
F L O W O F C O N D U C T I N G B I N G H A M P L A S T I C S B E T W E E N T W O P A R A L L E L P L A T E S 

W I T H S U C T I O N A N D I N J E C T I O N U N D E R A T R A N S V E R S E M A G N E T I C F I E L D 

R . K . R A T H Y 

I n tho present paper , we h a v e invest igated the flow of a conducting B i n g h a m 
Plas t ic f lu id between two p a r a l l e l plates w i t h constant suct ion and i n j e c 
tion w h e n one plate is m o v i n g w i t h constant v e l o c i t y , under a transverse 
magnetic f ie ld . We f ind that suction and in ject ion has ' no effect on the 
t h i c k n e s s of a plug, but it shifts the plug towards the plate with suction. 

1. I n t r o d u c t i o n . R e c e n t l y T u r g u t S A R P K A Y A h a s i n v e s t i g a t e d t h e f l o w o f 
a c o n d u c t i n g B i n g h a m P l a s t i c f l u i d b e t w e e n t w o p a r a l l e l p l a t e s u n d e r a t r a n s 
v e r s e m a g n e t i c f i e l d . Some o f t h e e x p r e s s i o n s o b t a i n e d b y h i m a r e n o t c o r 
r e c t . F o r e x a m p l e , t h o e x p r e s s i o n f o r Pxff t h e s h e a r i n g s t r e s s f o r t h e f l u i d r e 
g i o n h a s a l s o b e e n t a k e n f o r t h e p i n g r e g i o n w h e r e i t does n o t h o l d . I n t h e 
p r e s e n t paper t h e p r o b l e m h a s b e e n e x t e n d e d t o i n c l u d e s u c t i o n a n d i n j e c t i o n 
a n d t h e m o t i o n o f t h e b o u n d a r y a l s o . T h e s h e a r i n g s t r e s s a p p r o a c h e s t h e 
y i e l d s t r e s s as t h e p l u g i s a p p r o a c h e d a n d t h e r e f o r e t h e f l u i d c o m i n g f r o m 
b e l o w becomes s o l i d . T h e s a m e q u a n t i t y f r o m t h e u p p e r s u r f a c e o f t h e p l u g 
becomes l i q u i d . T h u s i n t h e s t e a d y case w e c a n a s s u m e a c o n s t a n t t r a n s v e r s e 
v e l o c i t y . 

2. B a s i c e q u a t i o n s a n d t h e i r i n t e g r a t i o n . L e t j>, ft, a, fie a n d P0 be t h e 
d e n s i t y , t h e v i s c o s i t y , t h e e l e c t r i c a l c o n d u c t i v i t y , t h e m a g n e t i c p e r m e a b i l i t y 
a n d t h e y i e l d s t r e s s o f t h e f l u i d a n d V (Ux, v„, 0 ) , H (Hx, H 0 , 0 ) , E (0 . 0, E 2 ) t 

J ( 0 , 0 , y 2 ) , Pxy a n d p he t h e v e l o c i t y , t h e m a g n e t i c f i e l d , t h e e l e c t r i c f i e l d , 
t h e c u r r e n t d e n s i t y , t h e s h e a r i n g s t r e s s a n d t h e p r e s s u r e a t a n y p o i n t . I t i s 
a s s u m e d t h a t t h e f l o w i s s t e a d y a n d does n o t d e p e n d u p o n x a n d z. I n t h i s 
case t h e p r e s s u r e g r a d i e n t a l o u g t h e ^r-axis comes o u t t o be c o n s t a n t . T h e 
s i m p l i f i e d e q u a t i o n s f o r t h i s case a r e 

(1) 
9 U, 1_ d p 

Q d x 3 y 4 Ji q d y 

(2) 
dHx 

kno [Eg + lieHo Ux — t*eV0Hx], 
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(3) P x 9 = ± P o 

