
C E R T A I N T H E O R E M S O N S E L F - R E C I P R O C A L F U N C T I O N S 

R . S . D A H I Y A * 

L e t <& b e t h e L A P I ^ C Ë t r a n s f o r m o f / a n d e i t h e r o f t h e t w o f u n c t i o n s / o r ® 

h a v e a g i v e n p r o p e r t y of s o i f r e c i p r o c i t y i n t h e H A N K B L t r a n s f o r m : t h e n 

t h e o b j e c t o f t h i s p a p e r i s t o i n v e s t i g a t e u n d e r w h a t c o n d i t i o n s t h e s a m e 

p r o p e r t y w i l l h o l d f o r t h e o t h e r f u n c t i o n . 

1. I t is w e l l - k n o w n that the L A P L A C E t rans f o rm of $(p) is g iven b y : 

CO 

(A) * ( p ) = f e-P*f(t)dt. 

0 

I f we m u l t i p l y by p the r i g h t band side, then symbol i ca l ly we can w r i t e 

and tbe symbol = is called «operational», , 

Let 

(0 <Pi(/0 = / i ( f ) . 

(a) <MP) = / * ( ' ) ; 

then af ter app ly ing G O L D S T E I N ' S theorem p ] , we get 

CO CO 

0 0 

•where is the image and /,- (f) is the o r i g i n a l . Our object is to invest igate 
( i ) whether i f either of the two funct ions / ( f ) and 0> (t) has a g iveu property 
of se l f - rec iproc i ty , does that property ho ld for the other f u n c t i o n and (n) 
to ascertain under w h a t condit ions t h i s property w i l l h o l d . I n c i d e n t a l l y , we 
have Obtained certa in correspondences between the or ig ina ls and the images, 
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when either f(t)ta and f(t)t$ are sel f -reciprocal i n the H A N K E L t r a n s f o r m * 
a and ¡¡ h a v i n g par t i cu lar values. 

2. Theorem 1 3 Let 

(0 / ( í ) = á><Vp), 

(Hi) h(x) he the H A N K E L t r a n s f o r m of f a , l + v — > then 

(1.1) ¿ h { p ) = 2 » + v - ( n ) , j l ; ; (1) * ( i ) * . 

Proo i 3 We have 

and 

i " + ^ v ( 2 v r ) 4 = ^ ^ i ; ; ( } 

A p p l y i n g GOLDSTEI N ' S theorem, we get 
CO CO 1 

( i . 2 ) / r * j , (2 V f w • / ^ T - ( T ) ') T • 

0 0 

On w r i t i n g p f or a, we have 

CO CO' j 

j t n + ^ ~ l j v (2 s/i) * ( ^ ) * = ( » ) • / f 4 r ¿ ¿ *„ (4) / (P'Í) A -

L o t 

CO 

(.4) g{y) = ff (x) V W v d* . 
o 

I n t h i a c a s e g- ( # ) i s s a i d t o b e t h e H A N K E L t r a n s f o r m o f / (x) o f o r d e r v̂  I n p a r t i c u l a r , i f 

/ (x) = g ix\, t h e n (A) r e d u c e s t o 

CO 

f (x) i s t h e n s a i d t o b e s e l f - r e c i p r o c a l u n d e r t h e H A N K E L t r a n s f o r m o f o r d e r v a n d i s d e n o 

t e d b y K v . 
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B u t ppf(p?)^ K { x ) . Therefore 

( , a , / r^Mw(f) * = ( - > . / ^ « 
Ô o p 

or, 

o 
CO L 

Ô 

But h (x) is the H A N K E L t r a n s f o r m of t 2 a + v ~ = <p ^ T h e r e f o r e 

CO 1 

(l.*) , » « ^ h W = r t . - . ( „ ) . j £ ï ( i ) * ( ^ ) * . 
0 

3. Corol lary ; Let 

(0 f i t ) ==tf>MD» 

(¿0 = / » " / ( / » ' ) . 

/ - - -\ , 2 n + V - | f / i V r, 
( i n ) i < M - £ - ] i « / ? v > 

then 

( 1 . B ) p . , . + « v + , - , a „ + ^ . ( n ) 1 f - ^ - ^ £ ï ( | ) J f 
0 

4. Example î Let 

1 V i V 
therefore q> {sjj) = 2* ~ * ~ " p a ~" ïï "~ " 
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SO p * f (p 2 ) = P 

r 

r ( n + Y + *) r ( 2 - ^ - 2 « ) 

But the H A N K E L t r a n s f o r m of t~'/s is p ~ ~ 1 / 2 . Hence f r o m (1.4) we have 

^ ( „ ) ! ^ - T V - I * - ' " f e ' V / J . \ 

/ « \ / v + 3 "V f / 
r [n + y + - I J r ( 2 - ^ - ^ - 2 » ) J v ' 

or , 

0 

5. Example for the corollary : 

J*7*:, m ^TT) i s ^ v ' inhere A — 3 m — v — \ ; 
1 x * , . 

then < p ( V ^ ) r = 2 ' - 2 " ^ ' " "ePWBm-V-X,m(2p) 

Suppose n~ 0, then 

= ~ = /<*) 
2*>m~i r{v—2m+ 1) 

( i + ? v — « n ("2-1- „ 8 V m ~ v " ~ I 

2 a">- 2 r (»•—2m •+ 1) 

X F , V—4m+l ; — 2 ™' 

(1.7) 
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¿ 2 ( y ) ^ , ( * • - * » + ! ; ^ r - 2 * " 2 - | - " 2 m ; 
0 

where n is a posit ive integer (n^O). I n p a r t i c u l a r , i f (i — 2, m — —1/4 , then 

(1.8) 
CO 

* ̂  .w - i . i < 2 » > = < » !> i « ( T ) s i n ( V r ) * 
o x ' 

where n is a posit ive integer ( n ^ O ) . 

