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Abstract. We consider the class J§(y(r))° of delta-subharmonic functions of
completely regular growth relatively to the function of growth ~ in the half-
plane. The concept of the indicator of function v € Jé(y(r))° is entered and its
some properties are studied.
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1. INTRODUCTION

In the 60s several American authors (Rubel, Taylor [1], Miles [2], Shea, and others) started
to use on large scale the Fourier series method for the study of the properties of entire
and meromorphic functions. This method is efficient in the solution of several general
problems of the theory of meromorphic functions and establishes its connections with
Fourier series theory. One advantage of this method is its suitability for the investigation

of functions of fairly irregular growth at infinity and functions of infinite order.

In the 80s important results in this direction were obtained by Kondratyuk [3], [4], [5], who
generalized the Levin-Pfliiger theory of entire functions of completely regular growth to
meromorphic functions of arbitrary y-type. The theory of entire functions of completely
regular growth (c.r.g.) relatively to the function 77" (p(r) is proximate order in sense of
Valiron, ILm p(r) = p > 0) was created independent of each other by Levin and Pfliiger
in 30s. Prreso;ntly it occupies prominent position in mathematics. Kondratyuk generalized
a theory of entire functions of c.r.g. in two directions: 1) the growth of function was

measured by the enough arbitrary function of growth ~, satisfying only to the condition

(2r) < M~(r) (1)

! Sumy State University, Department of Mathematical Analysis, 2, Rimskogo-Korsakova, str.,
UKR-40007, Sumy, Ukraine,
e-mail: malyutinkg@yahoo.com



at some M > 0 and all r > 0; 2) were entered and considered classes of meromorphic
functions of c.r.g. in a complex plane. We call a strictly positive continuous unbounded

increasing function ~y(r) on [0, 00) a growth function.

In the 60s Grishin and Govorov independent of each other extended the Levin-Pfliiger
theory on the function of c.r.g. in a half-plane. In [6] K. G. Malyutin and Nazim Sadik
were generalized the Grishin-Govorov theory to the functions of arbitrary «-type in the
upper half-plane of complex variable. As well as in works of Kondratyuk generalization
of theory of Grishin-Govorov was conducted on functions growth of which is measured in
relation to the function of growth satisfying a condition (1). In addition,were entered and

examined the delta-subharmonic functions of c.r.g. in a half-plane.

2. CLASSES OF FUNCTIONS IN C

In this paper we use terminology from [7] and [8]. Besides, following Titchmarsh, we
will use following names and designations. If in some reasoning there is a number which
not depending on the basic variables it is called as a constant. For a designation of
absolute positive constants, not necessarily same, we use letters A, M, K. Can to meet
the statement like ”|v(2)| < M~(r) hence 3|v(z)| < M~(r) "which should not cause
misunderstanding.

Let Cy = {z : Sz > 0} be the upper half-plane. We denote by C(a,r) the open disk of
radius r with centre at a, and by 2, the intersection of a set €2 with the half-plane C,:
Q,=0NC,. A subharmonic function v in C, is said to be just subharmonic function if
limsup,_, v(z) < 0 for each t € R. The class of just subharmonic functions in C; will be
denoted by JS. Let SK be the class of subharmonic functions in C, possessing a positive

harmonic majorant in each bounded subdomain of C,.

Functions in SK have the following properties [8]:

(a) v(z) has non-tangential limits v(t) almost everywhere on the real axis and v(t) €
Ll

loc(_oo7 OO>7

(b) there exists a measure of variable sign v on the real axis such that

lim [ o(t +iy) dt = v(a,b]) — %I/({a}) - %u({b}) |

y—+0
a



The measure v is called the boundary measure of v;
(c) dv(t) = v(t)dt + do(t), where o is a singular measure with respect to Lebesgue

measure.

For a function v € SK, following [8] we define the corresponding full measure A by the

formula

AE) =25 [ S¢due) -~ v(K),
CiNK

where p is the Riesz measure of v. The measure A has the following properties:

(1) A is the finite measure on each compact subset K of C;

(2) A is a positive measure outside R;

(3) A vanishes in the half-plane C_ = {2z : 3z < 0}.
Conversely, if A is a measure with properties (1) — (3), then there exists a function v € SK
with full measure A. The collection of properties (1) — (3) will be denoted by {G} in what
follows; if, in addition, A is also a non-negative measure in R, then we denote the corre-

sponding collection by {G™}.