W e n o w t r a n s f o r m t h e s e e q u a t i o n s t o t h e n o n - c l i m e n s i o n a l f o r m w i t h t h e 
r e l a t i o n s 

(4) 
un — n u u, <v0 = ma0, Hx — H 0 H, y — Z.#, = £» u\ t, 

P0 = Qalra, R = 6 "° L , Rm — 4:nopEu0L, M = H0 L\l— > • 
/* V i* 

P = — - ^ r ^ a n d Eg = p.U0H0E. 
Qui dx 

I n t h e a h o v e i s t h e R E Y N O L D ' S n u m h e r , Rm t h e m a g n e t i c R E Y N O L D ' S 
n u m b e r , M t h e H A R T M A N N . n u m b e r , r t h e n o n - d i m e n s i o n a l s h e a r i n g s t r e s s a n d 
2 L i s t h e n o r m a l d i s t a n c e b e t w e e n t h e t w o p l a t e s . W i t h t h e s e r e l a t i o n s t h e 
e q u a t i o n s i n n o n - d i m e n s i o n a l f o r m a r e : 

' d a n , dt , M* dH 

(6) u ^ m H ~ j ^ ~ - E , 
v ' Rm dy 

1 £¿(1 
(?) * = ± T « + T ^ * 

I n t e g r a t i n g e q u a t i o n (5) , w e get 

(8) * ^ma — H — Py + C o n s t . 
RR/n B 

E l i m i n a t i n g iz a n d r b e t w e e n e q u a t i o n s (6) , (7) a n d (8) a n d s o l v i n g w e o b t a i n , 

(9) H = Ae°>+Be?»+ rn4Z-M's + " 

w h e r e A, B a n d C a r e c o n s t a n t s a n d 

(10) a , § ~ (R + tfm) ± y j ~ (R - RmY + M\ 

S u b s t i t u t i n g H f r o m e q u a t i o n (9) i n e q u a t i o n (6) w e o b t a i n 

(11) 

A ( « \ « F F I R f P \ p" | ™ ^ Rm PR z—E. 
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3. B o u n d a r y C o n d i t i o n s . W e t a k e t h e p l a t e s t o he n o n - c o n d u c t i n g a n d 
t h e l o w e r p l a t e t o he m o v i n g w i t h t h e c o n s t a n t v e l o c i t y u„ £ / 0 ' a n d t h e p lug -
to l ie m o v i n g w i L h t h e v e l o c i t y * i 0 U,r I t i s a s s u m e d t h a t t h e r e i s no e x t e r n a l 
m a g n e t i c f i e l d p a r a l l e l t o t h e p l a t e s . T h e i ' o f o r e t h e c o n t i n u i t y o f t h e m a g 
n e t i c f i e l d g i v e s t h a t t h e t a n g e n t i a l c o m p o n e n t o f t h e f i e l d m u s t v a n i s h a t 
b o t h p l a t e s . L e t t h e p l u g be e x t e n d i n g f r o m y = — ysio s — Vt a n d t h e v a l u e 
o f H a t t h e l o w e r a n d u p p e r s u r f a c e o f t h e p l u g be H., a n d Hi r e s p e c t i v e l y . 
A g a i n , i n t h e u p p e r r e g i o n , u i s d e c r e a s i n g w i t h i n c r e a s e o f y, t h a t i s , du/dy 

i s n e g a t i v e . T h e r e f o r e t o m a k e x n u m e r i c a l l y g r e a t e r t h a n T 0 , , w e t a k e t h e s i g n 
o f x0 a t y = yt t o be n e g a t i v e . T h e n t h e s i g n o f r 0 a t the, l o w e r r e g i o n i s po 
s i t i v e . T h u s t h e b o u n d a r y c o n d i t i o n s a r e 

(12) 

a t y — — 1 , a — Uu' H — 0; l i t g = — g2, n = Uu> % = t0, H — H 2 , 

a t ff = l , u = 0, H = 0; a t y — yt, u^U^, t =— r 0 , H — Ht. 

