
ON UNIVALENT FUNCTIONS 

N . A Y I R T M A N 

I n this paper the problem of dote r u n n i n g an upper bound of the absolute 
v a l u e of the di f ference between the moduli of two s u c c e s s i v e coeffic ients 
of a u n i v a l e n t function ia considered i n the specia l case of a so-cal led 
k - fold s y m m e t r i c Starlilte u n i v a l e n t funct ion. I t is s h o w n that the result 
found here is a ref inement of another result for £ = 1 due to G . M . GOLUSIN. 

Introduction. Let 6 be the class oí" a l l f u n c t i o n s / ( z ) , ana lyt i c and u n i 
va lent i n the. c irc le j % | < 1 , and normal ized as / (0) = 0, / ' (0) = 1 ; and le t 
<5* he i t s subclass w h i c h consists of a l l f u n c t i o n s s tavl ike w i t h respect to 
z = 0. F u r t h e r , let / (z) — z ~\ a*. z

2 H h <*n z " + * • • be a f u n c t i o n f r o m the 
class 6 * . G . M . G O L U S I N proved that ') 

(1) j I J — J Í J < C ; n = 1 , 2, 3, 

where C denotes a posi t ive absolute constant 2 ) [ 3 j . 

Now, let k > 1 bo a given integer, and le t us consider the class 6 ¿ of 
f u n c t i o n s of the f o r m / f e (z) = z + a2(*0 Z&+ 1 H h <*„<*) k + l H a s a 

subclass of 6 . One m a y surmise , as a re f inement of (1), t h a t i n general 

(2) \\a%l1\-\aM\\<C{k)n'*'1 ¡ , . = 1 , 2 , 8 

where C (k) denotes a posi t ive constant dependent o n l y on k2)* I n t h i s paper 
we s h a l l prove t h a t (2) is v a l i d at least f o r the subclass 6*; — 6 ¿ n © K -

I n c i d e n t a l l y , at the same t ime we s h a l l prove also t h a t 

L ' W , K . HAYHAN later proved that this inequali ty is v a l i d e v e n for the more general 

•class of " a r e a l l y u n i v a l e n t " functions. (See the J o u r n a l of the L o n d o n Mathematical Society , 

A p r i l 1363 issue . ) 

2 ) Throughout the paper C w i l l a l w a y s denote a pos i t ive absoluto c o n s t a n t ; whi le 

•C(fe), C\_(k), C-¿(k) w i l l denote posi t ivo constants dependent only on t , Neither of the foregoing 

entries w i l l n e c e s s a r i l y refer to the same constant from one occurence to another . 

0 
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; . = i 

1. I n this f i r s t place we s h a l l quote cer ta in classical results , already 
k n o w n , as s h o w n i n the f o l l o w i n g lemmas : 

Lemma 1-1 s For any / («) £ 6 and f o r | zv \ = 6i < 1, 1 z 2 | = o 2 < 1 the 
i n e q u a l i t y 

\Al - el • \/ 1 

holds [ ' ] . 

Lemma 1T2 J I f / (z) (~ 6 * , then the coeff icients of the T a y l o r i a n expan

s ion, about the o r i g i n , of the f u n c t i o n z^-~- a r c bounded. More precisely, 
7 ( z ) 

i f i 7 7 T = H < i i 2 + ^ H |-<4z 'H , t«en | <fB | = 2 f o r a l l n. (For the 

proof sec [5J ; also may be obtained as a simple consequence of H i l f s a t z 2, 
p . 167, merely b y considering necessary and s u f f i c i e n t c o n d i t i o n for being 
s t a r l i k e . ) 

Lemma 1 -3 : I f fk (z) = z + a2(*> z * + 1 H h an(k) zC + O * + ' -| is any 
f u n c t i o n f r o m the class S f c*, the i n e q u a l i t y 

| *„<*> | < C (jfe) n ^ " " 1 

holds [»]. 

Lemma 1-4: I f fk (z) = z + aa<*> z * + 1 H h a„ <*> z ( " - ' ) * + ' H is any 
f u n c t i o n f r o m the class & k , the i n e q u a l i t y 

71 

holds [•]. 

We s h a l l m e n t i o n also the f o l l o w i n g lemma w h i c h seems s i g n i f i c a n t to 

demonstrate the inner r e l a t i o n between the class 6 * and i t s subclass © f c * : 

Lemma 1-5! I f then V 7 ( « * ) Conversely, i f ( z ) £ S f t * 

then [/& ( V « € ©• (Cer ta in ly , f or V a d e f i n i t e b r a n c h is chooscn.) (For 

proof of the f i r s t par t see p . 40; the proof of the second p a r t i s s i m i l a r . ) 

Lemma 1-6 : For any / ( z ) £ 6 we have 

I/(„/&) j ^ ( 1 I r ) , - ; 0 < r < l . 

