
C O N G R U E N C E S O F C U R V E S I N A R I E M A N N I A N S P A C E 

M , D . U P A D H V A Y (-•') 

Congruences oi c u r v e s in a Eucl idean, space of three d imens ions were s tu ­

died by W i i A T H E R i i u i w . I n this paper the author h a s obtained the genera l l -

sed express ions for the focal sur faces , l i m i t surfaces and some other ex­

press ions for a set of m—n congruences of c u r v e s , w h i c h ai'e s u c h that 

through each point of a subspace V„ of n d imens ions immersed in a R i e -

m a n n l a n manifo ld Vm of m d imensions (m^>n), one curve of each cong­

ruence passes . 

1. F o c a l H y p e r s u r f a c e s . F o c i . 

L e t a Vn of coord ina tes .v* {f = l , 2 , . . . , « ) ( ' > be immersed i n a R i e m a n n i a n 

space Vm of coord ina tes y*(a,~l, 2, m). Suppose t h e m e t r i c s o f Vn and Vm 

are p o s i t i v e d e f i n i t e and are g i v e n b y gijdx'dx/ a n d a a p Jya dy& r e s p e c t i v e l y . Then 

w e have [ 3 ] 

(1 .1) gij=~-aaP 5au hhj* 

w h e r e a semi colon (;) f o l l o w e d b y a L a t i n i n d e x denotes tensor d e r i v a t i v e s w i t h 

respect to x's. 

Let us consider a set of m — n congruences o f curves i n Vm w h i c h are such 

t h a t one c u r v e of each congruence passes t h r o u g h each p o i n t o f t h e subspace Vn. 

L e t s%\(t — / i + l , m ) be t h e l e n g t h of a c a r v e of a congruence-?^ measured f r o m 

t h e p o i n t P a t w h i c h t h e cu rve in te r sec t s V„ to a n o t h e r p o i n t Q on t h e cu rve . 

T h e subspace Vn w i l l h e n c e f o r t h be k n o w n as the subspace of reference . 

N o w , w e consider t w o adjacent cu rves of t h e congruence-?-^, w h e n t h e curves 

a p p r o a c h each o the r a t one or more p o i n t s , t h e i n f i n i t e s i m a l n o r m a l v e c t o r , n o r m a l 

t o b o t h t h e c u r v e s , is of t h e second or h ' g h e r o rde r . T h u s t h e i n f i n i t e s i m a l d i s t a n ­

ce f r o m a p o i n t 

<.v\ ^ j ) 

on the f o r m e r c u r v e t o a n o t h e r p o i n t 

y \ \ (x\+dx\ x* + dx\ x" + dx\ s^+dSx[) 
T h e author w i s h e s to aknowledge his t h a n k s to Dr . R . S . M I M I R A for h i s help in 

the preparat ion of this paper. 

T h r o ugh out t h i s paper we adopt the convent ion that L a t i n tet ters take the v a l u ­

es 1,2,..., a; e a r l y le t ters of the G r e e k a lphabet ( « , p\ y, 5 etc.) take values 1.2 m; 

and la ter l e t t ers (u., v . o . S etc.) the values n+1, ... m . 
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on the l a t t e r is of of the second or h i g h e r o rder . Hence, neg lec t ing q u a n t i t i e s of 

the second or h i g h e r order , we get 

5 % l ( . r , , . r !

> . , . , ^ ) f i ; | ) = i , % , ( v l + r f . c , , . . . ) . v n + rf.vw

) S x [ ^ d s , t ) 

10 t h a t 

(1.2) + 
ax1 d s T | 

For a f i x e d x, (1 .2) consists of m equa t ions i n « 4~ 1 u n k n o w n q u a n t i t i e s dx' and 

dsx i . 

W e s h a l l n o w cons ider the f o l l o w i n g p a r t i c u l a r cases : 

Case 1 : W h e n m = n + l , i . e . t h e immersed space is a h y p e r s u r f a c e , t h e n 

t h e set of m — n congruences w i l l reduce t o a s ing le congruence , w e s h a l l hence­

f o r t h c a l l i t t he congruence-?.. I n t h i s case t h r o u g h each p o i n t o f t h e hype r su r f ace 

o n l y one curve of the congruence w i l l pass. As r can have o n l y one v a l u e , we 

m a y d r o p i t , and the e q u a t i o n (1.2) can be w r i t t e n as 

(1.3) *J!ldxi + *fda = % 

dx' os 

w h i c h is sa t i s f ied w h e n t h e vec to r s w i t h components dg^jdx1, dya/dx", and 

tig*Ids a l l l i e i n the same geodesic surface, i . e. 

