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The present paper deals wiffa the flow of conducting B i n g h a m Plast ics 
between two non-conduct ing c o - a x i a l c y l i n d e r s w i t h suction and inject ion 
under a r a d i a l magnetic f ie ld . T h e exact solution has been obtained and 

then s e v e r a l p a r t i c u l a r cases have been deduced, 

1. Introduction. The s tudy of the mot ion of non-Newtonian f l u i d s i n the 
absence as we l l as presence of a magnetic f i e l d has applications i n many areas. 
A few examples are the f l o w of nuclear f u e l , s lurr i es , f l o w of l i q u i d metals 
and a l l oys , f l o w of mercury amalgams, h a n d l i n g of b io logical f l u i d s , f l o w of 
blood - a B ingham f l u i d e tc ' Recently T U R G U T S A E P K A Y A ['] has studied the 
f l o w of a conduct ing Bingham Plast ic f l u i d between two para l l e l plates. The 
author [ 2] has extended, the problem to include suction and in j e c t i on also. I n 
the present paper the f l o w t h r o u g h an annulus w i t h suct ion and in j e c t i on has 
been invest igated . I t is assumed t h a t the f l u i d coming f r o m the inner c y l i n ­
der, moves r a d i a l l y , The shearing stress on the f l u i d approaching the p lug 
reg ion , approaches the y i e l d stress. Th is f l u i d t h e n becomes a part of the 
p l u g reg ion . Some amount of the f l u i d j o ins the stream of the outer region 
and t h i s is ejected f r o m the p l u g . I n the steady state we can assume t h a t 
there is a f l o w of the f l u i d w i t h ve loc i ty v0L/r. The external magnetic f i e l d 
is assumed to he H a L \ r . The displacement currents and free charge density 
are neglected. 

2. Basic equations and their integration. Let Q, a, [ia, ft and P 0 be the 
dens i ty , the e lectr ica l c o n d u c t i v i t y , the magnetic permeab i l i ty , the v iscosity 
and the y ie ld stress respectively. We use c y l i n d r i c a l coordinates (r, z ) . 
A g a i n let V (vr, 0, ve), H ( H r , 0, H a ) , E (0, E * , 0), J (0, fa 0), P and P R G be the 
ve loc i ty , the magnetic f i e l d , the electric f i e l d , the current density , the pres­
sure and the shear ing stress respectively. I t is also assumed t h a t the f l o w is 
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a x i a l l y symmetric arid does not depend upon %. I n th i s case the pressure gra­
dient along the *-ax.is comes out to be a constant, W i t h the above assumption 
the s i m p l i f i e d equations are : 

fit f o U __ dp fie He dH* 

•V0Ldvi_ 1 dp 1 dfPia {iB dHs 

r Or Q ax r or 4«g or 

(3) - = 4*« {£* + vMr ~ > 

We now, t r a n s f o r m these equations to non-dimensional f o r m w i t h the re la ­
t i ons , 

<ot — u„u, — m« 0 , r ' Lr> Ha — H<,H, P = ^ TJ— > 
Q(Z0 0 Z 

(5) M = iieH0L^j and E ^ ^ H ^ E , 

where R is the R E Y N O L D ' S number, R m the magnetic R E Y N O L D ' S number , M the 
HARTMANN number, x0 tho non-dimension y i e l d stress, and 2L i s the characte­
r i s t i c l e n g t h . W i t h the above re lat ions the equations (2) to (4) become 

m du p . 1 drt M9 1 dH 
* ' r dr~ + I* dr RRm r dr ' 

(7) B = m H - £ - f - E , 

(8) t = ± < 0 + _ _ . 

I n t e g r a t i n g equation (6) once, we get 

( 9 ) , = _ l / , r + - _ ^ . « _ C L , 
2 r f i f tm r r 

'here d is an a r b i t r a r y constant. E l i m i n a t i n g u and t f r o m equations (7), (8) 
and (9) we get 
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J2 It J I J pip p 

(10) r 5 ^ + ( l - m J ? - m / ? m ) r ^ + (m'R R M - M2) H = ^ f ^ r*+Ci±t0R R M r. 

