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1. INTRODUCTION

Let {rn} and {sn} be two infinite sequences of non-negative integers satisfying the

following condition

0<s5,<r<s, <r,<s,<r,<s;<....

Let’s consider the power series
o0
h
F(z)= Z c,z ,
h=0

where

¢, =0, r <h<s, n=L2,..,
c,#0, h=r, n=12,...,
¢, 720, h=s, n=0,1,....
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This power series can also be written as
F(z)=2 R(2),
k=0

such that

Tl

P(z)=) ¢, 2" (k=0,1,..).

h=s;

A power series with these properties is called generalized lacunary power series. If
§,=h, (k=0,1,2,..),then B (z)=c, z"" (k=0,1,2, ...), and we can write

F(z)=)¢ 2" (¢, #0).
n=0

A power series with these properties is called simple lacunary power series for it
separates from generalized lacunary power series.

In this paper we shall be concerned with generalized lacunary power series.

Chon [1] in 1946 showed that the values of simple lacunary power series with rational
coefficients are transcendental for some algebraic arguments. The paper was transferred
to p -adic domain by Senkon [2] in 1977. In 1946, Mahler [3] obtained that the values
of generalized lacunary power series with rational coefficients are transcendental for
some algebraic arguments. In 1977, Braune [4] obtained further results about the values
of generalized lacunary power series with algebraic coefficients. In 1980, Zeren [5]
showed that the values of simple lacunary power series with rational coefficient for
some algebraic arguments and the values of simple lacunary power series with algebraic
coefficient for some rational arguments belong to the Mahler’s U, -subclass (m>1). In

the same paper, the results were transferred to p -adic domain. In 1988, Zeren [6]

obtained that the values of generalized lacunary power series with algebraic coefficient
for some algebraic arguments belong to Mahler’s U, -subclass (m=1).



With this paper, it is proved that the values of generalized lacunary power series with
algebraic coefficients for some algebraic arguments belong to the p -adic U, -subclass

(m=1) in p -adic domain, and so Zeren’s [6] paper is transferred to p -adic domain by

using Koksma classification in p -adic domain.

2. PRELIMINARIES

N, Z, Q and p denotes natural numbers, integer numbers, rational numbers and a

given prime number respectively. ||p and Q, denotes p -adic valuation on Q and the

field of p -adic numbers respectively.

2.1. Mahler’s Classification in Q Pz

Let n be a natural number. The height of the polynomial
P(x)=a,x"+ ...+ ax+a,cZ[x], a,#0,

denoted by H (P), is the form

H(P)=max( ‘an

a,|).

The degree of the polynomial P(x) is denoted with deg(P). Let & be an element of

s e |45

Q, . For given positive integer n and real number H (>1), we define the quantity

w (H = min P ;
 (H, &)= min [|P(5)], ]
H(P)<H
deg(P)<n
P(§)¢0

It is clear that

O<w (H, £)<I,

% See [7].



since | P(¢) |p =1 for P(x)=1. w, (H, &) is a non-increasing function of both » and

H . Then we set

1
P o8 .6 md ey e O
Wn _HH'H’C lOgH _n~>+oc n ’

w, (&) as a function of n is non-decreasing. The inequalities 0<w, (£)<+co and

0<w(&)<+o0 (n>1, i >1)hold,

If w (&)=+0o for some integers n, let (&) (=p) be the smallest of such integers,
and if w, (&)<+oo forevery n, put u(&)=+o0. The two quantities (<), w(<&) are

never finite simultaneously. Then the number ¢ is called an

A -number if w(&)=0, u(&)=+o,
S -number if 0<w(&)<+0o, u(&)=+ow,
T -number if w(&)=+0, u(&)=+o,

U -number if w(<&)=+00, u(&)<+ow.

All p-adic numbers are distributed into the four classes 4, S, 7, U. With this

classification:
1) 4 -numbers are exactly algebraic numbers’.

2) If two p -adic numbers are algebraically dependent, then they belong to the same

class®.

* See [7].

*See [7].



Let £ be a U -number such that p(&)=m, and let U, denotes the set of all such

numbers. For every natural m, U, -class is a subclass of U, and U, "U, =< if m#n.

Therefore we have the partition U = Y U,.