( 1 4 ) ^ V . . . 5 ^ ^ = 0 

U l ' dx1 5.v* <lx" ds 

T h e express ion o n t h e l e f t side of t h i s e q u a t i o n s tands f o r t h e d e t e r m i n a n t s 

dg«i dgar ds«n+t 

w h e r e x f . . . <xr ... :*„-!-) t a k e a l l t h e va lues f r o m 1 t o n + 1 a n d [ ' ] 

e * i ••• * r ••• * n + L = 0, 

i f a t least t w o of t h e i nd i c s s oc l . . . %T ... » „ + t are e q u a l ; 

s x l ... xr . . . c c , 1 + , — 1 , 

i f these indices are a l l d i f f e r e n t and c o n s t i t u t e a p e r m u t a t i o n o f even order w i t h 

respect to the f u n d a m e n t a l p e r m u t a t i o n 1, 2, n - J - 1; a n d 

exL . . . a r . . . a n + 1 = — 1, 

i f t h e indices are a i l d i f f e r e n t ani l c o n s t i t u t e a p e r m u t a t i o n o f odd o rde r . 

W e observe t h a t (1 .4) is the e q u a t i o n of a hype r su r face , l e t us c a l l i t the focal 
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hypsrsurfacs by analogy w i t h t h e foca l surface of a r e c t i l i n e a r congruence i n a 

Euc l idean space of t h r e e d imens ions . 

T h e p o i n t s i u w h i c h a f o c a l hypersur face is m e t by a cu rve of the cong ruen ­

ce-?-, w i l l be k n o w n as the fici o f t h e congruence. T h e number of f o c i o n a n y cur­

ve depends u p o n t h e deg.'ee o f y'1 in s. Suppos ing t h a t y1* is a p o l y n o m i a l o f deg­

ree p i n s, t hen t h e equa t ions (1 A) is of degree p (n -\-1) — 1 i n s and t h e r e are 

p { / i ~\-1) - • 1 foc i on each cu rve . W h e n 

( i ) p ~ l , t h e n u m b e r of foci on each c u r v e is H . H e n c e : 

// ya is linear in s , ihi number of foci on each carve of the congruence is the 

same as the numbzi- of dimensions of the hypirsurface of referenc. 

(u ) a W h e n t h e congruence o f curves is i n a Euc l idean space o f th ree d i m e n ­

sions, w e h a v e 

n = 2, 

t he re fo re t h e r e are 3 /> — 1 f o c i on each c u r v e . Th i s r e s u l t has been o b t a i n e d by 

W E A T H E R B U R N [ 2 ] , 

( I I ) b I n case t h e r e c t i l i n e a r congruence is i n a E u c l i d e a n space o f t h r ee d i ­

mens ions , w e have 

p — 1, and n — 2 

and t he re are t w o f o c i on each l i n e o f the congruence . 

Case 2 : I f m ~ n + 1 , i. e. t h e immersed space is a subspace, t h e n t h e equ­

a t ions ( i . 2 ) w i l l n o t be cons i s t en t , t he re fo re no f o c i w i l l e x i s t . Hence w e have 

t i i e t h e o r e m : 

A. set of m — n congruences of curves in a Riemannian Vm, which are sach that 

through each point of a subspace Vn of Vm one curve of each congruence passes, ha­

ve no foci, provide! the subspice is not a hypersurface. 

These r e su l t s are i n c o m p l e t e a n a l o g y w i t h t h e r e s u l t s of a E u c l i d e a n space 

of t h r e e d imens ions . A r e c t i l i n e a r congruence is r e f e r r ed t o a sur face o f re ference , 

t h e coord ina tes o f a p o i n t on w h i c h can be expressed as f u n c t i o n s of t w o pa r ame­

ters; whereas t h e coord ina tes oE a p o i n t i n space are expressed as f u n c t i o n s of 

t h r ee pa r ame te r s . W e have i n t h i s case d e f i n i t e foca l p o i n t s . I f w e t a k e s i m p l y 

t h e genera to r s of a r u l e d surface r e fe r red t o a d i r e c t r i x , t h e coord ina tes of w h i c h 

are expressed as f u n c t i o n s of one pa rame te r o n l y , we do n o t have f o c i o n t h e ge­

ne ra to r s . T h a t is , i f t h e gene ra to r s are re fe r red t o a v a r i e t y whose d imens ions are 

one less t h a n t h e e n v e l o p i n g space, we have no f o c i ; b u t i f t h e y are r e fe r red to a 

v a r i e t y whose d imens ions are less b y a n u m b e r greater t h a n u n i t y , w e do n o t ha­

ve f o c i . 