So lv ing this equation we have 

(It) M = Ar* -\- Br? -) ^ , , *qR RM , ^ 
U ' A r ^ ^ ' P + 2 («—2) (/T—2) r ~ (x-1) (0—1) r + ° ' 
where ,4, 5 and C are are a r b i t r a r y constants to be determined f r o m boun­
d a r y condit ions and 

(12) « , /? = (A? + RM) ± ^ + ^ (R - Rmy. 

S u b s t i t u t i n g the value of H i n equation (7), we obta in 

+ m C ~ £ ± ( « - i ) f A i ) ( m ' - ^ ) r ' 

A g a i n s u b s t i t u t i n g the value of u i n equation (8) we get, 

r ( « - 2 ) ( / î - 2 ) / -

3. Boundary conditions. The c o n t i n u i t y of the tangent ia l component of 
the electric and the magnetic f i e l d across a non-conduct ing boundary gives 
t h a t E and H must van ish at the outer cy l inder as i t is assumed t h a t there 
is no tangent ia l component of the electric and the magnetic f i e l d outside the 
outer cy l inder . 

We also assume that cy l inders are of r a d i i aL and bL and are at rest . 
The plug region extends f r o m L r y t o L r 2 and is moving w i t h velocity u 0 f / 0 . 
As [i is decreasing w i t h r i n the outer f l u i d region, du\dy is negative. The­
re fore we take the sign of t0 to be negative f o r this reg ion. S i m i l a r l y the 
s ign of t0 f o r the inner region w i l l be pos i t ive . Thus the boundary conditions 
are : 

at r— a, H = 0 ; at r u= u0, H — Ht, x~r0 i . e . ™ — 0 , 

(15) at r - b, a = 0, H = 0 ; at r = r„ u = ot0> H = H2, X — tQ i.e. = 0. 
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5. Plug region. The equations governing the f l o w i n the p lug region are, 

1 drt , M2 1 dH (16) 0 = P-t 
r dr 1 RRm r dr 

r dH 
<17> U ^ m H ~ R m d r " 

Solv ing these equations and us ing the boundary condit ions, we obta in 

( -.2 \ -J j.in 

^ - r ) + * D ^ + - - ( i P ( r i - r | ) - * u ( r 1 + r , ) l - - i 
r j r r * i 

mltm „mffm 

Uo 
" 1 '2 m 

, i/o 
'1 "z - _ 

m 

i/o 
„m/im „mfim '1 ' 2 m 

(19) / / = ^ { i P ( r i - r S ) - * 0 ( r 1 + r , ) } 

and 

(20) = {-l P{r\- r\) - T 0 ( r , + r . ) } 

(21) ff, = ^ " U i , ( r i - r ! ) - i , ( r 1 + r , ) } 

5. Solution for the inner region. S u b s t i t u t i n g the boundary cond i t i on i n 
equations (11), (13) acid (14) and us ing (20) and (21) we can f i n d out the values 
of a l l the constants and thus obta in the expression for variables i n the inner 
region as 

(22) 

( - - £ ) + ( ^ = T ) ( - - i ) } H ( ^ H r M M } 

, PRRm ( 2 \ *o / I N , v 
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(23) 

( m ~ j 4 " ) ( 1 ~ a P r i _ p ) ~ ^ ( m ~ i l : ) ( 1 ~ o a r i ~ 0 ) } ] [ ^ t p ( m ^ ( ^ - ^ > a 

+ - *r4« (AT» <H> + mRm (mRm - . ) ,P} ] - [ ( ^ ^ 

- {m £ m (mtfm - <x) rP + JlfaP} ( r ^ — « a ) + ] 2 ( a l | ^ 2 j - < 

•a- H 
mR, 

( « - i ) 0 ? - i ) \ 1 

(24) - . 