6. Note: I f we take n — 0 i n Theorem 1, we w i l l get the resu l t i n place 
of (1.1) as 

CO 1_ 

(1.9) p*+*-b h (P) = ir-'f -±J—K(±)jt, 
0 

and the coro l lary w i l l t u r n out to be as f o l l ows : 

Let 

( 0 

(«') 

(m) i v ~ * # ( y ) be R 

then 

o 

A g a i n let 

i v + T - - 3 ^ ( V i ) = v ( p ) 

then 

X x 
2 — ( l — d m J 
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7. Theorem 2 : Let 

(0 tmf(t) = $(p)> 

( » ) = ' 

(m) A" (x) he the H A N K E L t r a n s f o r m of t~m~~% ̂  ( T ) ' 

then 
CO 

i 2 - 1 ) / - I / C ( p ) ^ 2 - " ' y f f 1 - 1 Jv(2\/i)Iv(2\/t)h(xt)dt. 

Proof s We have 

and 

/ v ( 2 V i ) / v ( 2 V i ) = / v ( - ^ - ) • 

A p p l y i n g G O L D S T E I N ' S theorem, we get 

CO CO 

(2.2) «"» | i» J v (7) / (ai) 7 = f J v (2 Vi) /v ( 2 V?) * (7) 
0 0 

Replacing a h y p , we have 

CO CD 

p* J i - - 1 / v (7) / (pt) dt = y l / ¥ (2 Vf) / v (2 s/i) * (7) di . 

f 

B a t A(jc)==p^iis(y ). Therefore 

CO '" 03 

P M y i™- 1 A ( " f) / (Pi) dt = 11*-1 J v (2 Vf) / v (2 V?) A (*0 di 

or, 

CO CO 

(2.8) p ^ - i y t-m-$^pJJv(pt)f(^f)dt=2->«f Jv(2\/i)Iv(2y/i)t*-1 h(xt)Jt. 
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But, h(x) i s the H A N K E L t r a n s f o r m of *-"•-»/* / ( 2 / f ) . Therefore 

CO 

(2.4) ^K(p)= 2 — y > - i J v (2 V?) 7V (2 V i ) A (-vi) A 

: Let 

(u) h(x) = pV-<l>( 

(f») ' r m - 4 / ( | - ) i ) o j ? % 

then 

CO 

(2.5) 0 ^ = 2-™ y° f ( * - i y v ( 2 Vi) / v (2 Vi) h (xt) dt. 

9. Examples Suppose 

therefore 

Let v = — \ , therefore 

* B , / ( 0 = - i i T i - e - V 

— J e - Jj2sj^i)t^di = h { x ) . 

The H A N K E L t r a n s f o r m of f H e _ f is v+ i • - / 2 1 
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(2.6) 

CO CO 

X He& f 2 \ / i - W
s
 ( 2 v/2 V2 i ) i " dt dt 

or , 
2«|*+. x * ^ / 11 f t 13 p . 

1 2 V ' 4 T ' 4 2 ' 4 

CO 

10. Theorem 3 : I * t 

(i) / ( t ) ^ p " i » ( p ) , 

( " ) ^ ' ( ^ ) = P M / ( ~ - ) ' 

ftOO he the H A N K E L t rans form of t~^~i » (»0 

then 
CO 

p" 1 + 2 A (p) 2 J im Jv (Mi) (Vi) (xf) di • 

11. Corollary! Let 

(0 

(») 

(m) 

t h e n 

/ ( * ) 

- n - i be /? v, 

CO 

Pm~* # (7) 4- 2'-(* I t m h (Mi) Kv (Mt) K' (xt) dt. 
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12. Theorem 4 : Let 

(0 f(t) = <p(p), 

then 

13. Theoram 5 Ï Lot 

(0 / ( t )4= * ( p * ) . 

( « ) A ( * ) = = / > * / ( V i " ) , 

(Hi) t 2 <P(2f) he R V + L , 
then 

CO 
_df_ 
f 2 m 

Proofs of theorems 3, 4 and 5 : By t a k i n g 

y / v (~)=^PJV(S/1>)KV(VP-), 

and 

1 ( T ) ^ R ^ ^ P B - v - i (P e'*'4) £> -v - . (p e- '« /*) 

i n theorems 3, 4 and 5 we can prove these theorems on f o l l o w i n g the proce
dure as adopted i n Theorem 1. 
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