2.2. Koksma’s Classification in Q pS:

Let ¢ be a p -adic number. The height of the p -adic number « , denoted by H (),
is the height of its minimal polynomial over Z . The degree of the p -adic number « is
denoted by deg(«).

Let £ be a p -adic number. For given positive integer n and real number H (>1), we

define the quantity

Wy (H, &)= min  {|&-a| }.

a algebraic number

H(a)<H
deg(a)<n
a+é
Then we set
1
— % (H.8) — W (&)
W (&)= Tim — UL and w (&)= lim 22222
H—+o IOgH n—+o0

The inequalities 0<w (£)<+o0 and 0<w (£)<+o0 hold.

If w (&)=+ for some integers n, let x4 (&) (=4 ) be the smallest of such integers,

if w (&)<+owo for every n, put x4 (£)=+o. The two quantities x (&), w (&) are

never finite simultaneously. Then the number ¢ is called an

> See [8].



A" -number if w*(£)=0, y (&)=+o,
S*-number if 0<w’ (&)<+0, u'(&)=+oo,
T" -number if w'(&)=+0, u' (&)=+o,
U’ -number if w' (&)=+40w, g (E)<+mo.

Hence, all p -adic numbers are distributed into the four classes 4°, S*, 7", U".

Let & be a U"-number such that 4" (&)=m, and let U, denotes the set of all such

numbers. For every natural m , U, -class is a subclass of U", and U, "U, =D if m#n.

Therefore we have the partition U = U U, .

m=1

Schlikewei [8] proved that p-adic 7 -numbers exist. It follows from the results of

Schlikewei [8] and Long [9] that the classifications of Mahler and of Koksma are
equivalent.

Let & be a p-adic number and let m be a positive integer. The number & is called a

U, -number if 4" (£)=m, and x4 (£)=m if the following conditions are satisfied:

i) For every >0, if there are infinitely many algebraic numbers 7 of degree m such
that

O<|§—77|p£cH(77)“”,
then
g (E)<m  (thatis EeU; WU, U...LU.),

where the positive constant ¢ is independent of H(77).



ii) If there exists constants ¢'>0 and s depending only on & and m such that the

relation
|&-p| >CH ()
holds for every algebraic number £ of degree <m , then

W (E)y=m  (thatis U, WU, U...0U, ).

For the proof of main result, we shall need the following lemmas.

Lemma 2.1 Let ¢«,...,o (k21) be algebraic numbers in Q, with
[Q(e,...,,):Q]=g and let F(y,x,...,x,) be a polynomial with integral
coefficients, whose degree in y is at least one. If 7 is an algebraic number such that

F(n,a,...,a,)=0, then the degree of 7 <dg and
H(ﬂ)g32dg+(ll+“.+lk)g Hg H(al )['g...H(Olk )lkg’

where H (77) 1s the height of 77, H(«;) 1is the height of «, (i=1,...,k), H is the
maximum of the absolute values of the coefficients of F', [ is the degree of F' in

x, (i=1,...,k) and d is the degree of F' in y.

Proof. See [10].

Lemma 2.2 Let P(x) be a polynomial of degree » with rational integer coefficients,
and let H (P)denote the height of P(x) and let ¢, (i=1,...,n) denote the roots of
P(x).Then for a,#a; (i#))

‘ai—aj‘ > ¢ —,
»"H(P)

where ¢ is a positive constant depending on » butnoton H (P).



Proof. See [11].

Lemma 2.3 Let «, £ be two p -adic algebraic numbers such that they have different
minimal polynomials and let ¢, k& be degrees of «, [ respectively. Then for

| |p =p " and r=min(0,%)

C
TPy

(M =1)yr—=M (| h]+1)

where M >max(¢,k) and c=———.
(2M)!

Proof. See [8].

3. MAIN RESULT

Theorem Let {r,}, {s,} be two infinite sequence of integers satisfying
0<s5,<1,<s, <K, <s5,<r,<s;<....