* = L r ? * - . - r - * - m ^ r ^ - P r l { JZJZ ~ ^ - J ( l - . P P) 

a — 1 

(m - £ ) + (,-5)a.-D (m ~ ir)} { * ( r ' p- 0 , i ) '~-> (" a~° 0 ) 

P(m Rm — 2) t 0 ( m 2 ^ m — m£ — AP) 
' ( « - 2 ) (/9-2) 1 ( a - 1 ) (¡¡-2) 

(25) 

/ 7 ftPirl-rD-iAri+r,) _ m R p 

M l mAP (m* RRm-AP) (a—0) ^ L - r ^ m 



21 R . K . R A T H Y 

R R , (mRm - ft + M2 Q " ) - « r* {M2 a? + m £ m (m7?m - «) nP} ] 

P R R r . 

mM2 A1 

( a _ 2 ) ( ^ _ 2 ) v "* ~ ^ < « - i ) ( / i - i ) v ~ R , A 1 R'~R 

(m/? m - ft) ri" -\- M2 a)~ (r^ - aa) {mRm - « ) r x P + aP}] + ( / J _ _ 2 ) 

(26) 

„ _ P R R m ( 2 \ r 0 R R m f ( 1 \ 
- 2 < « - 2 ) ( 0 - 2 ) l m " Wm) ^ " a > ~ (—1) 01-1) " «> l m - ^ j (a—/?) (m 2 y?/?m — M a ) r?*» — r«*m (a—0) (m T — AT) 

(a—0) (m2 R R 

where 

(27) At = / fr 1 ? ( r / - a.«) - « / V (r xP - aP). 

6. Solution for the outer fluid region. S i m i l a r l y we have f or the outer 
reg ion , 

(28) 

_ RRm • [i P(rl-rt)-*0(rt+r,) g f « 
(0—«) ( m 2 ^ m — M 2 ) zf2 L - m / J 2 r " r ^ r " ^ „ 2 

• { - ( ^ J ^ f 1 - ^-W-V2 } < W - » K r ^ - (r.« ~ *«) ( r f - 6P)} 

, i » j g ( m / g M - 2 ) & r 0 ^ ( m r ? m - l ) ( r 

2 ( « - 2 ) ( / ? - 2 ) ^ ( a _ l ) ( 0 _ l ) 
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(29) 

rj- EE™ F i ( / V i ~ r ? ) - E 0 ( r 1 + r a ) m R 

n ^ mM2 («—0) (m2 RRm — M2) zJ2 L r^Rm - r^Rm * ' ^ ' 

[0r 2P { m t f m ( m # m - 0) r a + M 2 6° } - a r , " { M* &P + mRm (mRm - a) rP }] 

PA?/?m / 26 2 \ t0RRm f b 
i - 2 ( « - 2 ) ( 0 - 2 ) V r + m / ? J ( « - l ) ( 0 - l ) V 

(30) 
£ m r i ^ f r î - r f ^ o t r i + r») _ J»» , D „ 2 i * . m 

( W P r - P ) _ _ ^ ( m - ( i - ^ r - ) } { ( m _ £ ) 

P ( m ^ m — 2) t0(m2RRm — mR — M2) 
+ ( « - 2 ) ( 0 - 2 ) r ( « _ l ) ( 0 _ l ) 

(31) 

m i l f («—0) (m 2 ^ / e m - Ai 2 ) J , L r?*" — r?*"* 2 2 ^ " 

[>r 2 P { m R m {mRm ~ 0) r , " + M2 ba} - « r2
a { M2 iP -f- mRm (mRm - a) r 2 P } ] 

- f {^fjr a )
a ) - *%^^} - «+" ^ 

- ( r , * - 6«) {mRm (mRm - « ) r ,P + M2 ftPJ].+ 2 ( J I 2 ) ^ _ 2 ) ( r ï - i 2 + ~ ^ ; ) 

( « - l ) ( 0 - 1 v 2
 ;

 1 mi?, 
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(32) . 

