
N O R M A L C U R V A T U R E O F A V E C T O R F I E L D I N A H Y P E R S U R F A C E 

O F A G E N E R A L I S E D F Í N S L E R S P A C E 

A . C . S H A M I H O K E (*) 

The idea of genera l i sed FINSLEK spaces was developed in [ " ] . PAN [ '] had 

studied the normal cu rva tu re of a vector f ie ld l y i n g in. a hypersur face of 

a R femann ian space wh i ch was genera l i sed to a vector f i e l d l y i n g In a 

hypersur face of a FINSLER apace by NAGATA [ ' '] . I n th is note we have ex ten ­

ded these r e su l t s to a genera l i sed FINSLER space . The correspond ing resu l t a 

for genera l i sed R! em aun i an spaces and FINSLEU spaces [ V I fol low as par ­

t i c u l a r oases. 

1 . I n t r o d u c t i o n . L e t Fn be an n-dhnensional genera l i sed F I N S L E R space e n ­

dowed w i t h a l o c a l coo rd i na te sys tem 

*<' ( f = l , . . . , n ) . 

The d is tance be tween t w o ne i ghbou r i n g po i n t s P ( x ' ) and Q ( x i J r d x * ) i s g i ven b y 

(1) < / * : =F 

whe r e t h e d i s t ance f u n c t i o n F sa t is f ies th3 f o l l o w i n g c o n d i t i o n s : 

a ) F ( x , d x ) i s c o n t i n u o u s l y d i f f e r e n t i a t e a t leas t u p to t h e f o u r t h or­

der i n i t s 2n a r g u m e n t s ; 

b) F ( x , d x ) i s p o s i t i v e p r o v i d e d a l l dx' do no t v a n i s h s i m u l t a n e o u s l y ; 

c) F { x , d x ) i s p o s i t i v e l y homogeneous of t h e f i r s t degree i n t h e dx1, 

i.e. F(xi

}xdxi) = xF(xi,dxi) f o r ,v > 0 ; 

d) SUj) x) VI1 > 0 f o r a l l r e a l V s a t i s f y i n g ¿' =£0 , whe r e 

(*) The Au thor w i shes to thank Dr . R A M B EH AH I and Dr . P . B . I i i i A T T A c H A R Y A for t he i r 

gu idance , encouragement and insp i ra t ion dur ing th is work, and Dr. P . K . K E L K A K and Dr . 

J . N . K A P U R for prov id ing h im wi th r e sea r ch f a c i l i t i e s . 
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( S ) gap (x, x ) — r—r-.—- • 
£ Sxt3xi 

Th i s Bpac-e i s based on a non-symmet r i c m e t r i c tensor g i j ( x , x ) whose s y m ­

me t r i c p a r t g b f i ( x , x ) is de f i ned b y (3) a nd whose skew-symmet r i c p a r t g\ij\ ( x , x ) 

is a f u n c t i o n of coord ina tes o n l y . 

The c o v a r i a n t d i f f e r e n t i a l of a vec t o r f i e l d X ' ( x k ) of Fn is g i ven b y ["1 

(4) Dx* = dx* + P'hk { x , d x ) Xh dxk 

w h e r e 

(5a) . . . . . . gdj)h* = Sf 

and ' 

(5e> P',lk (x, x ) - A'hk ~ C'hm ^ p k > . 

The c o v a r i a n t d e r i v a t i v e of X' w i t h respect t o xk is g i ven b y 

w h e r e 

(7> P^hk = '*'hk - A " " (<?W Plkj+ C k m l P l

k J ~ C h k i P !

m J ) 'xi . 

I n t h e case w h e n 

. ' r- , — ft • ' 

z. e. w h e n the space unde r cons idera t i on is a genera l ised R iemann ian space, P'hk 

and P'''hic b o t h reduce t o A'hki t h e usua l conuec t i on parameters t a k en fo r t h a t 

space. P'hk P*rhk reduce t o t h e s i m i l a r q uan t i t i e s of R U N D ] / 1 ] , i f ^fcyj = 0 . 