Let

F(2)=3¢,2"=3 B (2)

Tt

Bc(z):zch z"

h=s,

3.1)

be a generalized lacunary power series such that

c,=0, r <h<s, n=L2,..,
c,#20, h=r, n=12,...,
c,#0, h=s, n=0,1,...,

where the coefficients ¢, are algebraic numbers in a constant number field K=K (8)

such that [K:Q]=c,and ¢, =0 if r, <h<s,, but ¢, #0, ¢, #0 (n=1,2,...), and let



im /| el | <o (=1, .0), (3.2)
i—>o P
where cjj } (j=1,...,c) denote the conjugates of ¢, over K. Furthermore, suppose
that the following conditions hold:
. A
lim ——=+o0, (3.3)
n—>w ]/;7
-— 7
lim ——:=7<+00, (3.4)
"o Sn—l
— log 4
lim&:=a<+oo, (3.5)
n—>0 n
— logh
im—20—j<ho0 (B =H(c,)), (3.6)
n—> 0 n

where a, is a suitable natural number such that a ¢, is an algebraic integer and

A =[ay,...,a, ] is the least common multiple of aj,...,a,. Let a be an algebraic

numbers of degree m satisfying 0<‘E‘ <R such that ‘;
P

=max‘a(i)‘ and
P p
‘ 1 . :
R:mly—. Then F(a)eU, for z=a, where t is the maximum of the
j= . i
7 limy ‘cl. !

i—o®

p
n—1

degrees of the partial sums F, (a)=ZPk () and ts[ Ql, «):Q ]:=g£cm . Also,
k=0

assume that P, (a)#0 for infinitely many integers » .

Proof. 1°) The radius of convergence of (3.1) is >R from the condition (3.2), since the

series | ¢, | z" is majorant of the series ) ¢, z" .
h=0 b h=0
2°) Let’s take F'(a)=/. We can write

B=B,+p,, (3.7)

such that



£.=S P (a)=3 c(0)a’, (3.8)

v=s9

p=3 P ()=Y ¢, (0)a". (3.9)

Now, we will find an upper bound for the height H (3, ) of S, .

If both sides of the equality (3.8) are multiplied by 4, , then we have

A B~ 4 ¢ (0)a" =0, (3.10)

V=5

where 4, ¢, (0) (v=s,,...,r,) 1s an algebraic integer since a, is a suitable natural
number such that a,c,(0) is an algebraic integer, and 4, :[ao,...,ar ] Also,

4, ¢,(0) is an element in K =Q(8) . Therefore we can write that

) §]<v) 553

A c, (0)=—2—+—2—0+.. . +——0", 3.11
e ()= =L = (3.11)
where the numbers D=‘ AN (1,0,...,07)|, &M EM, ..., EY) are rational integers
and D>1.
By using (3.10) and (3.11), it follows that
c-1
DA, B,=2 2.8 0"a"=0, (3.12)

u=0 v=s,

where DA, and &,” (u=0,1, ..., c—1) are rational integers.

Let’s consider the polynomial



c—-1
P(y,x,x5,)=DA, y=> D EVx'x . (3.13)

=0 v=s,

The value of the polynomial P(y,x,,x,) for y=2,, x,=0, x, =« is the left side of the
equality (3.12).

. We put

U

Now, we would like to obtain the quantity ‘ EW
DA, ¢, (0)=5. (3.14)
Then, from (3.11), we have
S=EM+EV O+, . +EN 0.
For the conjugates of &, we have the linear equation system
ST =g+ &M 0 1+ &M (VYT (j=1,2,..50). (3.15)

The solution of this equation system is

C

A,
=y f(s{f} (u=0,1,...,c-1), (3.16)
Jj=1

where A and A, depends only on 6 and on the conjugates of & but not on 6 (and so

n and v).

Since D and 4, are rational integers, by (3.14), we have
[5]<D 4, [c,]. (3.17)

Hence, combining the relations (3.16) and (3.17), we obtain

ES

|3 B st
o A

<C(K)4, ‘c_‘ (u=0,1,...,c—1), (3.18)



where C (K) is a positive constant in the number field K .

By using (3.4) and (3.5), we have the relations

r log 4,
<1, (3.4") and <o), (3.5)

N r

n-1 n

for n>N, (N,=N,(z,,0,)), where 7,>r and o,>oc. From (3.6), we can write

h,< B" for all sufficiently large n, where B>1. Moreover there is a number K >1 such

that

h <KB" (n=0,1,..), (3.6)
Since ¢, |<24,., it follows from (3.6') that
\Z\s 2KB" (n=0,1,...). (3.6")
Hence we see from (3.13), (3.18) and (3.6") that

b

H:max(‘DArn
v

&

)<C(K)A4, B, (3.19)

where C(K)=max (D, C (K))2K (>1) is a positive constant in the number field K
(H denotes the height of the polynomial P).