(The w e l l - k n o w n Modulus Theorem p . 44.) 
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Lemma 1-7 : For any / (z) £ © we have 

<^f\f ( r e » ) \*d#^ J — ^ de ; 0 < r < 1 , 
0 0 

where M(Q)= Max | / ( z ) i - (A special case of H i l f s a t a 1 , [ 4 ) , p. 151) 

2. As the next step we s h a l l obta in cer ta in p r e l i m i n a r y resul ts w h i c h 
are s t r a i g h t f o r w a r d consequences of forego ing lemmas : 

I n the f i r s t place, i t is a lmost obvious f r o m Lemma 1—5 t h a t , fo r any 
g iven k, to each fk (z) £ <3k there corresponds an / (z) £ © & such t h a t the 
i d e n t i t y 

( 2 - 1 ) [ / * ( * ) ] * = / ( * * ) 

holds w i t h i n the u n i t c i rc le . 

Next , we sha l l state and prove the f o l l o w i n g lemma : 

Lemma 2-1 : I f / (z) £ ©* then the corresponding fk (z) £ 6 f t * and vice 
versa. 

Proof: I n fac t , one can w r i t e f r o m (2—1) 

A necessary and s u f f i c i e n t c o n d i t i o n f o r / (z) £ 6 * is t h a t , f o r every Q (0 < o < 1) 

and every z f o r w h i c h ] z ] = g, Re(^z^^j > 0. F u r t h e r , i t is obvious t h a t 

y ^ y ^ > 0 , f o r above described @'s and z ' s , i f and o n l y i f Re(^zk^z^j<0 

f o r the same Q' S and z ' s. O n ' t h e other h a n d , i t is evident f r o m (2—2) 

t h a t R e { f k ^ j J ^ ) > 0 i f and o n l y i f Re ( Z ^ T ^ ) > ° - Th is impl ies t h a t 

Re {f-^J^j > 0 i f a a ( I o n l y i f Re [z^ > 0 w h i c h means t h a t i f 

and o n l y i f / f t (z) € ©ft*-

Now, let fk (z) £ © A * . A c c o r d i n g to the forego ing lemma, the correspon
d i n g / (z) 6 ©*• Let us set {Q, &)—\f (ee f») [ and $ ( e , #) = / (Qei&) ; and 

consider the G A U C H Y - R I E M A N N I d e n t i t y ^ — — . ^ . Since / (z) is s t a r l i k e , 
3 Q Q 91? / \ / ' 

f o r every f i x e d o ( 0 < e < l ) , > 0 ; a n d , as a r e s u l t , f o r every f i x e d 

R (Q, I9) is a m o n o t o n i c a l l y increas ing f u n c t i o n of Q. Suppose t h a t | z 2 1 < z t | ; 
t h e n , since R is m o n o t o n i c a l l y increas ing , | f(z2) I < I /(zi) [ • Hence, one 
can w r i t e f r o m Lemma 1—1 



12 N . A Y I R T M A N 

where I s a I = e a < ei = U i I • 

Next, let us t r y to make an estimate for | (z, — z£)-/Vt^) I • f o r t h i s 
purpose w r i t e af ter (2—1) 

I ( z f - z f ) • / & ( z ) [ ̂  [ | < , * _ , * ) . / ( « * ) | ] . * ( I * I * + 1 * . I * ) " * • 

U s i n g (2—3) on the r i g h t - h a n d side of foregoing i n e q u a l i t y , one can 
w r i t e , w i t h z 2 replaced by z and Q2 replaced by Q, 

! (z* - z f ) . fk (z) I < T 
( - e f f c ) » ( i 

where | z | = e < 6i = ! z± I • 

F i n a l l y l e t us m e n t i o n and prove f o l l o w i n g two lemmas : 

Lemma 2-2 : For any / (z) £ S* we have 

2n 

1 / 
2 « / 7 » 

J ) 9 ^ 1 
1 -

; z = r e i » t 0 < r< 1 . 

P R O O F : I n fac t , l e t z V r ^ r = 1 + ¿ 1 H h <*II * " + • " • A c c o r d i n g l y , i n 
7 w 

v i e w of the P A R S E V A L I d e n t i t y and the Lemma 1 — 2, one can w r i t e 

2/i 

2 « / s w 1 / ( 0 

f r o m w h i c h the .lemma f o l l o w s i m m e d i a t e l y . 

Lemma 2-3: For any fk (z) = z + atW z * + l + ..•• + * < " - ! ) * + 1 + 
f r o m the class S t we have 

, f o r k = 1,2, 3 ; 

¿ = 1 C l o g j - — f o r ¿ = 4 ; 

C(jfe), f o r any k < 4. 