L e t a hypersu r f ace Fn-,. of Fn be g i v e n by 

(8> x ' ^ x ' { a a ) 

so t h a t t h e m a t r i x 

w h e r e 

is of r a n k » — 1 . T h e t w o k i nd s of norma l s n' and n*> t o F„-v are de f i ned by [''t 
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(9) g(ij)(x,n) B ' a n ' = 0 , F(x,n) = l 

and 

(9 ' ) gtJ (x, x ) B>-a n*l ~- 0, F{x, n*) = 1 

r e spec t i v e l y . 

The re l a t i ons r e g a r d i n g t h e p r o j e c t i o n f a c t o r s are g i ven b y [ 3 ] 

a) £ i 0 £ P i = 6 P a = B i a 5 P i 

(10) a nd 

b ) BU Baj + n j = 3*,- - £>« fe", + y n « . 

W r i t i n g X*sp f o r t h e genera l i sed c ova r i a n t d e r i v a t i v e of B'<,p , we have 

(11) * ' - f t p - o p S ' a - B ' 5 / ?>» a p -f fi*0 B f r p P * ' A A 

t h e i n duced connec t i on pa rame te rs P * v

a p f o r ^ n - i be i ng given, b y 

(12) P * v

a p = (f lp B ' 0 + ^ ' A f c fl*p). 

The coe f f i c i en t s o f second and secondary second f u ndamen t a l f o r m are g i v e n 

b y P ! 

(13) fl0p = mX!ap = m (op B f

a + P * i A f c 5*« S^p) 

a nd 

(14) Q*a? = i2tf sec 

r e spec t i v e l y . 

Fo r d i f f e r e n t i a t i o n i n t h e d i r e c t i o n 

(10) dx! = BU -In* 

of t h e hypa r su r f a ce t h e c o v a r i a n t d i f f e r e n t i a l of B ' a is g i v e n b y 

(16) D (S '«) = iu$ = (op B'« - fi'6 P : »„p + fl\ S*p P i h k ) da? . 

M u l t i p l y i n g (7) b y B ' v , we o b t a i n 

(17) B 'v P s \ p - -6'v 5 V ; (3? 5 ' „ + fl\ B*P P^Afe) . 

F r o m (10) , (13) a nd (17) , we o b t a i n 

(18) B\ P * \ p - op B\ + P * ^ S*„ 5*p - » ' .Qttp 

w h i c h imp l i e s 
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(19) up 5'« - 5 ' v P*ap _ B \ Bkfi P thk + „/ n a P . 

I t shou ld he c l e a r l y unders tood t h a t [ 5 i 

L e t w ' be a u n i t v e c t o r f i e l d de f i ned a t a l l po i n t s of F„-t. I f C : u« = u a ( » ) 

be a c u r ve ou F , , - ! , t h en the vec tor f i e l d v' is a u t oma t i c a l l y de f i ned fo r each, 

p o i n t P of t h e c u r v e C. Su re ly , we have 

(20) 

2<«P) ( " 5 , * S ) * % P = 1 

T b e i n g the componen ts of v' i n F „ ^ , . 

D i f f e r e n t i a t i n g (20) w i t h respect t o s, we o b t a i n 

( 2 D ^-{(f:Ps'«^a+5i.P

fi'«h-s' 

S u b s t i t u t i n g t h e v a l u e of «p S ' a f r o m (19) , we ob t a i n 

<»> £'=£*.+.'» '^£ 

w h e r e Dv' is the c o v a i i a n t d i f f e r e n t i a l of v' i n Fn and i y " 1 t h a t of va i n F „ - [ f 

w h e n these vec tors are t r a n spo r t ed i n t h e d i r e c t i o n of <lua . 

The vec t o r Dv'IDs is de f i ned as the absolute curvature vector of v* a t a p o i n t 

of C. I t s m a g n i t u d e , t o be denoted b y vfc i s ca l led t h e absolute curvature of u f 

w i t h respsct t o C a t P. 

2. N o r m a l c u r v a t u r e . The magn i t ude of t h e n o rma l componen t of t h e ab ­

so lu te c u r v a t u r e vec t o r is de f i ned t o b3 t he n o r m a l c u r v a t u r e of t h e vec to r f i e l d 

a t a p o i n t of C. 

3. A s y m p t o t i c d i r e c t i o n s a n d l i n e s . A n a symp to t i c d i r e c t i o n of a vec to r 

f i e l d i s t h a t d i r e c t i o n w i t h respect t o w h i c h t h e n o r m a l c u r v a t u r e of t h e vec t o r 

f i e l d is zero . 