We can use Lemma 2.1 with /,=c—1,/,=r,, d=1, from (3.19) and (3.5"), we obtain

n?o

H(IBn )332g+(671+n,)g HE H(Q)(c—l)g H(a)r”g
=[ Be" BH (a))" 3" C(K)YH(0)“ "],

or putting ¢, :[ 362 7 BH(a)C(K)H(e)“’—l)]g
H(p,)<cg (n>N,), (3.20)

where ¢,>1 since 0,>0>0, B>1 and C(K)>1.



3°) Now we shall give an upper bound for |,B—ﬂn p=|pn |p. Let’s O<R<+o0

(R=min—— 1 - ). I p=—— 1 - (j=1l,...,¢), then R<p,
5 Tim ‘C}{j} lim ; ‘ci{’}
I—>0 p 1—>© V4
(j=1,...,c) and so R:Iminpj.
<j<c
We easily see that for all sufficiently large i
i‘cl_{.f} < ! < ! (j=1,...,¢c),
r p,—& R-¢
and so
(7} 1 -
C! < : =1,...,c),
<y ¢ )

where ¢ is any sufficiently small positive number. Also, there is M, >0 such that

UM oo (=0, 1, ). 3.21
] sy G (20,10 (321)
If we choose a sufficiently small positive number &, then we have R—8>‘; (e.g.
p
R-|a k3
e=——"). Thus —%<I.
2 R-¢
By using (3.9) and (3.21), we have
. a] )
|B=B,,=p.| =2 ca’| <M, _: (n=1,2,...). (3.22)
V=S, P




. Because the
P

If R=+0o0, then we can choose any arbitrary number p which is p>‘;

series Zcij} p" (j=1,2,...,c) converges, and so there exists a positive M, such
n=0
that
/) ij (j=1,...,¢) (n=0,1,...). (3.23)
pop
&
Here —~<1. Combining (3.9) and (3.23), we have
P
w ] )
|B=8B,1,=|p.| = D ca’| <M, p” (n=1,2,...) (3.24)
V=S, P

Putting max (M,, M,)=c, and min(p, R—&)=p , we write from (3.21) and (3.23)

M <8 (j=1,...,¢) (n=0,1,...), (3.25)
r (p)
and from (3.22) and (3.24)
A, |
| -5, p=|p,, JSo| === (n=1,2,.). (3.26)
Using ﬁ—:cz (c,>1) in the relation (3.26), we obtain
],
|B-5,| <L (n=1.2,..). (3.27)
cy

It follows from (3.20) and (3.27) that

G

| -5,

< (n>N,), (3.28)

S'l

(H(B "



loge,

where ¢, = l (>0). Hence from (3.3), we see that
ogc,
lim 22 ¢, =+00. (3.29)
n—o }/n

4°) Now, we will examine the sequence of height {H (B, )} and the sequence of degree
{d (B, )} of the algebraic numbers f,. These sequences provide the following
conditions A, B, C.

A) {H (,)} is not bounded from above.

Proof. If {H (3,)} were bounded from above, then { £, } would contain only finitely
many different elements since the degrees of the algebraic numbers S, are bounded
from above with g. But the sequence {ﬂn} contains infinitely many different

elements: Since there are infinitely many non-zero polynomials P, (), we have

|ﬂn+l _ﬂn |p:

P.(a)] %0

for infinitely many integers 7. In this case, the sequence { B, } contains at least two

different elements. If the sequence { B, } were contained only finitely many different

elements, then either it would be | B,a =P, |,=0 or there could be a positive number &

such that | B.. =P, |p2k (If the values of finitely many different S, were

Vi, v, (p22), then it could be k:”rzr}i-r}p
r#s

v.—v. | ). Since the series
)4

F(Of)=ich o' =ipk(a) converges, the value | 3,,, - f3, |,, =

h=0 k=0

P(a) |p is sufficiently

small for all sufficiently large » . Since | P(a) |p #0 for infinitely many integers n, for
a sufficiently large ;, we have O<‘ P (a)‘ <k, that is O<‘ B =B ‘ <k, which is a
n p n+ nlp

contradiction to the abovementioned case. Hence, the sequence {ﬂn} contains

infinitely many different elements.



