CONGRUENCES OF CURVES IN A RIEMANNIAN SPACE

M, D, Uranizvay (*)

Congruences of curves in a Buclidean space of three dimensions were stu-
died by Weatuernunn, En this pnper the autbor has obtained the generall-
sed expressions for the focal surfaces, Iimit surfaces and somo other ex-
pressions for s selt of m -p conpgruences of curves, which are such that
through each point of a subspace Vg of n dimensions immersed in a Rie-
mannlan manifold Vp of m dimensions (m>n), one curve of each cong-

ryence passes,

1. Focal Bypersurfaces. Foci.

Let a V,, of coordinates xf {i=1,2,...,n)("} be immersed in a Riemannian
space V, of coordinates y®(2=1,2,...,, m). Suppose the metrics of V, and V,
are positive definite and are given by g;; dx! dx’ and agp f3® dyB respectively. Then
we have [*]

(1.1 gi;7=aab ¥%i 3By,

where a semi colon (;) followed by a Latin index denotes tensor derivatives with
respect fo r's.

Let us consider a set of m — n congruences of curves in V,, which are such
that one curve of each congruence passes through each point of the subspace V,.
Let s {t=n-+1, ..., m) be the length of a eurve of a congruence-iy measured from
the point P at which the curve intersects V, fo another point Q on the curve.
The subspace V, will henceforth be known as the subspace of reference.

Now, we consider two adjacent curves of the congruence-2,, when the curves
approach each other at one or more points, the infinitesimal normwal vector, normal
to both the curves, is of thesecond or h'gher order. Thus the infinifesimal distan-
ce from a point

9":1 (Ils sy xn, 51:])
on the former curve to another point
P (.v'r—{- de'y ' de?) o, 2 de” s dsy)

(*) The author wishes to aknowledge his fhanks to Dr. R.5, Moura for his help in
the preparation of this paper,

() Throughout this paper we adopt the convention that Latin tetters take the wvalu-
es 1,2,..,n; early letters of the {(ireck alphabet (g, B, .8 etc)) take values 1.2....,m;
and later felters (g, v,s, e ete.)y the wvalues nil,..om,
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on the latter is of of the second or higher ovder. Hence, neglecting quantities of
the second or higher order, we get

7% (-Tla xea ey X S'EI):!faﬂ (x'+de, coey X7 +GL\.’“, i +d31:|)
to that

ag el ;s By e _
(1.2) i dvi4- a5, ds4; = 0.

For a fixed =, (1.2) consists of m equations in n-} 1 unknown quantities dx’ and
dssg) .

We shall now consider the following particular cases:

Case 1; When m —=n-1, ¢, e. the immersed space is a hypersurface, then
the set of m-—n congruences will reduce to a single congruence, we shall hence-
forth call it the congruence-A. In this case through each point of the hypersurface
only one curve of the congruence will pass. As = can have only one value, we
may drop it, and the equation (1.2) can be written as
29" 2y ds =10,

TR

(1.8) ds

which is satisfied when the vectors with components ag%/ax’, ..., yg%a", and
ag*as all lie in the same geodesic surface, i. e.

ot o ot at
axt pxt axt as

(1.4)

The expression on the left side of this equation stands for the determinants

ayql ag® dySnt

(1.5) 311...01,....’:{"4.,5'“1'"'a'rr Tt T as

3

where =, ... %, ... 2,+, take all the values from 1 to n 1 and []
By s By i g, =0,

if at least two of the indiezs o, ... %, ... %4, are equal;
F

Xpvae Rp s O, =1,

if these indices are all different and constitute a permutation of even order with
respect to the fundamental permutation 1,2, ..., n-1; and

Bhp e Ep i By = — 1

if the indices are ail different and constitute a permutation of odd order,

We observe that (1.4) is the equation of a hypersurface, let us call it the focal
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hgpersarface by analegy with the focal surface of a rectilnear congruence in a
Euclidean space of three dimensions,

The points in which a foecal hypersurface is met by a carve of the congruen-
ce-4, will be known as the fici of the congruence. The number of foci on any cur-
ve depends upon the degeee of " in s. Supposing that g® is a polynomial of deg-
ree p in s, then the equations (1.4) is of degree p(n +1)—1 in s and there are
pn4-1)—1 foci on each corve. When

(1) p=1, the number of foci on each curve is n. Hence:

If g% is linear in s, th: namber of foci on each carve of the congruence is the

same as the numbar of dimensions of the hgpzrsurface of referenc.

(it a When the congruence of curves is in a Euclidean space of three dimen-
gions, we have

n—=2,

therefore there are 8 p —1 foci on each curve, This result has been obtained by
WEATHERBURN [?].