If D is bounded subdomain of C; and D; = DU (0D NR), v € SK, z € D, then

U(z)zil/%ln

where h is a harmonic function in D, and if [a,b] C {RNOD}, then h admits a continuous

‘ﬂdxo+hv»

z
z=C

1
extension by zero to (a,b); we assume that 3¢ In >

& z—
continuity. The full measure A determines a function v € SK to the same extent as the

is extended to the real axis by

Riesz measure p determines a subharmonic function in C. More precisely, if v, vo € SK
are two functions with full measure A, then there exists a real entire function g such that

v2(2) —vi(2) = Sy(2), 2 € Cs.

The following result holds [8].

Assertion 1.1. JS C SK.
The full measure of a function v € JS is a positive measure, which explains the term

”just subharmonic function”



Let us now introduce the class of just d-subharmonic functions Jo = JS — JS.

Assertion 1.2. J§d = SK — SK.

For a fixed measure )\ let

() = SR k1 gy () (g - TeiSD) () = (W) ,

sin

where % is defined for ¢ = 0, m by continuity. In particular, A(r) = A\(C(0,7)).

The next relation is Carleman’s formula in Grishin’s notation:

™ T ™

1 o i (t 1 o
e v(re'?)sinkedp = / tzkk(+3 dt + 3 /v(rge Y)sinkpdp, (2)
o 0

in particular, for £ = 1 we have

™

1 . [ At A

—/v(re“p) sinp dp = /&dt—k—/v(roew) sinpdy. (3)

r 3 ro
o 0

for all » > ry.

Note also another inequality, which is useful in what follows:

B B sinmy .
o =| [ 0| = | [ S x| <

m [ [ 7 dAQ) < mem ). )
(0,r)

C k)

The Fourier coefficients of a function v € J§ are defined as usual:

™

cp(r,v) = — /U(Tew) sinkfdf, keN.
0
From (2) we obtain the following expressions for the Fourier coefficients for r > ry:

r

2rF [ Nt
ck(r,v):akrknL%/ k()dt keN, (5)

12k+1 ’

T0



where oy, = 5% ¢ (1o, v).

Let v = vy —wv_, let A be the full measure of v and let A = A, — A_ be the Jordan

decomposition of A. We set

. T ' T
m(r,v) == . /v+(rew) sinpdp, N(r,ro,v) := N(r,v) = /

0 o

T(r,ro,v) :=T(r,v) == m(r,v) + N(r,v) + m(re, —v),
where 7 is an arbitrary positive number and ry < r; one may as well take ro = 1. In this

notation Carleman’s formula (3) can be written as follows:
T(T’, U) = T(?“, _U> (6)

We now assume that the growth function 7 satisfies the following condition:

lim inf () >0. (7)
r—00 T

The function v € JJ is called a function of finite y-type if there exist constants A, B > 0
such that

A
T(r,v) < —v(Br), r>rg.
r
We denote the corresponding class of §-subharmonic functions of finite y-type by Jé(v(r)).
By JS(v(r)), we denote the class of proper subharmonic functions of finite y-type.

Remark. If a condition (7) is not executed, we use more difficult description for the

estimation of growth

r r
T(r,v) :==m(r,v) + N <r, 5,1}) +m (5, —v) )
A positive measure A has finite y-density if there exist positive constants A and B such

that

for all r > ry.



A positive measure A in the complex plane is called a measure of finite y-type if there

exist positive constants A and B such that for all » > 0,

A(r) < Ary(Br). (8)

We need the following theorem [7].

Theorem 2.1. Let v be a growth function and let v € Jd. Then the following two
properties are equivalent:

(i) ve Jo(y(r));
(ii) the measure Ay (v) (or A_(v)) has finite y-density and

lex(r,v)| < Ay(Br), keN,

for some positive A, B and all r > 0.

Definition 1. A function v € JJ is called a delta-subharmonic function of completely

reqular growth relatively to ~(r) if for all n and ¢ from [0, ] there exists

%)
1 .
lim —/v re'?)sin 6 do . 9
Jim (re”) 9)
n

o

We denote the corresponding class of §-subharmonic functions of c.r.g. to y(r) by Jo(y(r))°.

o

By JS(v(r))°, we denote the class of proper subharmonic functions from J(y(r))°.

Let L™ [0, 7] be the Banach subspace of L*[0, 7] generating by the family of character-
istic functions of all intercepts from [0,7]. By Cantor theorem of uniform continuity
C[0, 7] € L*[0, 7). We denote by L[0, 7] any from the spaces C[0, 7], L]0, 7] or L]0, 7].

The main result of [6] is following theorem.