B) Starting from a suitable 1, {d (3,)} is a constant sequence.

Proof. There are two different cases:

a) Let d(f,)=1 as starting from a suitable n . Then the condition B) is satisfied.

b) Let d(f,)>1 for infinitely many integers n. If ﬂii} # ﬂjj ! for a fixed pair (i,/)

(i# j) and for any sufficiently large n, then ﬂ{i} # B} from (3.8), we write

n+l n+l

Boa=pB,+c, a”+...+c, a™. (3.30)
Therefore

B = el (o) ] ()

n+l Tt

A=A )

n+l .

for i# j. Hence

ﬁjil} - ﬂifl}

=B =B+ (] @y el @y

ot (el (@Y= el (gl ), 63D
If
A= S|l @y = @ (e @y = @y (332)
then
A=A =8 -8, (3.33)

Now, we shall show that the inequality (3.32) is valid for all sufficiently large # .

If the degree of S, is denoted by ¢, then 2<g<g . Using Lemma 2.2, we have



Cy

H(B)™

>

Ig{f}_ﬂ{j}
n n p

where ¢, is a positive constant independent of / (3, ). Hence

C
_ G (3.34)
H(B)"

A=A >
P

Combining the relations (3.20) and (3.34), we obtain

Cy
r,(g-1)
Co

(n>N,)- (3.35)

Al-B| >
P

Now, let’s consider the right side of the inequality (3.32). From (3.25), we obtain

}(a{j} )"nu )

n+1

(! (@ = (@ y (T (@Y - el

Y4
AN
sqli=t| =S, 336)
P '
where ¢, =L (>1). For a sufficiently large n,, we have
E
p
G (n>ny). (3.37)
e (e
2 0

Then we see from (3.35), (3.36) and (3.37) that

c, ¢
r,(g=1)
Co

-] >
P

S n
(&3

2[(el (@)= el @y (e (@) el @y |

for all sufficiently large n. Finally, the inequality (3.32) is satisfied for all sufficiently

large n. In this case we have ﬂji} # ﬂj 7 for all n which are larger than a suitable ».

This is exactly valid, because ﬂji} #* ,b’,fj ! is satisfied for at least a pair (i,j) and for

infinitely many integers n from the hypothesis b). This case can also be provided for all
pairs (i, ). Hence we have



d(By)<d(By.)<d(Py.)<

for a sufficiently large N,. Since d (f,)<g, for a sufficiently large N, we can write
that

d(By)=d(By.)=d(By )=,
such that N, >N, . If the common value is shown by ¢, then

d(p,)=t, nzN,. (3.38)
C) We can choose a subsequence of the sequence { B, } such that

0) 8, =4 (j=1.2...).

1) {H (B, )} is the monotone increasing sequence of natural numbers, hence it is

diverges to +o0.
2) { d(p,) } is a constant sequence.

Proof. The proof is obtained from the properties A) and B); also the constant value of

d(pB,)ist.

5°) We shall show that the number S is a U -number. To show this, we will use the

subsequence { B, } defined in C).

J

Putting H, =H (S, ), from C)-0) and (3.28), we can write

. .
W, (H, ,p):= min {Iﬁ—nlp}
H(p)<H,

n=p

1

S‘ﬁ—ﬂ,,,. < . n;>max(N,,N,). (3.39)

S,
"
]

H™"

J



We have from (3.39)

~log(w{ (H, .f)) s,
>—c;,
logH, 7

;

and from (3.29) and (3.40)

~log (v, (H, .5)) _

lim 4.
nj o logH,
Finally, we obtain
. — ~log(w; (H, .p))
w, (f)=lm . =+,
Uinee logH,

Thus, it follows from the definition of 4 (3) that

A (B)<t.

This shows that the number S isa U’ -number.

6°) Now, we will show that z (3)=t.

a) If =1, then 4" (B)=1 from (3.43). In this case BeU;, .

b) If >1, then we shall show that

Wt*—l (B)<+o.

