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t
In thiz paper proximate orders of an entire functi;)n in terms of the E
maximum term of its Tavror series and the maximum modulus have been 4
found. E
i
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be an entire function of order ¢ and lower order 2: M(») denote the maximum
modulus and g#(r) the maximum term of rank »(+) in the Tavror expansion of f(z)
for | z| = r. Then M(r), p{r) and »(») are all positive and non-decreasing func-
tions of » and
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When ¢ =1, f(z) is said to be of regular growth.
It is possible to find (['}, p. 64) a positive continons function ofr) having the

following properties:

(1} o(r) is differentiable for r >>r, except at isolated points at which
¢’(r —0) and ¢’(r -+ 0) exist,

(1) lim sup e(r)=p¢p;
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Such a function e(») is called LiNDELO®'g Proximate Order for the entire func-
tion f{z), Tn this paper we find proximate orders of f(z) in terms of the maximum
term plr) and the maximum medulus M(r).

2. Theorem 1: If f(z) is an entire function of orider ¢, (0 < o < ~) and »(+)
the rank of its mavimum term p{r) sach that v(r) ~ &(r) 12, where O(r) is a positive
contingous fanction in (ry, Y and ¢ (e}~ &(r) as r—> ~ for every constant ¢ >0
then )

(1} [(z) is of regalar growth;

. r(r) )
(11} rl_l:l; 710ggt(r) =g and

tog log u'r)
(m) log »

is a proximate order of f(z).

Proof: (1) Since f(z) is of order ¢, we have

log»(#) _

lim sup tog
r
L=1

70
Hence, for any & >0, we can find an r,=r,(¢) such that for every r > r,(£)

tog » (r) < (¢ + &) log

or,
(2.1) p () < pE+E

Also, since
v Py~ & () re

we have, for any ¢ >0,
(2.2) (1— &)@ (#) 12 << (7)) < (1 4 5) B{r) @

for » > r, .

Hence for sufficiently large », we have from (2.1} and (2.2)

(L — &y D) p2 < p2+8
or

(1 — &) B(r) < #°.

Taking logarithms and proczeding to limits we get, since &(r) is positive,
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The condition »(r) ~ &(r) r2 then gives

log v(r)
logr ™ e

lim
roroo

So f(z} is of regular growth.
(11} To prove the second part, we have

w{(r) ~ &{r} re

and so,
(B(G) — )22 < v(P) < (D) + ) #2 for r > ry ().
Or,
r r r
(2.8) f(lﬁ(r)—&‘) e f@dr< f(t!'[r)+£) et gy
Fy o i y
or,
r r > r r
ffﬂ(r)rQ*’dr~8er*’dr<f@dr<ftl’(r)r'-"“ dr+£fr9""dr.
o tamn Fy Y Fy Fo

Now, by Lemma V [’], the condition &{(er) ~ &(r) involves

r ra
f wd ! @(u) du ~ 5 &(r}

Ty

for every positive &, and so we get,

-
»? re ¥{r) r¢ rt
(2.4) ?@(r)—ET+O(l)<f p dr<-aﬂfl"(r)+s—e—-0(l).

o

Now it is known (['], p. 31} that

.
(2.5) tog s () =log s () + [ "0 e
Py

Hence, (2.4) becomes
e e ) »2
ry Plg} — ¢ vy + O(1) << log p(r} — log plre) << ry o(r) + ¢ - 0.1).

Dividing by »(») and procecding to limits, we have, since »(r) ~ &(r} r?,
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(m) To prove (1), let

__ loglogple)
elr)= log r ’

Then, Jim o(r) =, since f(z) is of regular growth and order o. Further, if

) kvl
o
f(z) = Z ap z",
0
the maximam term p(r) for | z| =+ is given by g{r)=|ayiy) | Y70 As  ay(),

r(r) are constanfs in intervals, have an enumerable number of discontinuities and
change values at these discontinuities only, they are differentiable everywhere
except at a set of measure zero and their derivatives vanish almost everywhere.
Consequently, #{r) and hence e¢{r) are also differentiable almost everywhere. Thus,

() __ loglog p(r)
glr)log pir) log »

(2.7 re’(r)logr=

where 1#'(#) denotes the derivative of p(s).

Sinece p(r) = |ay() | #¥0), we get on differentiation

W) ()

wry T or

almost everywhere, Sabstituting in (2.7), we get,

, vt - leglogplr)
re’ir) logr_—log‘u(r) log 7 +~0 as  r o,
since by (2.6)
i =2 gy logleg )
rroo 108 #(r) roo log »

Also, from the definition of o(r}

logulr)

L=

e
and since log n{r) ~ log M{r} for functions of finite order, we have
g >

it Iig_]'ld_(i): Hm

For o0 r) =

log plr) _
r Q ( ?'} -
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Thus, all the conditions for ¢{#) to be a proximate order are satisfied and so

the theorem is proved.

3. If W(») be an iudeﬁnitély increasing function continuous in adjacent in-

tervals, we konow (['l, p. 27) that

»
log M(r) = log M{(r,) -+ f W x) dx.

Ty

Using this relation and proceeding as in Theorem 1, we can similarly prove

the {ollowing :

Theorem 2: If f(z) is an entire function of order pf0 < p < =), and W{(r) an
indefinitely increasing positive function sach that W{r) ~ &(r) r? where O(r) is a ps-

sitive continuous fanction in (ry, =) and &Hler) ~ B(r) for every constant ¢ >0, then

. W)
W] rliﬂ; Tog M(r) — 2, and

log log M(r)

1 is a proximate order o z).
(uy A8 e » / 2
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HZET

Bu makaelede lam fonksiyonlarin «proxlmate» (komgsu) mertebeteri, habis
konusu fonksiyenlarin ‘Tavior serilerinin malsimum terimi ile maksimum

modillleri cinstnden ifade edtlmigtir.
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