38 M . D . U P A D H Y A Y 

T h e eases 1 and 2 are r e m i n i s c e n t of t h e r e s u l t s of Euc l idean space of t h ree 

d i m e n s i o n s . 

2. L i m i t points , L i m i t H y p e r s u r f a c e . 

L e t 

3 % i and ^ i + i F S i i i ^ ' + ^ - ' ^ x i 
dsx\ 

be r e s p e c t i v e l y the c o n t r a v a r i a n t componen t s o f t h e p o s i t i o n vectors o f t w o po in t s 

M a n d M' on t w o ad jacen t curves o f t h e congruence and l e t the c o n t r a v a r i a n t 

componen t s o f the u n i t t a n g e n t vec to r s t o t h e cu rves a t M and M' be dya

Tt / dsr \ 

and 

ds-t\ V dsxt l;i ds x\ 

r e s p e c t i v e l y , i f MM' be the i n f i n i t e s i m a l vec to r p e r p e n d i c u l a r t o dya

x\I dsx\ and 

w e have 

and 

w h e r e o u p and d a p are t h e c o v a r i a n t componen t s of t h e f u n d a m e n t a l tensor o f t h e 

e n v e l o p i n g space a t M and M' r e s p e c t i v e l y . 

F r o m (2 .1) we o b t a i n 

(2 .3) dsx\ = — pt\idxt 

w h e r e 

a » a • 
(2 .4) PxU^aaPr-S^tUt • 

anxl 

N e g l e c t i n g t h e te rms of t h e second order o f srnallness, f r o m (2 .2) and (2.3) 

w e o b t a i n 

< 2 - 5 ) • - • ' { ( ^ ) i l ^ ^ - ( ^ ) i , ^ ^ - 2 ^ ^ ' ^ } i - ' < i * / = 0 
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(2.6) A^-dx'Jx'^0, 

w h e r e 

(2 .7) AvliJ = a(ip ( 
The c u r v e o f the congruence- i -d in te r sec t s the subepace g i v e n b y (2.6) i n a 

n u m b e r of p o i n t s w h i c h w e c a l l t h e csntral points o f t h e congruence-?^ b y ana logy 

w i t h t h e c e n t r a l p o i n t s o f a r e c t i l i n e a r congruence i n a E u c l i d e a n space of th ree 

d i m e n s i o n s . T h e va lues of s x ] g i v e n b y the e q u a t i o n (2.6) d e t e r m i n e t h e dis tances 

of the c e n t r a l p o i n t s f rom the subspace of reference. These dis tances depend on 

t h e r a t i o dx':dx'. T h e m a x i m u m a n d m i n i m u m va lues of these distances are g i ­

v e n by d i f f e r e n t i a t i n g (2.6) w i t h respect to dx'; so t h a t 

T h e va lues o f s % \ o b t a i n e d f r o m (2.9) d e t e r m i n e t h e p o i n t s w h i c h co r r e spond 

to l i m i t p o i n t s o f a r e c t i l i n e a r congruence i n a E u c l i d e a n space of t h r e e d imons ions . 

Fo r w a n t of m o r e s u i t a b l e name, w e c a l l t h e m limits or limit points. T h e e q u a t i o n 

(2 .9) represents t h e locus of t h e l i m i t p o i n t s ; w e c a l l i t t h e limit surface. 

(2.8) A%UJ dxi — 0, 

w h i c h i s s a t i s f i ed , w h e n 

(2.9) D e t . | A = 0. 
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Ö Z E T 

Ü ç boyut lu bir Ö k l l d u z a y ı n d a k i e ğ r i l i o n g r ü a n s l a r ı W E A T I I E R R U R N t a r a f ı n ­

dan i n c e l e n m i ş t i r . B u y a z ı d a ise m—n e ğ r i k o n g r u a n s ı n d a n ibaret bir e ğ r i 

s i s t e m i n i n odak y ü z e y i , l imi t y l l zey i ve daha b a ş k a b a z ı Özel k a v r a m l a r ı 

i ç i n i fadeler elde e d i l m i ş t i r . B u t u n bıı s o n u ç l a r a varmak i ç i n m b o y u t l u 

Vm RIEMANN u z a y ı n a d a l d ı r ı l m ı ş o ln ı ı her n boyut lu Vn ( m > n ) a i t u z a y ı ­

n ı n i ı e r n o k t a s ı n d a n her k o n g r ü a n s m b ir ve bir tek e ğ r i s i n i n g e ç t i ğ i 

f arzed i imekted ir . 