P R O O F : I n fac t , Lemma 1—6 and the i d e n t i t y (2—1) suggest t h a t 
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Max j fk(z) I — • T h u s , the lemma at once deduced as a simple con¬

sequence of P A R S E V A L i d e n t i t y and the Lemma 1—7. 

3. Now, let us associate w i t h each 

fk (z) = z + « ? > + • • • + «<„*> * t " - 1 > * + 1 + ' • ' 

the f u n c t i o n « (F ) = 1 + A , * 5 C H h ? n _ l H w h i c h is ana lyt i c i n the 

c i rc le j £ j < 1 , and , w h i c h together w i t h f (z) satisfies the i d e n t i t y 

( 3 - 1 ) fk{z) = zu(z*). 

T h u s , us ing (3—1) and set t ing zk — C> zf = CD Qi—r^ &k — r, and 

( 3 - 2 ) y(C) = (C-Ci )«(0 . 
the i n e q u a l i t y (2—4) may he replaced hy 

( 3 - 2 ) I ¥ (?) I < P t 
( 1 - r f ) " ' ( r i — r 2 ) 2 * 

where | £ I = r < r ± = | d | . 

Now, l e t <p (£) = b0 + b1 C H • -Equating the coeff ic ients of 
C" on b o t h sides of (3—2), we have 

( 3 - 3 ) *» = « i * > - t i f l i + i ! 2, 3, . . . . 

F i n a l l y l e t us m e n t i o n f o r la ter use, the i n e q u a l i t y , 

( 3 - 4 ) 

w h i c h m a y he derived f r o m (3—3) h y simple reasonings. 

4. Next , let us define the f u n c t i o n g(C) — C^^y w h i c h is a n a l y t i c i n 

the c i rc le \ t\<r1> and , w h i c h together w i t h g? (C) satisfies the i d e n t i t y 

( 4 - 1 ) C9/(0 = 9>(0-ii(£>-

A c c o r d i n g l y , as a r e s u l t of the combinat ion of (2—1), (3—1), (3—2) and 
(4—1), one may have 

Then , a p p l y i n g the s imple i n e q u a l i t y | « . + b \s ^ 2 [ | a |B + | b |2 ] to the 
r i g h t - h a n d side of (4—2), one can w r i t e 
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İn 'in. 2trt 

2n 
and, considering the simple i n t e g r a l ~ f T — — - ^ . .., together 

0 
w i t h the Lemma 2—2, one obtains 

( 4 - 3 ) 1 / i g(C) \> d& < ^ £ ; C = ret*. 

On the other hand, one can w r i t e f r o m (4—1) 

M. 
u 

and consider ing (3—2) and (4—3) 

E / V (?) I2 = 75 Max I <? (?) 'J | * ( t ) | s « W i Ç = r « » , 

( 4 - 4 ) £ f \v'(C)\*d&< 
C(k) 

( l _ r « ) * . ( l _ r * ) " 

Next , a p p l y i n g to the l e f t - h a n d side the P A R S E V A L i d e n t i t y , and , integra-; 
t i n g b o t h sides w i t h respect to r f r o m 0 to r, one obtains from. (4—4) 

C(k) ( 4 - 5 ) y ^ 6 ^ | 2 r ^ < -
^ ( l - r ? ) f c - ( l - r 8 ) * 

On the other hand, we .can w r i t e by C A U C H Y - S C H W A R Z i n e q u a l i t y 

n n i " i 

5 , = i 7,= ! ) „ = L 

C O 

f r o m w h i c h , considering (4—5) and ^ ^ 2 ; - ~ 2 — ^ B _ r a)a 1 w e o b t a i n 

< 
{l-r\Y*-{rl-r*Tk+l 

Then , i n t e g r a t i n g both 's ides o f the forego ing i n e q u a l i t y w i t h respect to 
r f r o m 0 to r, we obta in 1 ) ' 1 

3 ) Here , before integration, we replace r\ — r- i n the denominator by rt (ri — r) , and, 
pass to the f o l l o w i n g i n e q u a l i t y by assuming rL g } . 
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C(k) 

* = L ( l - r f ^ - a - r ) " 5 3 

and conclude by t a k i n g rx = \jt 

( 4 - 6 ) 
C{k) 

J , = L 

5. Now, le t g(C) — c ^ -he,C'-j C B C H By comparing the coef f ic i 
ents on both sides, we have f r o m (4—1) 

( 5 - 1 ) 
n—1 

X=0 

Nest, l e t us t r y to make an estimate for \ cn\ . Let f = 1 + 

+ <f„ C" + By compar ing the coeff ic ients on both sides of (4—2), we have 

1 1 

Now, consider ing the forego ing i n e q u a l i t y , we can w r i t e f r o m (4—6) and 
( 5 - 1 ) 