()5 In case the rectilinear congruence is in a Euclidean space of three di-
mensions, we have
p=1, and n=—32

and there are two foci on each line of the congruence.

Case 2: It m=n+41, i, e. the immersed space is a subspace, then the equ-
ations {1.2) will not be consistent, therefore no foci will exist. Hence we have
the theorem :

A set of m - n congruences of curves in a Riemannian V,,, which are sach that
through each point of a subspace V, of V, one curve of each congruence passes, ha-

ve no foci, provided the subspice is not a hgpersarface,

These results are in complete analogy with the results of a Euclidean gpace
of three dimensions. A rectilinear congruence is referred to a surface of reference,
the coordingtes of a point on which can be expressed as functions of two parame-
ters; whereas the coordinates of a point in space are expressed as functions of
three parameters. We have in this case definite focal points., If wa take simply
the generators of a ruled surface referred to a directrix, the coordinates of which
are expressed as functions of one parameter only, we do not have foci on the gs-
nerators. That is, if the generators are referred to a variety whose dimensicns are
one lesg than the enveloping space, we have no foci; but if they are referred to a
variety whose diménsions are less by a numbsr greater than unity, we do not ha-

ve toel.
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The cases 1 and 2 are reminiscent of the results of Euclidean space of three

dimensions.
2. Limit points, Limit Hypersurface.
Let

. oy
7% and  g%g)+ gyt dad 'é"“—l ds
S|

be respectively the contravariant components of the position vectors of two points
M and M’ on two adjacent curves of the congruence and let the confravariant
components of the unit tangent vectors to the curves at M and M be éy“,, [ o5z

ay_qﬂ—l_(ayﬂﬂ)
ds55) ST
respectively. It MM’ be the infinitesimal vector perpendicular to &y%¢ /ds¢; and

oy%e, | foy® . atyt
§_W+(‘Lﬂ) dxf—l—%f—'—asﬂ
Pt § ol

and

Idr

s 75|
we have
oyt agh
(2-1) auﬁr;: 2l (QB‘FI!I x;+ J Tld ) 05
and
J 274 (By“ﬂ I B { ayb 1:| }
(2.2) ag L + ase) ;idx’+ dsap’ JST;J HBep;y eyt 2" dsg) =0,

where o,8 and dqp are the covariant components of the fundamental tensorrof the
enveloping space at M and M’ respectively.

From (2.1) we obtain

ag® .

dszj=— ﬂaﬁ‘gﬁyﬁmi dxt
or
(2.8) dsy| = — pal dx?
where

ayﬂ .
(2.4) Py == daf > — yﬁrl.: .
Neglecting the terms of the second order of smallpess, from (2.2) and (2.8)
we obtain
. EUR (% 3y g% ' gud —

(2.5) “uﬂl 3se] ;iyﬁﬂ;j 351l /3t dsa) Puiy P Pt!:y["'ﬂj deldx/ =0

or
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(2.6) : g‘:lij dei ix/ =0,
where

5 , [(By"n) (ﬁy“ﬂ) AT 8%y % - X
2. .= .. - B — [ —— —~ " Pl A i JPN CHRP
(2.7 A‘mu, m.ﬁ‘l Bse ;z_s w3 IS A P Friy FI % Tlp_,r.nl'rhj

The curve of the congruence-l;; interseets the subspace given by (2.6) in a
number of points which we call the canfral points of thecongruence-ly by analogy
with the central points of a rectilinear congruence in a Ruclidean space of three
dimengions, The values of s 5 given by the equation (2.6) determine the distances
of the central points from the subspace of reference. These distances depend on
the ratio dxi:dv/. The maximum and minimum values of these distances are gi-
ven by differentiating (2.6) with respect to d.ri; go that

(2‘8) A“r,;“'j dyi=0,
which is satisfied, when
2.9 : Det. | Agy; | = 0.

The values of s 4 obtained from (2.9) determine the points which correspond
to limit points of a rectilinear congruence in a Euclidean space of three dimonsiona.
For want of more suitable name, we call them limits or limif points. The equation
(2.9) represents the locus of the limit points; we call it the limit surface.
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OZET

Ug¢ boyutlu bir Oklld uzayindaki egri longrtianslari WezaTinesrurn farafin-
dan ingelenmislir. Bu yazida ise m_n egri kongriansindan ibaret bir efri
sisteminin odak ytzeyi, llmit ylzeyi ve daha bagka bazt dzal kavramlari
icin ifadeler elde edilmigtir. Bitiin bu sonuglara varmak igin m boyutlu
Vm RiEmans uzayrna daldirilmig olan her n boyutiu Vn (m>n) ait uzayr-

nin iter noktasindan her kongriunsin bir ve bir tek efrisinin gegtigi

farzediimektedir,