4. So lut ion for t h e plug r e g i o n . I n t h e p l u g r e g i o n t h e e q u a t i o n s o f m o 
t i o n a r e : 

{ U ) P + d y - + RR-dy~°> 

(14) U% = m H ^ J j i - E . 
S o l v i n g t h e s e w e get 

(15) % = Py H + C o n s t . , 

(16) H = D e » V + ^ i i ^ - u , 

m 

w h e r e D i s a n a r b i t r a r y c o n s t a n t . 

U s i n g t h e b o u n d a r y c o n d i t i o n s w e get 

(17) * = - , 0 + P ( U i - y)i + ( e ^ - . » V ) , 

<i8> H = emRm* + I±Ik , 

a n d 

(19) „ l . = ^ ^ % ± M ^ i „ . R m , , + ^ ± J ^ , 
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5. S o l u t i o n for t h e u p p e r r e g i o n . U s i n g t h d v a l u e s o f Ht a n d / / 2 f r o m 
(19) a n d (20) a n d t h e o t h e r b o u n d a r y c o n d i t i o n s , w e o b t a i n t h e e x p r e s s i o n s 
f o r t h e v a r i a b l e s , f o r u p p e r r e g i o n as 

(21) 

mPRRm . _ , RRR 
i2 RRm — M 

{ « e<Wi (eP* — e P ) — /? eP*i (e** — e a ) } , 

(22) 

i f f " D + ^ < ^ - ^ > - ^ 

(eP* — e p ) — / ^ , ! , — A ^ e p i i ( e < W _ e « ) J ] , 

(23) 

mPRRT, 
m2 RRm — M ! — a ) ( m 2 ^ 

{ a (e( a+P> f> — ep+«Wi) — /? ( C(« + P) ffi) — e^+pffi)}]. 

(24) 

RRr. 

> / . - » , » I m ( m ' / g / g M - J l f ) / ? ' e ^ i _ 

{ a ( m ~ ^ - ) e a , / l ( e p y i — e P ) ~ — - ^ - ) e P ^ ( e ° f f i — , 



B I N G H A M P L A S T I C S U N D E R A M A G N E T I C F I E L D 39 

<25) 

E = 
PR mRl(m* RRm — M2) _ . [a a _ R e

a ( | - ^ i ) 4- a e P ( l - ? 0 

^ i ' l { ( m ~ £ ) e a + P i , i " ( m - t ) e P + " ' } ] ' 

(26) 

[S—a){mJAVm — AT 2) L V £ m / V ^ / 

e~mRlu3fr. — emRBl m 2 RR^—M* 

6. So lut ion for t h e l o w e r r e g i o n . S i m i l a r l y t h e s o l u t i o n f o r l o w e r r e g i o n i s , 

LOWER REGION 
777777777777 

(27) 

PRR, 
(«-/?) (m'RRm-APy 

X (eP* — e - P ) 
m(m2RR —M2')e»'R92 

mPRR, 

(28) 

H — f ^ £ v m _ r a y , a y — a . , S J , , - f f 
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(29) 

= [ - ( » - ¿ ) d' - . - « - ' • > ) - i - ( — t ) ' 
c m c m 

(30). 

= p ^ ^ « 2 ? b* <* - - ^ <* ~ e - 0 ( i - ^ ) 

„ jnŞm'RR^-M^R^^ Í 7 A \ _ / _ J_\ 

A e P ^e * ^ m'RRm~AP 

(31) 

£ = fff _ a + « , « * - . ) „ * e ^ - . , __ ^ i U l M _ m - l M ! L 

t — r / * w 2 » 0 -^J*(m-~)eW+9*)~ß(m~~)e«(y+!'*) 
(ß—*) (m RR/n ~ M2) L V V RmJ 

(32) 
P K 

- • ^ i ^ : * ( » . + * - * - ^ » * > + - w - ) ] • 

E q u a t i n g t h e v a i n e s o f E from (25) a n d (31) w e get 

(33) 

r M2 (e—mR 9 i — emR s>) , 
« . = /> [ l + * ( * + , . ) - ^ ¿ ^ V ^ f ^ f ( « ( . « - " > - • « * - > ) 