_PR(mRm—2) B _ _ xaR(mRm-l) , ,s RRm 

U°~2(x-2) ( 0 - 2 ) . ( * - l ) ( 0 - l ) ^ e > ( « - 0 ) ( m 2 ^ m - M 2 ) 

( - - ¿ ) ( 1 - * - r . - " ) } ] . 

where 

(33) /f 2 = 0r 2P ( r , 0 — 6 n) — a r s
q (r 2P — 6P). 

7. Expressions for t 0 and total f lux . Us ing the boundary condi t ion / / (&) = 0, 
i n equation (31) we obta in the value of t„ as 

(34) 

- - p [ mRm(rL + r,)ra->"RAa Í__ , - _<n g+1 A« _L J _ 

( a _ 0 _ x i P r - n 6 p + ^ ' ( 1 - 1 ) ( 0 „ i ) - - (X~V 

(mRm - 0) (m 2 R m
2 - mRm 0 + M2) ~ ( 0 - 1 ) ( m £ m - a) (m 2 i ? m

9 - « m t f m + M 2)} 

i ( « - ^ ) & ^ » I " 1 f mRm(rl-rl)r2-»*¿7 1 _ U a o r _ « . «v 

^ (a—1)(0—1)J L 2 Jltf» (m 2 7¿/?m — AT) r ? * * — r f " ) a—2 V ' p 2 ; 

6 r * + 0 _ 2 ^ a P K Í , P r 2 P J 6 P r 2 ^ (a—2) (0—2) M 2 («—2) (0—2) 

{mRm ( « - 0 ) 2 ( m £ m - 2) - ( « - 2 ) (mRm - 0) (m 2 - mRm 0 + M 2 ) - (0^2) 

(mRm — « ) (m 2 R* — m « J?m + M 2 ) } . 

The t o t a l f l u x is g iven by 

(35) 

0-2« fur dr- - í * * * - [ K ^ - ^ K ^ ' + r,) . , R V ^ f 
^ —¿ J U r d l ~ ( « - 0 ) áx L rT*» - r ^ " 1 1 • I 2 

P 
m ~ 7 £ 

3 ( i - G P ^ P ) - ^ ( m - ^ ) ( i - Q « ^ ) } + ^ 1 { ^ I ( m - £ 
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ot—1 

r Pr\ (mRm - 2) r 0 r , (zn /?,„ - , _ a _ q 0 

( r > . _ O ( W + - - r,P + . ) ] + ^ f i ^ - ^ (a* ~ ri - » + r | ) 

/J, 

* « t f { m K » - l ) . ( a . + 6 . „ r . _ r . ) # 

6 < a - l ) ( 0 - l ) 

E q u a t i n g the values of U„ f r om equations (28) and (32) we get an equa­
t i o n i n tpti 9?2 and t0. A g a i n e l i m i n a t i n g P and. Un f rom equations (20), (21), (25) 
and (31) we get an other equation i n <pL, <p.2 and t„, These two equations w i l l 
determine the value of q>l and tp,2. 

8. Solution for the flow between two cylinders without suction or injec­
tion under a radial magnetic field. I f m -> 0, we have a-^-M and 0 — M . 
S u b s t i t u t i n g these values i n the equations (18) to (35) and s i m p l i f y i n g we 
have for the inner reg ion , 

(36) 

U = { i f ( r ! l A p \ 7 / r J r l + r , ) } / ? { r ^ M { r M ~ a M ) + r " > ^ ~ ^ 

~ 2 ^ - 4 ) « » + 3> ^ ~ > + " 2> * " 2 M ( ^ - 1 ) 

{ ( M + 1) r t - m ( r * ~ « * ) + (M- 1) ^ ( r — - a-M) } + ^ f e ^ - ^ j f r ^ T ' 



28 R . K . R A T H Y 

(37) 

{ M (rM r r m ~ A' r-M) + rCm rM + r f r"™ - 2 } - ( r 2 - r?) 