Consider

5

|B-7\,2 A=\, Bi=5

P

(3.40)

(3.41)

(3.42)

(3.43)

(3.44)

(3.45)



where y is a algebraic number of degree<¢ . We would like to find an upper bound for
| B-p |p and a lower bound for | B -y |p.

Let H () be the height of f,, and let /7 () and s be the height and the degree of y
respectively. It is satisfied the inequality 1<s<7—1. The degree of f, is exactly ¢ for

[> N, . Therefore we can use Lemma 2.3, and so we obtain

s

H(B)" H(y)"

|B-7], > (3.46)

for M >t and [>N,, where c¢; is a positive constant independent of y. For
[>max(N,, N,), we have from (3.20), (3.46)

Cs
|ﬂl_7/|p> H(]/)M C(’)‘I(Mil) s

and from (3.4")

c
|ﬂl—7/|l7 > H(}/)M csszflfl(M—l) (347)
0
since ¢,>1. From (3.27), (3.45) and (3.47), we have
c c
ﬂ_y 2 5? T - __91 4
| |p H(]/)M c(‘)[—l 1 (M-1) c'2/
and so
c c
ﬂ_}/ 2 5? T, - slc ‘ (348)
| |p H(]/)M c(‘)H 1 (M-1) coz 3
Let’s take a number A such that
A>1 (3.49)

(the value of A4 will be announced later). Since s, ,<r,, we get from (3.3)

n-1—



n

lim =400,

n—s+wo S, |

Therefore, for the number x# which is chosen such that
U>A, (3.50)

there exists N, €N such that

> 1 (3.51)

for n> N, (the value of ¢ will be announced later).

Now let’s consider the inequality
e <H(y)<ey (3.52)
for any algebraic number y satisfying the relation
H(y)>H,, (3.53)
such that

2e Ve
H,=max| c¢,°, ¢, c”, (i] . (3.54)

Cs

There is exactly only one n satisfying the inequality (3.52): since }im ¢, =+, there

are infinitely many indexes / such that ¢/ >H (). Also, from (3.54) and (3.53) there
are indexes / such that ¢/ <H (), but the number of these indexes / is finite. Let the
maximum of these indexes / be n—1. In this case it can be seen easily that
¢, <H (y)<cy . Now we shall show that there is only one n satisfying the inequality

(3.52): If two solutions of (3.52) were n,, n,, then it would have



¢ SH(y)<e) | ¢ <SH(y)<¢® =n—-1<n, =n<n,
) \ :>7’11:l’l2.
e SH(p)<ep | e <H(p)<e =n-l<n = m<n,
From (3.50), (3.53) and (3.52), we have
n>max(N,, N,, N,). (3.55)

We see that from (3.50), (3.51) and (3.55)

s
s <=, 3.56
n—1 Z« ( )
and from (3.49)
s
S<s . 3.57
<, (357)

In this case, the interval [cé”" , Cy ) can be divided into two subintervals such that

these subintervals are [cg“ , COA j and |:COA , Cy j Then H (y) satisfying the

relation (3.52) belong to one of the following two subintervals:

D ¢ <H(p)<al?,

1) CQ%SH(y)qg'f .

Case I) If we write the relation (3.48) with / replaced by »n, then we get

|ﬂ_7|p> Cs G

TTH (y)M D _H(]/)i% . (3.58)

If we choose

Mt (M-D

G

A , (3.59)



then from (3.58)

|ﬂ_7|p> 1 {cs_ G }; H(y)>H,.

- H(}/)M+TI(M_1) H(]/)Q

From (3.54) and (3.53), we have

Y
H(;/)>(i}' = ¢ 9 559,

Cs

Hence from (3.60) and (3.61), we obtain

c%
2 .
|ﬂ_7/|p2 H(y)M+z‘|(M—l) 4 H(}/)>H0

Case II) If we write the relation (3.48) with / replaced by n+1, then we get

Cs G

|ﬁ_7/|p2 - K 4

n+1
]

H(}/)M+),T1(M—l) H(]/) S,

and using the inequality (3.51), we obtain

C C
— > 5 _ 1 ]
|ﬁ 7|p H(}/)MJrl‘r](M—l) ]{(7/),1103

If we choose

e ME2n(M-D

G

2

then from (3.64)

|ﬂ_7|p> : {C g };H(7)>Ho-

- H(]/)MJrlrl(M—l) S_H(j/)(%

Hence we write from (3.61)

(3.60)

(3.61)

(3.62)

(3.63)

(3.64)

(3.65)

(3.66)



c/
2 .
|ﬁ 7| 2 H( )M+lrl(M 1) H(y)>H0

(3.67)

The inequality (3.67) is also satisfied in case I), since M + A7, (M -1)>M +7,(M -1)

from (3.49). Putting x=M + A7, (M —1) in both cases, we have

Cs
|IB 7| 2 /7/ s H(y)>H,,

sinceM >t, x>t.