— j?(e«<'-ffi> - e 0 ^ - 1 ) ) } { ( m 2 m — /?) ( e «+<p -mR) ffi — e - « - ( p - m K ) ffı) — ( m £ m — « ) 
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A g a i n e q u a t i n g (23) a n d (29) w e s h a l l get a n o t h e r e q u a t i o n . T h i s e q u a t i o n 
a l o n g w i t h (33) s h a l l d e t e r m i n e t h e v a l u e s o f yt a n d y2. T h e t o t a l f l u x i s 
g i v e n b y 

(34) 

Q = f ^ = Ï F ^ ^ ^ [ « B ( — £ ) {*«-*>(i-/0-(i+»^ 

+ P (Si+ff . ) } - P, (m - -|~) { ( l - « ) e«V~Si) - (14-*) e - « ( - * * > + a ( S l + i>,)} 

+ r i t * * - ^ < * + ^ - 2 ̂  { v si < e K - - *•a) 

_ i _ r ( f - m R ) ï ! ( r « _ r ^ ^ a r « ) „ j e ( a ~ « R ) y ' (eP — « P y ' — / U P ) 4 ~ 

4 - - j - fi(MR-«) ff» ( e - P — e - p** + p e - p ) + (« + /?) ( y s e - » V * + y t e m R ] 

2 ( m î ^ m — M 2 ) 

7. L i m i t i n g c a s e s . 7 a . Hydrodynamic case with suction and injection-

W h e n M - + - 0 , w e h a v e ct~*mR, ft mRm(=0). S u b s t i t u t i n g t h e s e v a l u e s 

a n d t a k i n g t h e l i m i t s w e h a v e f o r t h e u p p e r r e g i o n 

(35) . a = — \— 1 + y ^ { e"K 0 — e™K < l - * 0 l l > 
m L mR J 

(36) C/„ = — \9i - 1 ^ ( 1 - j ] , 

(37) * — — t0 + f 1 — e">R ( f - ^ i ) l • 
m / ( L J 

F o r t h e l o w e r r e g i o n , w e h a v e 

(38) u = u a ' + — \y + \ L j ^ ^ + ^ - e - m f i C - i i ) } ] , 
m L m R J 

(39) £/„ - I / , ' + [ l - y2 - - L { 1 - e - » * ( ' - » . ) ) 1 , 

(40) « = in 4- [~1 — emR . 

m / i L J 
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7b. Limiting hgdromagnetic case without suction or infection. W h e n 
m - > - 0 , Uo' — Q w e h a v e a - v M , $ -> M, a n d ^ t = y2 — yQ. S u b s t i t u t i n g t h e s e 
v a l u e s w e get 

( A I \ _ P f f Cosh m (l~y„) — C o s h m ( j — g „ ) 
1 ' ° m S i n h m ( l - 5 o ) + M F o 

( 4 2 ) U u = P , i C o s h m ( 1 " ^ ) —1 

0 m S i n h m ( 1 — i / 0 ) + my0 ' 

( 4 3 ) r — P S i n h m (ffo~^) ~ m^o , 
S i n h m ( 1 — y 0 ) -\- my0 

( 4 4 ) r 0 = />- MP y0 

S i n h m ( 1 — f f 0 ) + 

I n s t e a d o f e q u a t i o n s ( 4 1 ) t o ( 4 4 ) , T u r g u t S A R P K A Y A [ ' ] h a s o b t a i n e d t h e f o l 
l o w i n g e x p r e s s i o n s : 

( 4 5 ) 
PR G o s h m ( 1 — j p ) — C o s h M jy~y0)  
m ( S i n h M — S i n h M g 0 ) C o s h Mgu - j - y0M 