( r - r O , 
M 2 - l 

(38) 

*~ Z M L o g r J r , { r i " r i r } 2 ( M 2 - 4 ) i ( ^ + 2 , r i 

— (m — 2) r " ™ - 1 } - , V 1 ^ { (M + 1) r ^ " r " — 1 — (Af — 1) r f ) 

2Pr , r0M2 

(89) 

+ m ( m a _ 4 ) ; ( a ' i r * ' + m a - 4 + m 2 - l J ' 

S i m i l a r l y we have f or the outer reg ion , 

(40) 

{ (m + 2) r2~>" {rM-bm) + (m - 2) ( r — b~™) r ? } + ^ ^ 1 ^ 

{(AT+1) ( ^ - & m ) r 2 - » + ( m - l ) r f ( r - » ^ 4 — ) } / ' - (r~b), 

(41) 

H ~ H * + a M q o g r J r , ( r ' r ' ' 2 m 2 ( m a - 4 ) . 

[m ( r , - m r » r " - > ? ) + ( r , — r - »+r? -2 ) } - 2 1 " A ) (<" - r ? ) + ( r - r f ) , 
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(42) 

T ~ 2Ml0grJrı
 r ) 2 ( m « - 4 ) 

- (M - 2) r™ r - » - 1 } + 2 ( > y _ l 1 } { ( m + D r , - " " ~ (m - 1) i-? r — 1 } 

__2 _ T 0 M2  

+ m 2 - 4 m* - 1 * 

(43) 

^ = 6M r 2 - m + r - L V m ^ 4 ~ m ^ l j ( & r " + 4 r * 2> + U<i»'-A) 

«o/?*-. W - + 2 P - ? ( r | - 6 2 ) _ 2 , e . ^ ( r a - f c ) 1 

where 

2 m ' l o g r 1 / r l
 K z 2 , + 2 m 2 ( m - ! - 4 ) 

{m ( r ? - r 3 - m & M ) - 2 ( , 2 — è m + r ? b'm ~ 2 ) } + ^ff"^ (6 2 ~ r j ) 

m 2 - l 

For the p l u g region, we have 

(44) * = ~ *. - I - P (* ~ ^ ) + ~ { i P (r i ~ r j ) - r u ( r t + r . ) } ^fj^ 

(45) H - H a + — m » l o g r t / r t ) g r , / r ' 

{ ^ } t ' 0 — l og i - a / r i 

Now equat ing £/ 0 f r o m equations (39), (43) and (46), we obtain two equa­
t ions 

(47) 
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' ' l ~T~ r g ( - m ım i L — m M \ 1 { îJ il m —m ı L—m m _ n ı J L 
2 A f * l o g r , / r , t r ' 6 + 6 r a J - l L m 2 - 4 ( Ö ' 2 + Ô ^ M 

and 

(48) 

A r l r ? / „ m ~ - m I - m ra\ 1 1 [ r i 1 (m —mı -m M) Îİİ 

Í7 m r r m " f a - m r? - 2 + — ( « m T m — r?) + 2 H ~ a a ) } 1 • m J 

These two equations w i l l determine the value of r , and r 2 . 

The t o t a l f l u x is given hy 

(49) 

Q ~ 4 M 2 ( m 2 - 4 ) İ 0 g , - 1 / i - 2
 { M { ¿ 1 1 2 r « ° r » ° + 

r , - m + b*~m r?) + 2 (aH + "< r , " " 1 — « 2 _ m + r? — ¿ 2 + m r2'm) } 

+• 2 ( 2 - a « ¿ - Í <»> + 2> ^ + <» + 2> í 1 - ^ ^ "> > 

+ ¿ ^ i i m ~ Í1 - a m ^ + <m + °m r ' _ m ) J ] ( r 'm + a - °m+2> 

.... r'" (,. _ / l M . + ^ » r u \ 
^m—2Kl 'J (2 - flm r f m - a " " r 'f) ( m a - 4) \ m 2 - 4 T j 