From 5°), we have

W (Hy p)= min {|B-7| |<|p-7],

H(7)<Ho
r=p

for all  which have s<¢-1 and H (y)<H,. Hence we can write

t*—l(HO ’ﬂ)

| By | 2w (H,,f)2————""=; s<t—1, H(y)<H,.

H(y)

Putting

mm( > W 1(Ho’ﬂ)]

we obtain from (3.68), (3.70)

41l H()

for s<t—1and H(y)=1, 2,... . We see from (3.72) that

| 8-

(3.68)

(3.69)

(3.70)

(3.71)

(3.72)

(3.73)

for all y which have s<¢—1 and H (y)<H (where H is any positive integer). Thus



w (H,p) z% for all H,

since

W (H, )= min {|f=y| |

s <t-1
H(y)<H
&}

From (3.74), we obtain

_1og(W:71(H,,3))<x_logc(,
log H ~ logH

and then

., (B)=lim og B

Therefore it follows from definition of z ( £) that
w(f)>t—1, thatis 1 (B)=t.
Finally, from (3.43) and (3.78), we have

w(B)=t, t>1.

— —log(w, (H.B)) __

(3.74)

(3.75)

(3.76)

(3.77)

(3.78)

(3.79)

In other words, €U, . Hence we obtain SeU, in both of the cases 6) a) and b), and so

t

pel,.

t

REFERENCES

[I] Cohn, H., 1946, Note on almost algebraic numbers, Bull. Amer. Math. Soc. 52,

1042-1045.

[2] Senkon, H., 1977, p-adik alanda bazi kuvvet serilerinin degerlerinin

transandanthigi, Silivri’de yapilan 2. yurti¢i matematikgiler toplantisi.

[3] Mahler, K., 1965, Arithmetic Properties of Lacunary Power Series with Integral

Coefficients, Journal of the Australian Math. Soc., 5, 56-64.



[4]

[5]

[6]

[7]

[&]

[9]

[10]

[11]

Braune, E., 1977, Uber arithmetische Eigenschaften von Liickenreihen mit
algebraischen Koeffizienten und algebraischem Argument, Monatshefte fiir
Math., 84, 1-11.

Zeren, B. M., 1980, Uber einige komplexe und p -adische Liickenreihen mit
Werte aus den Mahlerschen Unterklassen U, , Istanbul Univ. Fen Fak. Mec.
Seri A, 45, 89-130.

Zeren, B. M., 1988, Uber die natur der transzendenz der Werte einer art
verallgemeinerter  Liickenreihen mit algebraischen Koeffizienten fiir
algebraische Argument, Bull. Tech. Univ. Istanbul, 41, 569-588.

Mahler, K., 1935, Uber eine Klassen-Einteilung der p -Adischen Zahlen,
Mathematica Leiden, 3, 177-185.

Schlickewei, H. P., 1981, p-Adic T Numbers do Exist, Acta Arith., XXXIX,
181-191.

Long, X. X., 1989, On Mabhler’s Classification of p -adic Numbers, Pure Apply.
Math., 5, 73-80.

Icen, O.S., 1973, Anhang zu den Arbeiten “Uber die Funktionswerte der p -

adisch elliptischen Funktionen I und I1”, Ist. Univ. Fen Fak. Mec. Seri A, 38, 25-
35.

Morrison, J. F., 1978, Approximation of p -adic numbers by algebraic numbers
of bounded degree, Journal of Number Theory, 10, 334-350.

Fatma CALISKAN

Istanbul University, Faculty of Science,

Department of Mathematics, 34134 Vezneciler, Istanbul, Turkey,
E-mail: fatmac@jistanbul.edu.tr