A cu rve on Fn—i w h i c h i s such t h a t the d i r e c t i o n of i t s t a n gen t a t each and 

eve ry p o i n t co inc ides w i t h an a s y m p t o t i c d i r e c t i o n of t h e vec to r f i e l d i s ca l l ed an 

a s y m p t o t i c l i n e of t h e vec t o r f i e l d . 

The a s y m p t o t i c l i nes are a n a l y t i c a l l y g i v e n b y 

i>{a"-) (a, u')vaJu& = 0. 
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4. P r i n c i p a l d i r ec t i ons . The d i rec t i ons w i t h reepsct t o w h i c h t h e no rma l 

c u r v a t u r e g i ven by 

(23) 
S/Su<? ( a , v ) i / q v? \fgts(n, da) du? Jub 

has an ex t r eme v a l u e are k n o w n as p r i n c i p a l d i r e c t i o n s . 

D i r e c t c a l c u l a t i o n shows t h a t t he p r i n c i p a l d i r ec t i ons are de te rm ined b y 

(24) ['/'p» - gtf&)] ¿«8 = 0 

whe r e 

(25) r M = i i ^ - . 

W e observe t h a t IPps a re s y m m e t r i c i n t h e i r ind ices i n sp i t e of t h e f a c t t h a t 

Qafs are non-symmet r i c i n t h e i r i nd i ces . 

I n v i e w of t h e f a c t t h a t Hv'Pall has r a n k equa l t o u n i t y , t h e equa t i o n 

(26) d e t . I '/'pa - (v^Y g { a b ) \ = 0 

w h i c h de te rm ines t h e ex t r eme va lues of t he n o r m a l c u r v a t u r e , has o n l y oue non-

z i r o r o o t . Th i s r oo t w i l l b3 deno ted b y vkn. The v a l u a o i t he n o r m a l c u r v a t u r e i n 

t h i s d i r e c t i o n is ca l l ed the principal normal curvature. 

5. Con j uga te d i rec t ions . T w o d i r ec t i ons dak and are said to D3 c o n j u ­

gate t o each o the r i f and o n l y i f 

(27) i:<nß) dua 3uP ~ 0. 

W e n o w s i m p l y quote t h e f o l l o w i n g theorems w h i c h are easy deduc t ions of 

t he above de f i n i t i o n s : 

Theo r em 1. The normal carvalare of a vector field in F „ ^ L is invariant for 

all curves touching one another at that point. 

Theo r em 2. The normal curvature of a vector field in F,,-,^ w'th respect to 

the indicatrix F ( u , v ) = 1 of the field is numerically equal to the absolute curvature 

of the field in Fn with respect to the indicatrix F(x, v ) — 1 of the field in F„—, . The 

absolute carvatare vector of a vector field w'th respect to the inlicatrix of the field 

has at each point ths normal direction of F n _ t . 

Theo rem 3. / / a vector field aniergoes a pirallel displacement with respect to 

an asymptotic line I of F „ - , , then it unlergoss parallel displacement with respect to 

C considered as a curve of F „ . {The vector field is supposed to lie in F r t — J . 

T h e o r e m 4. The asymptotic line of a vector field lying in Fn-t is conjugate 

to the direction of the vector field at any pùnt P lying on it. 
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Ö Z E T 

Teşmil ed i lm iş FINSLER uzay ı f i k r i ["1 te te tk ik ed i lm i ş t i r . Diğer t a r a f t an 

lıir R IEMANN u z aymdak i bir hiperyU'zeyln i ç inde bu lunan bir vektör a l a n ı ­

n ı n normal eğ r i l i ğ i PAN ['] t a ra f ı nd ım ince lenmiş ve bn f i k i r bir F INSLBR 

uzsy ı ı ı dak i b i r h iperyt laeye NAOATA l " j t a ra f ından teşmi l ed i lm i ş t i r . Bıı y a ­

z ıda bn ne t i ce l e r i , teşmi l ed i lm i ş bir FINSLER u zay ı i ç in elde e t t i k . Teşmi l 

ed i lm i ş b i r R IEMANN uzay ı [ s , J ] i ç i n bu lunan ne t i ce l e r b un l a r ı n husus î h a l ­

l e r i d i r . 