{ (m H- 2) (r? — a 1 " ) ( r ! 2 - ' " — a 2 - " 1 ) — (m — 2) ( r r m — a~m) ( ' ' i 2 + ' n — a 2 + J M ) ) 

• W ^ l < - ~ ^ r , ) [ + 2> ^ ^ > + <™ ~ 2> <1 » » 

- { - 1) (1 - 6 m r f " ) + (m - 1) (1 - b<" r,-m)} ] [ ( è m + 2 - r 2
m + 2 ) 

^ (hi~m - r 2~™\~] 4- r 2 P r | - T " r ^ 1 
1 2 ^ ^ ( m 2 — 4) (2 — bmr<Tm — b~m L m s — 4 m

2 ~ l J 
m + 2 ( 2 ' J 1 (m 2 —4 ) (2 — è m r 2 - m — è - " 1 ^ ) 

1 (m — 2) ( r 2 - m — i " " ) ( 6 m + 2 — r9
m + ') — (m + 2) (r^ - ¿ m ) ( ö 2 " " 1 — r a

2 ~ ra) ] 

" P*? (a* - r\ + r j - 6 + ) R
1 T ( a 3 4" &3 - r f - ¡ ) . 8 ( M 2 - 4 ) ^ U 1 1 1 ' 2 ' 6 ( m 2 - l ) 
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9. Hydrodynamic flow of Bingham plastics between two cylinders with 
suction and injection. When M ->• 0, we have the pure ly hydrodynamic f l o w . 
For t h i s case a->-mR(— v) and /? ->- mRm ( = 0 ) . Subs t i tu t ing these values i n 
the obtained s o l u t i o n and s i m p l i f y i n g we get f or the inner region 

O U T E R REGION INNER REGION 

For the outer region we get 

(53) u = ( 4 ^ 1 - ^ t f y - * ' ) - ( r ' - »•) + ^ (r - *>, 

\ 2 — j> 1 — y _/ 2 — y 1 — i' 

(56) t0 = ±P(r2~ri). 

The t o t a l f l u x is given by 

(57) 

V 2 + A 2 - f + 1 - r J1 1 ;^* + 2 \ 2 — v 1 - v J 
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10. Flow of a newtonian fluid between two cylinders with suction and 
injection under a radial magnetic field. I f r0 -*- 0 we have r i ~ r 2 . Subs t i tu ­
t i n g th i s in the s o l u t i o n and e l i m i n a t i n g i - t we obtain 

(58) 

PR(mRm—2) „_ 
2 ( « — 2> (P — 2) * ' 

(59) 

« = ^ w ^ j i ; {(™ - £ ) - ( r - - - ( » . - ^ ) ( » ' -

* ' ( » . - ^ } ] + - 2 ( . ^ f ; _ 2 ) ( r - - f ) . 

where 
(60) / i a = /? ( m - 6P( a « - 6«) + a ( m - 6" (6P - aP). 

The t o t a l f lux : i s given by 

(01) 

- <w - rf> fch < 4 " + * - a a + ' ) - T <S2 - ° ! ) ] } - ("' <4* - " ! ) 

{ K m - £ ) h h ( 4 ° + ! - - T (&I - - « ( M - £ ) 4 ° 

I am g r a t e f u l to D r . J . N . K A P U R f o r h is guidance i n preparing t h i s 
paper. 
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Ö Z E T 

E m m e ve püskürttüm ey e tftbi tutulan, i l e t k e n bir BINGHAM plâstik c isminin 
i l e t k e n o lmayan aynı eksonl i i k i s i l i n d r i k yüzey arasındaki a k i m i te tk ik 
edi lmektedir : yarıçap doğrultusunda bir magnetik alan, c i s im üzerinde 
etki yapmaktadır. Tam'çözüm elde, edilmiş ve birkaç özel hal incelenmiştir. 