Theorem 2.2. Let v € J6. Then the following properties are equivalent:

(i) v e Jo(y(r))";
(ii) v € Jo((r)) and for all k € N there exists




(iii) the measure A_(v) has finite v-density and for any function 1 from L]0, ] there

exists

lim L/w(ﬁ)v(rew) siné do . (11)

Here A\(v)=A,(v) — A_(v) is the full measure corresponding to the function v and ¢ (r, v)

are the Fourier coefficients of v.

Analogous criterion for meromorphic functions in complex plane is got by Kondratyuk.
We remark that if v from a class JS(v(r))°, then a restriction on a measure A_(v) in (iii)

absents (A_(v) = 0).
3. INDICATOR OF FUNCTION v € Jo(y(r))°

In the theory of functions of c.r.g. the important role is played by concept of indicator
in sense of Fragmen-Lindelof. Other definition of indicator, based on Fourier coefficients
of a function was entered by Kondratyuk. Thus its definition and definition in sense of
Fragmen-Lindel6f in a case when growth function v(r) = r* coincide. We also enter defini-

tion of the indicator delta-subharmonic functions of c.r.g. based on its Fourier coefficients.

Definition 2. Let v € Jo(y(r))° and let ¢ be as in (10) then the function

[e.9]

h(6,v) = Z cx sin k6
k=1
1s called the indicator of v.

Such definition is justified by that this function characterizes asymptotical behaviour of

v on half-lines. Further the following lemma about peaks of Polia [9] will be useful to us.

Lemma 3.1. Let vy, 19, 1 be positive continuous functions from r on [rg, 00) such that

the quotient 1q(r)/11(r) increases and

=0.

. v(r) _ . U(r)
R o R N 13

Then there exists the sequence {r,}, r, — oo (n — 00), such that the following inequalities

are valid



W) _ ()
Pi(t) = ()’
Y(t) < Y(rn)
Ua(t) T ba(rn)’

TOStSTn,

r, <t<oo.

Theorem 3.2. Let the function v be from the class Jo(y(r))° then the indicator h(0,v)
belongs to Ly[0, 7).

Proof. 1t follows from (1) that

1
(£ = lim sup ny(r)

T—00 n

< 00

Then lim, .. y(r)/r* = 0 for all k > 3. The inequality |cx(r,v)| < Ay(r) and formula (5)
yield

b )
k
Ck(lra U) = _7 12k+1

r

dt, k> 3. (12)

Applying the formula of integration by parts to the integral in (12) we obtain for all k£ > (3

sin k¢ K sin k:(p ;
cp(r,v) = 7T/{Z7‘k // dA(C // d\(C), (=Te"¥. (13)

I<|>r

We set A = |\l

It follows from theorem 2.1 that the measure A has finite y-density. From (13) we obtain
the inequality

T o0

1 < rF o dA(t
lex(r,v)| < w/tk_ld)\(t) + —/ tkil)’ k>p.

m
0 r

Applying the formula of integration by parts to the integral in this inequality we obtain
for all £ > (3



ex(r,0)] < EEDT / D) k=1 /t“X(t) dt —

T th+2 rkmw
(k+1)r% [dN\(t) k-1 [ ..
. -1 pkr AN (t) = (14)
r 0
(k2 — 1) 7 - / £\ o%
- (;) Nidt+ [ (=) M@dtp - =N
r 0
Let limsup Ny(r)/r?=¢ = oo for all € > 0. By lemma 3.1 for functions ¢(r) = Ny(r),

T—00

P1(r) = P72 4hy(r) = rP+¢, we found the sequence {r,}, r, — oo (n — o0), such that

T'n Tn

" B—e B+e
Ni(t) < (—) o <t <m; N(t) < (—) T <t <00, (15)

By (15) we obtain from (14)

<

2k k*+ 3 — ek
(o) < =N () {(k - S 1}

Ak {k2+ﬂ—ak
(

This inequality yields

lek| = lim = <
B0 A e S

As € > 0 is any number then

Ak ( B2
\ck|§7{kﬁ2jﬁi}, k> 3.

This completes the proof of Theorem 3.2.

2 —
|C]€(7°,/U)‘ = lim ‘ck<Tn7U)’ < ﬁ{ k +ﬁ ek

—(k:—s)Q—ﬁ?_l}’ k> (.

Theorem 3.3. Ifv € Jo(y(r))° and k € N then there exists finite limit

T

I
lim —/v(re“’)smkede — /h(&,v) sin k6 df .
r—o0 y(r) / /

This equality is derived by decomposition in Fourier series element of integration in the

right part, its by member integration and limiting transition in the left part of equality.
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