1 / 2 , 1 C(A) 

F u r t h e r , considering the forego ing i n e q u a l i t y , we can w r i t e f r o m (3—4) 
and the Lemma 1—4 0 

i - 1 «<*> < c l ( * ) ( | + ^ r + C a ( i ) ' (1 — /->• 
(1 - > ) " 

F i n a l l y , s e t t i n g . — 1 — ^—on the r i g h t - h a n d side of the foregoing ine¬

q u a l i t y , one concludes, a f ter some simple reasonings, 

< C(k) n^"1 

as proposed at the h e g i u n i n g of the paper. 

a(kL\-\a^ n+1 1 1 « 

' ) I t muat be not iced i n the foregoing inequal i ty that , i n v i e w of (3—2), 

i M = ICi < 1 
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On the other h a n d , we can w r i t e f r o m (3—4) 

2 
1 = 1 

*A+1 < X l i l | + d - ) X l C 
1=1 1=1 

U s i n g (4—6) and the Lemma 1—4 on the r i g h t - h a n d side of the foregoing 
i n e q u a l i t y , one obtains 

Z 
1=1 

1+1 
«<*> C2 ( * ) n * ' ( l —f) . 

' ( 1 - r ) ' 

F i n a l l y , se t t ing i - = 1 — — - on the r i g h t - h a n d side of the forego ing i n e q u a l i t y , 

one concludes, a f ter some simple reasonings, t h a t 

1 v i j . (ft) i , < C (it) n * , 

as proposed at the beginning of the paper. 
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E R R A T A 

A l l 6 * ' s and S* f c 's i n 6 t h and 7 t h l ines f r o m below on page 10 should 
read respectively S and 6 f c . 

[4) i n Brd l i n e f r o m above on page 11 should read [4]. 

Re (zk v / Z . ) -\ < 0 on 12 t h l ine f r o m below on page 11 s h o u l d read 

1 

The factor (—elk)2li i n the denominator of the r i g h t - b a n d side of (2—4) 

on page 12 s h o u l d read (1 — g|£) 2 f t . 

On page 13, (3—2) on 11 t h l i n e s h o u l d read (3—3) ; (3—3) on 12 t h l ine 
f r o m below s h o u l d read (3—4); (3—4) ou 10 t h l ine f r o m below s h o u l d read 
(3—5); and (3—3) on 9 t h l ine f r o m below should read (3—4). 

1 

The factor (1—r 2 ) k i n the denominator of the f r a c t i o n on the r i g h t - h a n d 

sid;s of (4—4) on page 14 s h o u l d read (rf — r 2 ) , ! 

1 
The fac tor (1—r 2 ) fc i n the denominator of the f r a c t i o n on the r i g h t - h a n d 

1 
side of (4—5) should read (r? — r 2 ) * . 

The i n e q u a l i t y ^ % rn—2 < ^ * ^ g i n the 4 t h l ine f r o m below on page 14 
1=1 

s h o u l d read £ Xr^-z < j ^ ~ i y • 

A=l 

The exponent ~ of the second fac tor i n the denominator of the fac t ion 

on the r i g h t - h a n d side of the i n e q u a l i t y i n the 3rd l i n e f r o m b l o w on page 

14 s h o u l d read + 1 . 

1 
The second factor ( 1 — r ) a * i n the denominator of the r i g h t - h a n d side of 

the i n e q u a l i t y on the top of page 15 s h o u l d read (rt~ r ) 2 * . 

rL= \/~r~ on the second l i n e on the top of page 15 s h o u l d read r i = ~ ^ * 

The capi ta l G on the r i g h t - h a n d side of (5—1) on page 15 s h o u l d read s m a l l c. 

(3—4) on 7 t h l ine f r o m below ou page 15 s h o u l d read (3—5). 
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ÖZET 

B u makalesinde yazar 

fk (z) = * + «<*> zW + . . . + fl<*> z ( « - 0 t + ı + . . . 

ş e k l i n d e k i y a l ı n k a t y ı ldız ı ! fonksiyonlar sınıfına münhasır olmak ilzere, 

I I I " I J® I I 1 n+i 1 1 n ' 

bttyttklüğtlnün üst sınırı , h a k k ı n d a e v v e l c e ft=l hal i iç in bulunmuş olan bir 

n e t i c e y i g e n e l l e ş t i r m e k t e , v e k e z a 

1=1 

b ü y ü k l ü ğ ü n ü n de bir tist s ı n ı r ı m b u l m a k t a d ı r . 