(AG\ n -EK C o s h M ( l - g Q ) - l 
K ' 0 m ( S i n h M — S i n h My0) C o s h M3o+y0M ' 

^ 4 7 j T = ^ S i n h + S i n h m (y~y0) 
( S i n h m — S i n h mi / 0 ) C o s h my0 - j - m i / 0 

S i n h my0 

( S i n h m — S i n h my0) C o s h m ^ 0 + m # 0 

T h e d i f f e r e n c e o c c u r s f r o m t h e e r r o r i n c o m p u t i n g t h e i n t e g r a l 

(E~(*e UxM0)dy. 

I t a l s o a p p e a r s t h a t he h a s a s s u m e d t h a t t h e e x p r e s s i o n f o r t i n t h e l i q u i d 
r e g i o n a l s o h o l d s f o r t h e p l u g r e g i o n a n d t h u s d e r i v e s t h e e x p r e s s i o n f o r 
T 9 b y s u b s t i t u t i n g t h e c o n d i t i o n t = 0 a t # = 0, w h i c h i n f a c t does n o t h o l d 
i n t h e p l u g r e g i o n . 

7 c . Hydromagnetic flow of Newtonian fluid with suction and injection-

I f r - v O , w e h a v e t h e N e w t o n i a n f l u i d . S u b s t i t u t i n g t h i s w e h a v e 

( 4 9 ) 

Si = ~ ff„ m (m2 RRm — m2) (0 — a) + a 2 e~Ps<• ~ - ^ j S i n h p 

+ /Î 2
 e - < W i ^m—~jSinhii==0, 
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(50) 

PRRr, 
RRm — M 

r / a \ C o s h a — e a f ( B \ Cosh ~ e i^ , 1 
*l0\m ~ - * ~ J ( W ) S i n V a ~X{m~RZ) ( S = W S i n M + 

' J - ^ ' / I - L / P G o s h g - e P g , _ Cosh, a - e « g 

(51) 

m 2 #/v* 
R R i n _ ( C o s M — e p g C o s h a - e

g t f \ 

_ i _ U » R m f Cosh- — egg _ C o s h x — e " ^  
1 2 (a—0) \ S i n h /J S i n h « / 

(52) 

* = " £ (* G o t h a - , C o t h M , _ ^ ^ m [ 1 + ^ ( C o t h « - C o t h fl] . 

7 d . H A R T M A N N ' S flow : 

W h e n m -> 0 a n d T - » - 0 w e h a v e t h e H A R T M A N N f l o w . F o r t h i s case w e 
h a v e t h e s o l u t i o n : 

(53) 

(54) 

(55) 

I V S i n h M —- S i n h My P ( C o s h M— C o s h My) 
2 ' S i n h M + . M S i n h A f 

PRRm S i n h A / y — y S i n h A / U0
fRm C o s h M y — C o s h M 

S i n h A / S i n h A f 

£ ^ _ ^ ' + ^ ( l _ M C o t h A / ) . 

1 a m e x t r e m e l y g r a t e f u l t o D r . J . N . K A P U R f o r h i s g u i d a n c e a n d h e l p 
i n p r e p a r i n g t h i s p a p e r . 
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Ö Z E T 

B u yazıda i k i p a r a l e l düzlem, l e v h a arasında bulunan i l e t k e n bir BINCHAM 

plâstik akışkanının akımı, sabit emme ve püskürtme, hareket doğrultusuna d i k 

bir m a n y e t i k a l a n v e l e v h a l a r d a n bir tanesinin hızı sabit bir h a r e k e t i lo k a y 

dırılması hal inde incelenmiştir. E m m e ve püskürtmenin tıkaç kalınlığı Üze

rinde bir tesir i olmadığı, fakat tıltaçı, emmenin v u k u bulduğu l e v h a y a 

doğru kaydırdığı gösterilmiştir. 


