
ON L I N D E L O F ' S P R O X I M A T E O R D E R 

P . K . KAMTHAN(*> 

T h e object of this paper is to prove some inequal i t ies for the upper 
and lower l imi ts of c e r t a i n ratios o i par t i cular integral functions of 

L I N D E L O F s proximate order. 

introduction s Let /(z) ~ anz" ^ e a R ent i re f u n c t i o n h a v i n g order 

Q (0 < Q < co) and L I N D E L O F ' B proximate order £>(r) (see [*] , p . 54). D e f i n e : 

d 1 d 

where n(x) is a non-decreasing f u n c t i o n of x, at least f o r . v ^ x 0 . Let 

l i m • ITm • 
r-*oo r -fco 

The f o l l o w i n g re la t ionships between these l i m i t s may t h e n be proved. 

Theorem z 

(i) A^C; (ii) B^D{1 + log(C/D)} , 

(fif) A^-^eD/c; (iv) B^D\ ( i V ) A^D; 

(v) C^Ae; (vi) D-\-C^Ae. 

The Author w i s h e s to express his gratitude to B r . S . C . M I T R A . Hts thanks are 
also due to the G o v e r n m e n t of I n d i a for its f i n a n c i a l assistance. 
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Corollary! Equality cannot hold at the same time in {iv') and (vi). 

To prove the theorem, the f o l l o w i n g intermediate lemma is required 

L e m m a : / / M (r) is defined as above, then for every finite i] ̂  0, 

M(r + yr) 
M(r) { ^ V ) 

uniformly as r . 

Proof of the lemma : VVe have 

But 

r+i]r 

J e ' ( * ) iog . dx < e l0g( l + );), r >r0(B), 

by (Hi), ( f 1 ] , p . 54). Hence f o r s u f f i c i e n t l y large i-

l o g \ M(r) ) = l o g Uln / + 0(1)-* log (1 + n )? , 

by lemma 1 ( [ ' ] , p . 55), u n i f o r m l y as r-+-°a. 

Proof of the theorem: We have 

Therefore 

Hence 

r r+t}r 

U { M(x) X ^ J M(x) 
r„ r 

< O (1) + (C + .) Af(r) + « (r + *r) l o g | ^ ± ^ 1 | 

M (r + qr) ( 1 ) • ( C • E ) M (r) n (r + qr) , fM (r + ^ ) ) , 

(1) 
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S u b s t i t u t i n g i} — (C/Z?)l/e — 1 i n (2)J and ?? — 0 i n (1), wo get (if) and (j) respec
t i v e l y . S i m i l a r l y we have 

Jl/(r + i7r) > 0 1 M (r -f- *?r) M (r) ' M (r + i]r) h \ M (r) / 

Therefore 

S u b s t i t u t i n g 17 = exp { ( C — Z)) / e C } — 1 i n (3) and »7 = 0 i n ( 4 ) ; ( in) and 
are obtained respect ively. 

Now f r o m (in) 

(5) y 4 e ^ C ( l + £)/CH ) ^ C , 

a n d so (*>) f o l l o w s . Also f r o m (5) 

^ e ^ C ( l - r - D / C ) , 

and so (vi) f o l l o w s . (;•*/) is obvious f r o m (iv). 

Proof of the corrollary: Suppose f i r s t A=D. Then f r o m (3), f o r 17 suf
f i c i e n t l y s m a l l 

u - e i o g ( i - f i i ) l e ' i + O i ^ ) / ^ ^ 

as 1] 0. Hence 

C ^ / l = £) , 

b u t C^D a lways , hence C = D — A. Therefore 

C+D = 2A< eA. 

Next suppose C -\- D — eA, t h e n we say that D< A, f o r i f i t were equal to A, 
then f r o m the above argument C + D < eA, c o n t r a r y to the hypothesis . 

Remark: The above resul t s inc lude those of S. K . S I N G H [ ' ] . 
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D E P A R T M E N T OF MATHEMATICS (Manuscript received July 1, 1963) 
B I R L A C O L L E G E 

P I L A N I — I N D I A 

ÖZET 

B u y a z ı d a L I N D E I . Ö F "yaklaş ık mertebesinin» ba«ı özel i n i e g r a l fcmksiyonia-
r i y i e m e y d a n a get i r i len bir takım k e s i r l e r i n i n alt vo üst l i m i t l e r i a r a s ı n d a 

m e v c u t birkaç eşitsizlik ispat edi lmektedir . 


