n . I3y e s t a b l i s h i n g a correspondence 
between new c u s t o m e r s a n d a r r i v a l process, lost c u s t o m e r s a n d ser­
vice process t h e p r o b l e m was cons idered as a l inear q u e u i n g p r o b l e m . 
T h e r a t e o f the f a u l t y p r o d u c t s p is cons idered as a r a n d o m v a r i a b l e 
h a v i n g a degenerate p r o b a b i l i t y dens i ty f u n c t i o n a n d the o p t i m u m 
b o u n d r i e s o f the f a u l t y p r o d u c t s a n d the r a t e of defect ive i t e m s i n t h e 
q u a l i t y c o n t r o l samples was found i n o r d e r to o p t i m i z e t h e net in come 
f u n c t i o n . 
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